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PREFACE

I have admired the elegance and simplicity of combinatorialgeometries from the day I first
met them at Lakehead University’s “Research Week in Geometry” in 1970, and their lack
of influence in the teaching and content of undergraduate geometry courses has increas-
ingly puzzled me. I hope that my approach will help to remedy this lack, and that its blend
of theory and application to the everyday world will catch the reader’s imagination. He or
she may feel a little of the excitement that surrounded geometry during the Renaissance
as the development of perspective drawing gathered pace, ormore recently as engineers
sought to show that all the world was a machine. The same excitement is here still, as en-
quiring minds today puzzle over a random-dot stereogram or the interpretation of an image
painstakingly transmitted from Jupiter.

The book attempts to give a sound basis for a variety of undergraduate courses, to provide
a basis for a geometric component of graduate teacher training, and to provide background
for those who work in computer graphics and scene analysis. It provides a source from
which refresher courses for High School and Elementary School teachers may be drawn.

Chapters 1 to 4 form a self-contained development of the geometry of extended Euclidean
space. Chapters 5 to 8 use this geometry to systematically clarify and develop the art of
perspective drawing and its converse discipline of scene analysis. The behavior of bar-
and-joint mechanisms and hinged-panel mechanisms is analyzed in Chapters 9, 10 and
11 Again this analysis is based only on the results of the firstfour chapters. In Chapter
12 we introduce spherical polyhedra and apply scene analysis to drawings of these and
associated objects in Chapter 13. In Chapter 14 we relax the axioms of Chapter 2, giving
an introduction to matroids that covers their fundamental concepts and is motivated by
their underlying existence in important mathematical structures.

The treatment is structured so that the majority of its content is accessible to students
without specialist mathematical grounding. It contains many exercises and constructions
that link the work closely to practical experience. In particular, fourteen problems and
their solutions have been selected to demonstrate the scopeof geometric inquiry. I have
used a range of computer programs to demonstrate their placein geometry, in particular
the relationship between the growing availability of computing power and its use in virtual
reality construction.

Anyone teaching from this book will find it easy to tailor a course to suit their particular
needs. For example, Chapters 1 to 6, together with the results of Chapter 8, comfortably
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fills a one-semester undergraduate course that covers basicprojective geometry and per-
spective drawing. Someone with a mechanical bent may preferto substitute Chapters 9 and
10 in place of Chapters 5, 6, and 8. For a student wanting only planar geometry, Chapters
1 to 3, and 9 can be covered in one semester.

A course analyzing the common structure of geometries, graphs and matroids is given
by Chapters 1 to 4, 11 (excluding the third and fourth sections), and 14. This material
provides a sound geometric background for those wishing to further study matroids (see
[50]). These are just some of many sensible selections.

Don Row
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CHAPTER 1

COMBINATORIAL FIGURES

From the moment of birth, we all examine our surroundings with fierce intensity, coming to
terms with our shared physical world and developing amodus operandifor coping with its
requirements. As far as we can tell, we develop a shared understanding of the vocabulary
used to describe this world. At least, by and large, our answers to simple questions are in
agreement. For example, a question such as: “Is this cat black?” usually receives the same
answer regardless of who is asked. For our purposes we need tosuppose that our schooling
has given us a reasonably common interpretation of words such as “point” , “flat”, “straight
line”, and so on.

In this chapter we examine examples of sets of points by drawing them or modeling them
and singling out some of their simple features. We will concentrate initially on just two
questions about a set of points, namely “which subsets of thepoints are on a straight line?”,
and “which subsets of the points are flat?” These questions may be simple, but as we show
in subsequent chapters, they lead to the heart of the structure of our world, and motivate
the axiomatic development to be given in Chapter 2.

Let us agree to call any set of points that “lies on a straight line” a linear set, and say
that its members arecollinear points. We call any set of points that is “flat” aplanar set,
and say that its members arecoplanarpoints. Thus we are asking, in the two questions
above, “Which are the linear subsets?”, and “Which are the planar subsets?” We sum up
this aspect of a set of points by using the term “figure”. Acombinatorial figure is a set
of points together with any convenient description of exactly which subsets of the set are
linear subsets, and exactly which subsets are planar subsets. The adjectivecombinatorial
is used in this context to emphasize that we are only interested in questions of collinearity
and coplanarity. When there is no possibility of confusion we often omit it.

1. Drawing figures

We can describe figures in many ways. In this section we use a straightedge and pen or
pencil to make drawings, and agree on notation to indicate those subsets of points that are
linear and those that are planar. We usually represent a point by a small circle or a dot.
We use a thin straight line in a drawing, drawn through circles or dots, to indicate a linear
set of points. We can always draw a straight line through justtwo points, but often omit
it when it seems to give no useful information and merely clutters up the drawing. Thus
in Figure 1.1 the first drawing is of a single point, the secondand third are each of 2-point
figures, the fourth is of a figure of three non-collinear points, while the fifth is of a figure
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of three collinear points. The sixth and seventh drawings are of the same 5-point figure,
but the eighth drawing is not.

F 1.1. Notation for linear sets of points

A combinatorial triangleis a figure of three non-collinear points. Each point is avertexof
the triangle. The fourth drawing in Figure 1.1 is of a combinatorial triangle. As we know,
non-planar figures also exist. For example, acombinatorial tetrahedronis a figure of four
non-coplanar points. Each point is avertexof the tetrahedron.

F 1.2. A tetrahedron and two planar figures

We often draw a tetrahedron as in the first drawing of Figure 1.2. The gap in one of the
straight lines of the drawing indicates that the two lines donot meet. On the other hand,
we may draw a figure of four coplanar points as in either of the last two drawings of Figure
1.2. The second drawing is preferred to the third, but we willaccept either as indicating
that the four points of the figure are coplanar. In a similar spirit, the first two 7-point figures
drawn in Figure 1.3 are meant to be planar, but the third figureis not.

E 1.1. Describe differences between the eight figures drawn in Figure 1.4.
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F 1.3. Three 7-point figures

F 1.4. Eight 4-point figures

It is a difficult task to clearly indicate which sets of points in a drawing are planar and
which are not. Sometimes shading helps the artist, as in the examples of drawings of
6-point figures in Figure 1.5.

F 1.5. Using shading
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Figures can be drawn in many ways. For example, each drawing in Figure 1.6 is of the
same figure. We usually select drawings that are attractive and efficiently show the linear
and planar subsets of points. But naturally this selection may be quite subjective.

bc

bc

bc

bc

bc
bc

bc

bc

bc

bc

bc

bc
bc

bc

bc

bc

bc

bc

bc

bc

bc

F 1.6. Different drawings of the same figure

C 1.2. Draw a figure of four points, three of them being collinear. Draw a
figure of five points, three on one straight line and three on another straight line. Draw a
figure of six points, three being collinear, and one of these three belonging to a planar set
of four points.

One of the difficult tasks of geometry is the recognition of the same figure indifferent
guises. This mirrors the everyday problems of understanding that occur when we read an
instruction leaflet accompanying a product in knock-down form, when we study a painting,
or when we struggle with the architectural plans of a proposed house. These recognition
problems were the genesis of non-metric geometry, and one aim of this book is to trace
their solutions.

2. Modeling figures

Another method of specifying a figure is by a model. In this section we examine some
models and construct them when possible.

C 1.3. Using an envelope, make a model whose vertices are the pointsof a
tetrahedron by following the instructions below of CharlesW. Trigg[60] (see Figure 1.7).

• To facilitate folding, score the diagonals of a sealed envelope with a dry ball-
point pen or a scissors’ blade, taking care to crease the fibers of the paper without
tearing them.
• Cut the envelope along two half-diagonals to remove the section containing a

long side and the envelope flap.
• Fold over the remaining portion along half-diagonals and crease firmly. Fold

back along the same lines and crease firmly again. (Avoid envelopes on which
the diagonals fall along a sealed seam.)
• Bring dc ontoab, flatten the envelope to forme f and crease firmly. Fold back

alonge f and again crease firmly. In the diagram,e
′

indicates the point on the
lower side directly undere.
• Separatee ande

′
until e f e

′
is straight. Fold arounde f e

′
until d meetsa.
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• Tuckd underaband press up onb andc until the endsdcandbacoincide.

The rigid model with no open edges thus produced can be collapsed for storage or carrying
and reconstituted when desired without staples or adhesives.
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b c

d

ee′

f

a

b

c

d

e

e′

a = c

b = d

e

f

e′

F 1.7. Making a model of a tetrahedron

C 1.4. Make a model of Figure 1.6 in which each point is represented by a
bead-headed pin stuck into a model tetrahedron.

Models undoubtedly make some figures easy to visualize, but models are less convenient to
carry about than are drawings. It seems to be more difficult to make a convincing drawing
of a non-planar figure than of a planar figure. This may be because a drawing of a planar
figure is in fact a model of the figure. In practice we blur the distinction between “a
figure” and “a model or drawing” of a figure — even though a figurehas many models and
drawings. This is common practice. How often do we say “Oh, look at this mountain!”,
when we really want someone to look at a photograph of the mountain.

D 1.5. A construction of a model is a recipe, telling us how to make it(or, in the
case of a planar figure, telling us how to draw it).

Constructing a model can test the claim that a figure exists. But we should be cautious.
Can the list of instructions that make up the recipe be successfully carried out? We saw
in Construction 1.3 that labeling is helpful to complete theconstruction. Labeling enables
us to give more readily understandable instructions. We usually use numbers or lowercase
Roman letters as labels for points and uppercase Roman letters to stand for sets of points.

C 1.6. Draw a point1. Draw two straight lines through1. Draw a point2 on
the first line, and draw a point3 on the second line. Draw a straight line through2 and3,
and draw a point4 on this line. Draw a point5 on the straight line through1 and2. Draw
a point6 on the straight line through4 and5, and also on the line through1 and3.
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F 1.8. Two examples arising from Construction 1.6
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Construction 1.6 seems straightforward and easy to carry out, but the situation in Con-
structions 1.7 and 1.8 is not so clear. We call straight linesthat share a common point
concurrent.

C 1.7. Draw a figure consisting of a triangle with vertex set{1, 2, 3} and a
triangle with vertex set{4, 5, 6} so that the straight line through the points1 and 4, the
straight line through the points2 and5, and the straight line through the points3 and6,
are concurrent.
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F 1.9. A result of Construction 1.7

If we start Construction 1.7 by first choosing the six points 1, 2, 3, 4, 5 and 6, then usually
the three required straight lines will not be concurrent. Hence we cannot complete the
construction. One way to successfully carry out the construction is by first choosing a
point, then drawing three straight lines through this point, and then choosing points 1 and
4 on one of the straight lines, points 2 and 5 on another, and points 3 and 6 on the remaining
straight line. In this way we avoid the need either to draw onestraight line through each of
three existing points or to find a point that is on three existing straight lines.

In general, we can neither be sure that we are able to draw one straight line through three
given points, nor can we be sure that we can find one point on three given straight lines. So
in order to be sure that a recipe for drawing a figure can be successfully followed, unless
we have some justification, we need to avoid these two steps. Let us see whether or not
this problem is something to worry about.

C 1.8. Try to draw seven coplanar points so that seven straight lines can be
drawn, with each of the straight lines through three of the points, and each of the points on
three of the straight lines. If unsuccessful, then try to draw seven coplanar points so that
six straight lines can be drawn, with each of the straight lines through three of the points.
In this case four of the points would be on three of the straight lines, and three of the points
would be on two of the straight lines.

We give a figure such as the one we attempted to draw in the previous construction a special
name.

D 1.9. A figure whose points each belong to three or more of a set of straight lines,
each straight line of the set containing at least three of thepoints, is a closed figure.

Neither figure in Figure 1.8 is closed. If it exists, then the first figure described in Con-
struction 1.8 would be closed. We now show that constructionof closed figures is not
straightforward.
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L 1.10. Every claim about the existence of a closed figure requires proof.

P. In any construction for the closed figure the last thing drawn is either a point
or a straight line. If it is a point, then the point must be on atleast three existing straight
lines. If it is a straight line, then the line must be through at least three points of the figure.
We have agreed that either of these steps requires some justification. �

Returning to the figure drawn in Figure 1.9, we add to it by firstdrawing a straight line
through 1 and 2 and a straight line through 4 and 5, and drawingthe point 9 of intersection
of these two lines. We then draw the intersection point 7 of a straight line through 2 and 3
and a straight line through 5 and 6, and the intersection point 8 of a straight line through 3
and 1 and a straight line through 6 and 4, as in the first figure inFigure 1.10. But should we
draw a straight line through the points 7, 8 and 9? In other words, in the ten-point figure
we have drawn, are the three points 7, 8 and 9 collinear?

The second ten-point figure in Figure 1.10 seems to be the result of a successful attempt to
draw such a straight line. It is a closed figure and is named a “Desargues figure”, after the
17th Century French architect and geometer Girard Desargues.
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F 1.10. Possible Desargues figures

But was it a successful attempt? Are the lines straight? How would it look under a mi-
croscope? Do our attempts at drawing it conclusively answerthe question of its existence?
The imperfect nature of our drawing materials leaves us unsure. We usually do not take
“approximate success” in such endeavors as proof of truth. For example, even if all mem-
bers of a class used their calculators to obtain the value 1.4142136 for

√
2, it is unlikely
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that the class would claim the truth of the statement that
√

2 = 1.4142136, especially when
confronted with the proof that

√
2 is irrational.

Our attempts to construct Desargues figures, and further experiments outlined in Construc-
tion 1.13, suggest that the following statement may be true.

C 1.11. Let {1, 2, 3} and {4, 5, 6} each be the vertex set of a triangle so that the
lines joining1 and4, joining 2 and5, and joining3 and6 are concurrent. Label the point
of intersection of the straight line through1 and2 and the straight line through4 and5 by
9, the point of intersection of the straight line through2 and3 and the straight line through
5 and 6 by 7, and the point of intersection of the straight line through3 and 1 and the
straight line through6 and4 by8. Then the points7, 8 and9 are collinear.

L 1.12. The truth of Conjecture 1.11 would be justification for the existence of a
Desargues figure.

P. Draw a point 0. Draw three more non-collinear points 1, 2 and3. Draw a
straight line through points 0 and 1. Draw a straight line through points 0 and 2. Draw a
straight line through points 0 and 3. Draw a point 4, collinear with 0 and 1. Draw a point
5, collinear with 0 and 2. Draw a point 6, collinear with 0 and 3so that 4, 5, and 6 are not
collinear. Draw a straight line through 2 and 3 and a straightline through 5 and 6. Draw the
point 7 which is the intersection of these two straight lines. Draw a straight line through
1 and 3 and a straight line through 4 and 6. Draw the point 8 which is the intersection of
these two straight lines. Draw a straight line through 1 and 2and a straight line through
4 and 5. Draw the point 9 which is the intersection of these twostraight lines. Draw a
straight line through 7 and 8. If Conjecture 1.11 holds for the triangles having vertex sets
{1, 2, 3} and{4, 5, 6} respectively, then this straight line contains the point 9 as required to
complete a Desargues figure. �

A Desargues figure, if it exists, would contain ten different pairs of triangles having the
straight lines through pairs of corresponding vertices concurrent and the intersections of
pairs of corresponding sides collinear. The triangles withvertex sets{1, 2, 3} and{4, 5, 6},
respectively, in the second ten-point figure of Figure 1.10 would provide one such pair.
The triangles with vertex sets{8, 3, 6} and{9, 2, 5}, respectively, would provide another as
the straight lines through 8 and 9, through 2 and 3, and through 5 and 6 are concurrent at
the point 7; while the points of intersection of pairs of corresponding sides are the three
collinear points 0, 4 and 1.

We may carry out further construction attempts of Desarguesfigures by using computer-
aided drawing. The computer will add accuracy to our constructions. This accuracy will
encourage us to press our investigations towards a successful proof of Conjecture 1.11.

C 1.13. Using a computer drawing program such as The Geometer’s Sketch-
pad, follow the instructions given in the proof of Lemma 1.12to draw a Desargues figure.
The comments below apply particularly to The Geometer’s Sketchpad and may be helpful.
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For those using The Geometer’s Sketchpad the process is as follows. Open the program
and from theFile menu open a newSketch. The screen appears as in Figure 1.11 (the
program runs on both Macintosh and Windows computers).

F 1.11. Screen of an openSketch

TheToolbox is on the lefthand side. Click onPoint to select the point tool. Click with
the pointer in four places in theSketch window to obtain the four points 0, 1, 2, and 3
wherever you wish. You can label points, and doing so will almost certainly help you keep
track of your progress. To label a point select theText tool, shown in Figure 1.11, from
theTool menu. Move the pointer to the first point until the pointer hand turns black. Click
the pointer. A label appears and it will be an uppercase letter.To convert it to the label 0
doubleclick on the label (not the point) and aDialog box as in Figure 1.12 appears.

F 1.12. Dialog box for changing labels

Type the figure 0, clickOK and the label 0 appears. Repeat to obtain any other labels
needed. It is slower, but less confusing, to label each pointas soon as you create it. Select
Line from theLine menu in theToolbox. The line segment tool is shown in Figure 1.13
as one of the three buttons

Click on the point 0, and drag to the point 1 to produce a line through 0 and 1. Repeat
this process with first 2 in place of 1, and then 3 in place of 2, to give the next two lines
required.
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F 1.13. The Line menu

You may also find theUndo tool in theEdit menu useful if you wish to re-trace some
of your steps. When selected it undoes the last step carried out. Notice that its name
changes slightly and appropriately in order to let you know exactly what step it is undoing.
ChoosingUndo repeatedly takes you step-by-step back through your construction until
you reach the step you wish to re-do.

SelectPoint from theToolbox. Click at a point on the line through 0 and 1 and you obtain
a point 4. Repeat to obtain a point 5 on the line through 0 and 2,and to obtain a point 6 on
the line through 0 and 3.

All this seems fairly straightforward, and it is - if all goeswell. But you may find that
you meet a problem previously encountered when drawing withstraightedge and pencil —
namely, two lines intersecting off the page (in this case, off-screen). If this happens, help
is at hand. Select theSelectiontool from theToolbox, click and drag a point. All lines
that used the point in their construction will also be dragged. If a point is dragged its label
automatically follows it. You are restricted to dragging the point along any line used in the
point’s own construction. In this way you may be able juggle the drawing as you construct
it to enable it to be completed on-screen.

SelectLine from theLine menu in theToolbox and construct a line through 2 and 3 and
a line through 5 and 6. ChoosePoint and click on the intersection of these lines to give a
point 7. Repeat the process to obtain 8 and 9 in turn. SelectLine and draw a line through
7 and 8, and perhaps through 9. Choosing an aesthetically pleasing final version, print it
and check that the so-called lines are straight (certainly not true on the screen which is not
at all flat). Does this experiment strengthen your view of thetruth of Conjecture 1.11?

The truth or falsity of Conjecture 1.11 is crucial in governing the physical behaviour of our
world and in determining the geometry we develop to describethe world. We meet it next
in Chapter 3.

The following problem arises frequently in perspective drawing, as we see in the section
on practical drawing methods in Chapter 5. A little experimenting may suggest a solution
based on the truth of the above conjecture, but we must wait until Construction 3.45 in
Chapter 3 and Theorem 4.32 in Chapter 4 before we can guarantee the validity of a solution.
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P 1.14. Let two straight lines and a point be drawn. If the two lines would meet off
the page, devise a construction, using only a pencil and straightedge, for a straight line
that contains the given point and would be concurrent with the two given straight lines.

Another type of figure that will be central to our investigations of the world around us is a
polygon. We define it below, and see that it leads us again intothe realm of closed figures.

D 1.15. A combinatorial n-gon, sometimes called a polygon, is a figure of n points
{1, 2, . . . , n}, together with a cyclic listing1, 2, . . . , n of the points. Each point is a vertex
of the n-gon and the straight lines through1 and2, through2 and3, . . . , through n and1
are the n sides of the n-gon. We denote the n-gon by12. . .n, or by any cyclic reordering
a1a2 . . .an of the set{1, 2, . . . , n}.

If the number n is even then, for each i= 1, 2, . . . , n
2−1, the vertices i andn2+ i are opposite

to one another, and the side through i and i+ 1 and the side throughn2 + i and n
2 + i + 1 are

opposite to one another.

We may think of a triangle as a 3-gon. Therefore we useabcas a notation for the triangle
with vertex set{a, b, c}. We often refer to a 5-gon as apentagon, and to a 6-gon as a
hexagon. In a hexagon 123456, the sides through 1, 2 and through 4, 5 are opposite to
one another, as are the sides through 2, 3 and through 5, 6, andthe sides through 3, 4 and
through 6, 1.

If a figure is ann-gon, then we sometimes draw straight lines to indicate its sides — even
though they may have only two points of the figure on each. For example, we draw the
4-gon 1234, the 4-gon 1324 and the 4-gon 1243 as in the first three figures of Figure 1.14.
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F 1.14. Somen-gons

An n-gon is not necessarily planar, as we see in the last figure in Figure 1.14.

E 1.16. Is it possible that some of the six figures in Figure 1.15 are “shadows” cast
by a non-planar4-gon model? Which of the six may be shadows? Why? You may find it
helpful to make a wire model and examine it.

We may construct a hexagon 123456 so that the vertices 1, 3 and5 are collinear, and the
vertices 2, 4 and 6 are collinear. Will the three intersections of pairs of opposite sides
of such a hexagon be collinear? The example in Figure 1.16 seems to be the result of a
successful attempt to draw such a figure. But, as is the case with a Desargues figure, we
notice that it is a closed figure and from Lemma 1.10 a claim of its existence would need
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F 1.15. Figures that may be shadows of a non-planar 4-gon

some justification. If it does exist we will name the resulting nine-point figure a “Pappus
figure”, after the 4th Century Greek geometer Pappus of Alexandria.

If it does exist, as suggested by Figure 1.16, any example of aPappus figure would seem
to be planar.
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F 1.16. A possible Pappus figure

Our attempts at constructing examples of a Pappus figure, andfurther experiments using
The Geometer’s Sketchpad, suggest that the following statement may be true.

C 1.17. Let123456be a hexagon so that the points1, 3, and5 are collinear, and
the points2, 4, and6 are collinear. Label the point of intersection of the side through1 and
2 and the side through4 and5 by7, label the point of intersection of the side through1 and
6 and the side through3 and4 by 8, and label the point of intersection of the side through
2 and3 and the side through5 and6 by9. Then the points7, 8, and9 are collinear.

E 1.18. Prove that the truth of Conjecture 1.17 would be justification for the exis-
tence of a Pappus figure.

E 1.19. Assuming that the Pappus figure in Figure 1.16 exists, find a hexagon in
the figure that has the collinear points5, 6 and9 as the three intersections of pairs of its
opposite sides.

C 1.20. Use a computer drawing program to attempt a construction of aPap-
pus figure, in an analogous way to our attempt to construct a planar Desargues figure in
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Construction 1.13. Choosing a pleasing arrangement of points, print your drawing, and
check the lines for straightness. As a result of your experiments do you have a view on the
likelihood of Conjecture 1.17 being true?

3. The circuits of a figure

Our agreed meanings for words such ascollinear, andcoplanarare still based completely
on our intuitive idea of “point”, “straight line” and “flat”.At the moment we are merely
hoping to obtain a working understanding of figures, enabling us to discuss their properties
without too much confusion. In this section we concentrate on certain small subsets of
the points of a figure, and prepare the ground for the axiomatic approach we shall take in
Chapter 2.

There is nothing significant in the statement that “two points are collinear”, as anyone who
has pulled a piece of string taut between two nails will agree. Three is the least number of
points for which the question of collinearity arises and “these three points are collinear” is
certainly a non-trivial claim. There is some evidence [42] that Egyptians used the method
shown in Figure 1.17 to ensure that the base lines of their structures were straight. Two
markers were floated at the same height in a long channel of water. A post was sighted and
marked along a line of sight through these markers. This procedure gave three points of a
straight horizontal line. A repeated application of the procedure gave further points of the
line.

F 1.17. An Egyptian surveying technique

Similarly the claim that “three points are coplanar” is not likely to arouse controversy. It’s
truth is the reason that three-legged stools are common. On the other hand, four is the
least number of points for which the question of coplanarityarises. The statement “these
four points are coplanar” is a non-trivial and interesting claim. We hope that knowing the
answers to such claims about small subsets of points in a figure will enable us to answer
questions about linearity and planarity of larger subsets.More specifically, we hope that a
subset of points of a figure is linear if each of its 3-point subsets is linear, and that a subset
of points of a figure is planar if each of its 4-point subsets isplanar. This hope motivates
the following definition.

D 1.21. A circuit of a figure is a set of three collinear points of the figure, or a
set of four coplanar points of the figure no three of which are collinear, or a set of five
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points of the figure no four of which are coplanar and no three of which are collinear (see
Figure 1.18).
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F 1.18. Types of circuits

For example, the figure in Figure 1.6 has three 3-point circuits, two 4-point circuits and
one 5-point circuit.

We hope that the set of circuits concisely summarizes all thelinear and planar relation-
ships among the points of a figure. If so, then it would give us ameans of specifying
a figure other than by drawing and modeling. The example of Figure 1.6 could thus
be described by labeling its points 1, 2, 3, 4, 5, 6 and 7 and writing down its set of cir-
cuits, {{1, 2, 3}, {3, 4, 5}, {5, 6, 7}, {1, 2, 4, 5}, {3, 4, 6, 7}, {1, 2, 4, 6, 7}}. The following exer-
cises give some practice in recognizing the circuits of figures. In Chapter 2 we use this
notion of circuit as a basic tool for analyzing and constructing examples in our geometry.

E 1.22. Label the points of each of the eight figures in Figure 1.4 by labels1, 2, 3
and4 and list all the circuits of each figure.

E 1.23. Assuming that the attempt at drawing the Desargues figure in Figure 1.10
was successful, list all its circuits.

E 1.24. Find a 5-point figure having as many3-point circuits as possible. Find a
5-point figure having as many4-point circuits as possible.

E 1.25. List all the circuits of each of the four figures in Figure 1.19.

C 1.26. Draw a figure of eight points, say{0, 1, 2, 3, 4, 5, 6, 7}, having no three-
point circuits, having{0, 1, 3, 5}, {0, 2, 3, 6}, {1, 4, 5, 7}, and{2, 4, 6, 7} among its four-point
circuits, and having no five points coplanar. Perhaps shading is a useful technique to
make a convincing drawing. You may feel like using a computerdrawing program with
shading abilities for this construction. The following comments apply particularly to The
Geometer’s Sketchpad and may be helpful.

You may feel that a box-like appearance is appropiate for thefigure of Construction 1.26.
Drawing segments rather than lines may aid in clarity, as we saw in Figure 1.5. To draw
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F 1.19. Four figures

one “face of a box” selectSegmentrather thanLine from theLine menu, as in Figure 1.13.
Click on a point, drag, click on another point, drag, click onanother point, drag, click on
a fourth point, drag and click on the first point. This gives a 4-gon. It may be shaded, as
in the second figure in Figure 1.5, emphasizing the coplanarity of the four vertices of the
“face”. Restricting shading to only one or two 4-gons may achieve the desired clarity.

For those using The Geometer’s Sketchpad the process for shading a polygon is as follows.
Choose theSelectiontool, hold down theShift key and click on the verticesin correct
cyclic order. Release theShift key. From theConstruct menu choosePolygon interior.
The shading of the polygon may be varied in depth by choosing the Color menu in the
Display menu and selecting the preferred depth of shading in by usingtheOther submenu.

4. Summary of Chapter 1

We introduced combinatorial figures and agreed on notation for drawings of them. We
drew and modeled figures, discussing the notion of their construction observing that the
construction of closed figures seems to be particularly difficult. We introduced the idea of
a circuit of a figure, and listed the circuits of examples.

15





CHAPTER 2

COMBINATORIAL GEOMETRIES

In Chapter 1 we gained some expertise in describing and constructing combinatorial fig-
ures. In the process, the question of the existence of certain figures arose. In order to
answer this and other questions about figures, we show that each combinatorial figure is a
combinatorial geometry. We then take advantage of a simple axiomatic definition of com-
binatorial geometries. From these axioms we systematically develop a body of knowledge
about all combinatorial geometries, knowing that each theorem provides information about
combinatorial figures in particular.

The axioms are chosen with two purposes in mind. First they are easy to use and under-
stand, and second they give a theory of geometries that captures the essential properties of
figures. In determining the directions in which we push development, we are continually
guided by questions and experiences of the world in which we live. Our purposes in this
chapter are to derive fundamental properties of combinatorial geometries, and to show how
these properties strengthen our intuitive understandingsof these figures.

1. The definition of a combinatorial geometry

In this section we give an axiom system for combinatorial geometries and then prove that
each combinatorial figure is a combinatorial geometry.

D 2.1. A combinatorial geometryG is an ordered pair(E,C) consisting of a set
E, whose elements are called points, and a collectionC = {C1,C2, . . .} of subsets of E
satisfying the following four conditions:

Condition C1: Each member ofC is either a three-point set, a four-point set, or a five-
point set.

Condition C2: If C1 and C2 are members ofC and C1 ⊆ C2, then C1 = C2.

Condition C3: (Elimination Condition) If C1 and C2 are distinct members ofC and e∈
C1 ∩C2, then there is a member C3 of C such that e< C3 ⊆ C1 ∪C2.

Condition C4: Each five-point subset of E contains a member ofC.
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If G is the combinatorial geometry (E,C), then we say thatG is ageometry on EandE is
theset of points ofG. We often writeE = E(G) andC = C(G). In Chapter 1, for the sake
of brevity, when there was no possibility of confusion we often omitted the adjectivecom-
binatorial. Likewise, throughout this chapter, “figure” stands for “combinatorial figure”
and “geometry” stands for “combinatorial geometry”.

We check in detail that the collection of circuits of each figure, introduced in Definition
1.21, does satisfy the requirements of the setC in Definition 2.1. This is the last appeal
to an intuitive proof in place of formal proof that we need to make. However our intuitive
understanding of our surroundings remains paramount in suggesting the possible properties
of combinatorial geometries that we should investigate.

T 2.2. Each combinatorial figure is a combinatorial geometry.

P. By their definition, the circuits of a combinatorial figure clearly satisfy Condi-
tionsC1, C2 andC4. An intuitive examination of the various possibilities makes plausible
the truth of ConditionC3. We now check this formally. Suppose thatC1 andC2 are distinct
circuits of the figure and the pointe is in C1 ∩C2.

If |C1| = |C2| = 3, then the only three possibilities are shown in Figure 2.1.In each case
(C1∪C2)−{e} contains a three-point circuit or a four-point circuit as shown in Figure 1.18.

C1

C2

C1
C2 C1

C2

F 2.1. Possible unions of two 3-point circuits

If |C1| = 3, |C2| = 4, and|C1 ∩C2| = 2, then the unique possibility, in which all five points
of C1 ∪ C2 are coplanar, is shown in Figure 2.2. HereC1 consists of the three collinear
points andC2 consists of four points with no three of the points being collinear. Then
(C1 ∪C2) − {e} contains either a three-point circuit or a four-point circuit, again as shown
in Figure 1.18.

If |C1| = |C2| = 4 and|C1∩C2| = 3, then again all five points ofC1∪C2 are coplanar and in
each of the two possibilities (C1∪C2)−{e} is a set of four coplanar points and consequently
contains a circuit.

In all other cases|(C1∪C2)−{e}| ≥ 5. Then ConditionC4 ensures that the set (C1∪C2)−{e}
contains a circuit. �

D 2.3. LetG be a combinatorial geometry. We call each member ofC(G) a circuit
of the geometry.
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F 2.2. A three-point circuit and a four-point circuit

This definition agrees with that given in Definition 1.21 in the case thatG is a figure and
so we may continue to speak of the circuits of a figure without ambiguity.

D 2.4. A combinatorial geometry is finite if its set of points is a finite set.

2. Lines and planes of a combinatorial geometry

We now build on the foundation of Definition 2.1, deriving various useful properties of
combinatorial geometries, knowing that each property willconsequently hold for combi-
natorial figures. We start by making precise our intuitive understanding of lines and planes
in a geometry.

D 2.5. Let G be a combinatorial geometry. For any two points a, b ∈ E(G), the
set{x ∈ E(G) : {a, b, x} ∈ C(G)} ∪ {a, b} is a line of the geometry. We denote this set by
a∨ b and speak of “the line ab”. A line is non-trivial if it contains at least three points. It
is trivial if it contains only two points.

We see immediately what this means if the combinatorial geometry is a combinatorial fig-
ure. Suppose thata andb are any two points of the figure. Then a third pointx of the figure
is on the straight line througha andb if and only if {a, b, x} satisfies the requirements of
Definition 1.21. This is equivalent to{a, b, x} being a circuit of the geometry as mentioned
above. Thusx is on the straight line containinga andb if and only if it belongs to the
line a ∨ b specified by Definition 2.5. Thus any set consisting of all points of the figure
that are on a straight line drawn through two points of the figure is a line of the figure,
and conversely. It is a trivial line of the figure if it contains only the two points. It is a
non-trivial line of the figure if it contains three or more points.

bc bc bcbc

bc
1

2 3 4 5

F 2.3. A five-point figure
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E 2.6. The circuits of Figure 2.3 are the sets{2, 3, 4}, {2, 3, 5}, {2, 4, 5}, and{3, 4, 5}.
Using Definition 2.5 we obtain the sets{1, 2}, {1, 3}, {1, 4}, {1, 5}, and{2, 3, 4, 5} as the lines
of the figure. The line2∨ 3 = {2, 3, 4, 5} is non-trivial, the other lines are trivial.

We also notice in Figure 2.3 that 2∨3 = 2∨4 = 2∨5 = 3∨4 = 3∨5 = 4∨5 = {2, 3, 4, 5}.
The particular choice of the points used in Definition 2.5 does not seem critical. We now
see that this is the case in general.

T 2.7. If x and y are any two points of a line L of a combinatorial geometry, then
L = x∨ y. In other words, a line can be “named” by any two of its points.

P. Let L = a ∨ b andc be any other point ofL. It follows from c ∈ a ∨ b that
{a, b, c} is a circuit. We next show thata ∨ b = a ∨ c. Let z ∈ a ∨ b. If z is a, b, or c,
thenz ∈ a∨ c either by definition or because{a, b, c} is a circuit. Suppose thatz is distinct
from these three elements. Then{a, b, z} is a circuit. The Circuit Elimination ConditionC3
guarantees that ({a, b, c} ∪ {a, b, z})− {b} contains a circuit. Thus{a, c, z} is a circuit. Hence
z ∈ a∨ c. It follows thata∨ b ⊂ a∨ c. It follows from interchanging the roles ofb andc
in the above argument thata∨ c ⊂ a∨ b. Thusa ∨ b = a∨ c. Hencec can replaceb as
a naming point ofL. It follows from a∨ b = b∨ a thatc can also replacea as a naming
point for L. Thusx andy can successively be inserted as naming points forL, if they were
not already used as naming points. �

C 2.8. In any combinatorial geometry, each two points belong to exactly one
common line.

E 2.9. List all the lines of the first figure of Figure 1.3. List all thelines of the last
figure of Figure 1.3.

We now prove that the intersection of any two lines is exactlyas our intuition might lead
us to expect.

L 2.10. In any combinatorial geometry, each two distinct lines haveeither one com-
mon point, or an empty intersection.

P. If a, b both belong to linesA, B, thenA = a∨ b = B. �

E 2.11. Figure 2.4 contains three figures, each with point set labeled {1, 2, . . . , 7}.
If A = 1∨ 2 and B= 4∨ 5, then in the first figure A∩ B = {3}. But in each of the last two
figures A∩ B = ∅.

E 2.12. List the intersection of1 ∨ 2 and4 ∨ 5, of 1 ∨ 2 and5 ∨ 6, of 4 ∨ 6 and
3∨ 7, of 1∨ 5 and4∨ 7, and of1∨ 2 and2∨ 3 in the first figure in Figure 2.4

Next we extend the meaning of linearity to combinatorial geometries. The following theo-
rem characterizes linear sets in terms of 3-point circuits.

D 2.13. A set of points of a combinatorial geometry is linear if it is contained in a
line of the geometry or is a single point. The points of a linear set are said to be collinear.
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F 2.4. Intersections of pairs of lines

T 2.14. A set A of points of a combinatorial geometry is linear if and only if each
three-point subset of A is a circuit.

P. Suppose thatA is linear. If{a, b, c} ⊆ A, thenA is a subset of some lineL. Thus
we can writeL = a∨ b, and by Definition 2.5{a, b, c} is a circuit. Thus each three-point
subset ofA is a circuit.

Conversely, suppose that each three-point subset ofA is a circuit. IfA has fewer than three-
points, thenA is linear. Suppose thatA has at least three-points. Then, for fixed pointsa
andb in A, and for all other pointsx of A, {a, b, x} is a circuit. It follows again by Definition
2.5 thatA ⊆ a∨ b. ThusA is linear. �

We have succeeded in reducing the general question of whether a set of points is linear to
questions only about three-point circuits, as foreshadowed in Chapter 1. Our intuitive un-
derstanding of the circuits of a figure in Chapter 1 coincideswith their precise meaning as
circuits of a particular type of geometry. Thus Theorem 2.14ensures that, in the case of fig-
ures, the above definitions of linear and collinear coincidewith our intuitive understanding
of the terms.

We next make precise our intuitive understanding of a plane of a combinatorial geometry.

D 2.15. Let G be a combinatorial geometry. For any three non-collinear points
a, b, c ∈ E(G), the set{x : x ∈ C ⊆ {a, b, c, x},C ∈ C(G)} ∪ {a, b, c} is a plane of the
geometry. We write it as a∨ b∨ c, and speak of “the plane abc”. A plane is non-trivial if
it contains at least four points. It is trivial if it containsonly three points.

E 2.16. In Figure 2.5, the planes1∨2∨3 = {1, 2, 3, 5, 6} and1∨3∨4 = {1, 3, 4, 6}
are non-trivial, while the plane1∨ 2∨ 4 = {1, 2, 4} is trivial.

We note, in Definition 2.15, that ifa, b, c were allowed to be collinear, then by Condition
C2 of Definition 2.1, each circuitC satisfyingC ⊆ {a, b, c, x}would be a 3-point set. Hence
a∨ b∨ c would reduce to the linea∨ b = b∨ c = c∨ a.
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F 2.5. Trivial and non-trivial planes in a figure

In a result analogous to Theorem 2.7, we prove that the choiceof any three non-collinear
points of a plane is adequate for its definition. The pointsa, b,andc are called “naming
points” for a planea∨ b∨ c in a geometry .

T 2.17. If x, y, and z are any three non-collinear points of a plane P ofa combina-
torial geometry, then P= x∨ y∨ z. In other words, a plane can be “named” by any three
of its points that are non-collinear.

P. We claim that given three naming points for a plane, any point of the plane
that is not on a line determined by two of the naming points maybe used to replace the
third naming point when describing the plane. LetP = a∨ b∨ c. The theorem will hold
after the claim is proved as follows. There exists a line named by two of the elements of
{a, b, c} that does not containx. Suppose thatb ∨ c is this line without loss of generality.
Thena∨ b∨ c = x∨ b∨ c. The pointy is either not onx∨ b or is not onx∨ c. Suppose
the latter without loss of generality. Thenx∨ b∨ c = x∨ y∨ c. Finally, z is not onx∨ y
so thatx∨ y∨ c = x∨ y∨ z. ThusP = a∨ b∨ c = x∨ y∨ z.

Let d be a point of the planeP other thana that is not onb∨ c. We show thata∨ b∨ c =
b∨ c∨ d to complete the proof of the claim and hence the proof of the theorem. It follows
from d ∈ (a∨b∨c)−(b∨c) that there exists a circuitC contained in{a, b, c, d} that contains
botha andd. Hence all points of{a, b, c, d} are contained in botha∨b∨c andb∨c∨d. Let
w be a point ofa∨ b∨ c other thana, b, c or d. Then there exists a circuitD contained in
{a, b, c,w} that containsw. It follows from applying ConditionC3 that there exists a circuit
E contained in (C ∪ D) − {a} ⊂ {b, c, d,w}. Evidently,w ∈ E asd is not on the lineb∨ c.
Thusw ∈ b∨ c∨ d. Hencea∨ b∨ c ⊂ b∨ c∨ d.

Let w be a point ofb∨ c∨ d other thana, b, c or d. Then there exists a circuitF contained
in {b, c, d,w} that containsw. If d < F, thenw ∈ b∨ c ⊂ a∨ b∨ c which is what we wish
to show. Suppose thatd ∈ F. It follows from applying ConditionC3 that there exists a
circuit G contained in (C ∪ F) − {d} ⊂ {a, b, c,w}. Evidently,w ∈ F asa, b, andc are not
collinear. Thusw ∈ a∨ b∨ c. Henceb∨ c∨ d ⊂ a∨ b∨ c. Thusa∨ b∨ c = b∨ c∨ d and
the claim holds. �
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C 2.18. In any combinatorial geometry, each three non-collinear points belong
to exactly one plane.

E 2.19. In Figure 2.5,1∨ 2∨ 3 = 1∨ 2∨ 5 = 1∨ 2∨ 6 = 1∨ 3∨ 5 = 1∨ 5∨ 6 =
2∨ 3∨ 5 = 2∨ 3∨ 6 = 3∨ 5∨ 6, while1∨ 3∨ 4 = 1∨ 4∨ 6 = 3∨ 4∨ 6.

E 2.20. List all the planes of the first figure in Figure 2.4. List all the planes of the
second figure in Figure 2.4.

L 2.21. In a combinatorial geometry, if two points of a line are in a plane, then so
are all points of the line.

P. Let x andy be two points of a line that are in a planea∨b∨ c of the geometry.
There is some pointz of a∨ b∨ c not collinear withx andy, as otherwisea, b, c ∈ x∨ y.
Thusa∨ b∨ c = x ∨ y∨ z. Moreover, ifw ∈ x ∨ y then eitherw ∈ {x, y} or {x, y,w} is a
circuit. This guarantees thatw ∈ x∨ y∨ z. Hencex∨ y ⊂ x∨ y∨ z= a∨ b∨ c. �

L 2.22. In any combinatorial geometry, let p be any point, and L any line not con-
taining p. Then there is exactly one plane of the geometry containing both p and L. We
denote this plane by p∨ L or L ∨ p.

P. If L = a∨ b, thenP = a∨ b∨ p. �

The next few results show that the intersections of pairs of planes and lines are satisfyingly
simple.

L 2.23. In any combinatorial geometry, the intersection of two distinct planes is
either a line of points, a single point, or is empty.

P. If distinct pointsa and b each belong to both planesP and Q, then, from
Lemma 2.21,a∨b ⊆ P∩Q. If a pointc < a∨b is in bothP andQ, thenP = a∨b∨c = Q;
a contradiction. Hencea∨ b = P∩ Q. �
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F 2.6. Intersections of pairs of planes

E 2.24. In Figure 2.6 if P= 1 ∨ 2 ∨ 3, Q = 2 ∨ 3 ∨ 4, and R= 5 ∨ 6 ∨ 7, then
P∩ Q = 2∨ 3, P∩R= ∅ and Q∩ R= {6}.
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L 2.25. In any combinatorial geometry, a plane and a line have the line itself, a single
point, or the empty set, as intersection.

P. If a, b each belong to a lineL and a planeP, thenL = a∨ b and Lemma 2.21
guarantees the result. �

We have used our treatment of lines as a guide in discussing planes. The proofs have been a
little more complicated because of the need to deal with boththree-point circuits and four-
point circuits, but the overall approach has been the same. Just as we did for linearity, we
extend the idea of planarity to combinatorial geometries and thereby characterize planar
sets in terms of three-point and four-point circuits.

D 2.26. A set of points of a combinatorial geometry is planar if it is contained in
a plane of the geometry, if it is linear, or if it is a singleton. The points of a planar set are
said to be coplanar.

T 2.27. In any combinatorial geometry, a set A of points is planar if and only if
each four-point subset of A contains a circuit of the geometry.

P. We first suppose that the setA is planar. If{a, b, c, d} ⊆ A, then either{a, b, c}
is a three-point circuit or, by Theorem 2.17,A ⊆ a∨b∨c. In this second case, by Definition
2.15, the set{a, b, c, d} also contains a circuit.

Conversely, we suppose that each four-point subset ofA contains a circuit. If each three-
point subset ofA is a circuit, then, by Theorem 2.14, the setA is linear and is therefore
planar. IfA contains a subset{a, b, c} of three non-collinear points, then, by assumption,
each other elementd in A belongs to a circuit contained in{a, b, c, d} and soA ⊆ a∨ b∨
c. �

The agreement of our intuitive understanding of the circuits of a figure in Chapter 1 with
their precise meaning as circuits of a particular type of geometry, in combination with
Theorem 2.27, ensures that the above definitions of planar and coplanar coincide with our
intuitive understanding of the terms in the case of figures.

D 2.28. Two lines of a combinatorial geometry are skew if their unionis not
planar, otherwise we say that they are coplanar.

In Figure 2.7 the lines 1∨2 and 7∨8 are coplanar (as they belong to 1∨3∨4), while 1∨2
and 4∨ 5 are skew (as 1245 does not contain a circuit).

D 2.29. Let G be a combinatorial geometry. If E(G) is either a single point or a
line, thenG is a linear geometry. If E(G) is a single point, a line or a plane, thenG is a
planar geometry. In the only other possibility E(G) is not planar, andG is a non-planar
geometry.
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F 2.7. Skew and coplanar pairs of lines

These terms agree with our previous intuitive use of them forany combinatorial geometry
that is a figure. All our examples of geometries thus far are figures. We would like to know
whether there are geometries which are not figures — or whether our axiomatic description
encompasses figures exactly.

E 2.30. Let E = {1, 2, . . . , n} andC consist of all three-point subsets of E. Prove
that C is the set of circuits of a linear geometry on E. Is it a figure? If so, then we could
call it a figure of n collinear points in general position.

3. Two families of combinatorial geometries

This section contains two related techniques for constructing examples of combinatorial
geometries. They offer the intriguing possibility of the existence of geometries that are not
figures. One technique is suggested by our verification of Theorem 2.2. The technique
enables us to construct a planar geometry by merely choosinga collection of three-point
sets whose pairwise intersections are small.

P 2.31. Let E be any set. IfK = {C1,C2, . . .} is a collection of three-point subsets
Ci of E such that|Ci ∩C j | ≤ 1, for all distinct i, j, then the setC = K ∪ {C ⊆ E : |C| = 4,C
contains no member ofK } is the collection of circuits of a planar geometry on E.

P. ConditionC1holds for the members ofC. Each five-point subset ofE contains
a four-point subset that either is inC or contains a three-point member ofC — satisfying
ConditionC4. The four-point sets inC are chosen exactly in order for the members ofC
to satisfy ConditionC2. If C1 andC2 are two distinct members ofC , each containing the
pointe, then, for each of the three possibilities,|(C1∪C2)− {e}| ≥ 4 and so (C1 ∪C2)− {e}
contains a four-point set which contains a member ofC. Thus (E,C) satisfies all four
conditions of Definition 2.1 and is therefore a geometry. Theorem 2.27 ensures that this
geometry is planar. �

E 2.32. Let E = {1, 2, . . . , n} andC consist of all four-point subsets of E. Prove
that C is the set of circuits of a planar geometry on E. Is it a figure? If it were we could
call it a figure of n coplanar points in general position.
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E 2.33. Let E = {0, 1, 2, . . . , 6} and letK = {{0, 1, 3}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6},
{4, 5, 0}, {5, 6, 1}, {6, 0, 2}}. Suppose thatC = K ∪ {C ⊂ E : |C| = 4,C contains no member
of K }. Prove thatC is the set of circuits of a planar geometry on E.

D 2.34. We call the geometry of Exercise 2.33 the Fano plane, or planar Fano
geometry, after the 20th Century Italian geometer Gino Fano.

Even though we failed in our attempts at Construction 1.8 we did construct a figure con-
taining all but one of the three-point circuits of the Fano plane. We now use Proposition
2.31 and the following Proposition to show that, regardlessof the lack of success so far of
our attempts to construct some figures, both the failed and successful versions exist in the
world of combinatorial geometries.

Any example obtained by the method of Proposition 2.31 leadsto more examples if we
successively delete members ofK . After each deletion the reduced set is the collection of
three-point circuits of a geometry. The following Proposition specifies the circuits of this
geometry.

P 2.35. Let E be any set and suppose thatK = {C1,C2, . . .} is a collection
of three-point subsets Ci ⊆ E such that|Ci ∩ C j | ≤ 1, for all distinct i, j. ThenC =
(K − {C1}) ∪ {C ⊆ E : |C| = 4, C contains no member ofK } ∪ {C1 ∪ {x} : x ∈ E −C1} is
the collection of circuits of a planar geometry on E. We say that this geometry is obtained
by relaxing the circuit C1.

P. The setK − {C1} is a collection of three-point subsetsCi ⊆ E such that|Ci ∩
C j | ≤ 1, for all distinct i, j. It therefore satisfies the requirements of Proposition 2.31.
Therefore we need only prove that{C ⊆ E : |C| = 4, C contains no member ofK } ∪ {C1 ∪
{x} : x ∈ E − C} consists exactly of the four-point subsets ofE that do not contain any
member ofK − {C1}.

Suppose thatC0 is a four-point subset ofE that contains no member ofK − {C1}. Then
eitherC0 contains no member ofK and so is in{C ⊆ E : |C| = 4,C contains no member of
K }, orC0 ⊃ C1 and soC0 is in {C1 ∪ {x} : x ∈ E −C1}.

Conversely, suppose first thatC0 belongs to{C ⊆ E : |C| = 4,C contains no member ofK }.
Then eitherC0 contains no member ofK or C0 ⊃ C1 andC0 is in {C1 ∪ {x} : x ∈ E −C1}.
Second suppose thatC0 were in{C1 ∪ {x} : x ∈ E − C1} but not in{C ⊆ E : |C| = 4, C
contains no member ofK −{C1}}. In this caseC0 would be equal toC1∪{x} for somex and
would contain some memberCi , C1 of K . But then|C1 ∩Ci | > 1, a contradiction. �

D 2.36. The non-Fano plane is the planar geometry obtained from the Fano plane
by relaxing the circuit{1, 5, 6}.

We can be certain that the non-Fano plane is a figure, and we maysuspect that the Fano
plane is not, but we cannot yet prove this.

D 2.37. Let E = {0, 1, 2, . . . , 9} and letK = {{0, 1, 4}, {0, 2, 5}, {0, 3, 6}, {1, 2, 9},
{4, 5, 9}, {2, 3, 7}, {5, 6, 7}, {1, 3, 8}, {4, 6, 8}, {7, 8, 9}} . ThenC = K ∪ {C ⊆ E : |C| = 4,C
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contains no member ofK } is the collection of circuits of a planar geometry on E. We call
this the planar Desargues geometry (see Figure 1.10).

D 2.38. The combinatorial geometry obtained from the planar Desargues geom-
etry by relaxing the circuit{7, 8, 9} is called the planar non-Desargues geometry.

Our experiments in Chapter 1 lead us to the tentative hypothesis that the planar Desargues
geometry is a figure and the planar non-Desargues figure is nota figure, but this is by no
means certain.

We can characterize the class of combinatorial geometries obtainable by the methods of
Proposition 2.31 by an upper bound on the number of points in each line.

L 2.39. A combinatorial geometry may be obtained by the technique ofProposition
2.31 if and only if it is planar, and each line contains at mostthree points.

P. First suppose that a geometryG is obtained using Proposition 2.31. Any four-
point subset ofE(G) contains a circuit and Theorem 2.27 guarantees thatG is planar. A
point x, not in {a, b}, belongs to a linea∨ b if and only if {a, b, x} is a circuit. But in any
geometry obtained by the technique of Proposition 2.31 there is at most one three-point
circuit containing botha andb. Therefore the linea∨ b contains at most three points.

Conversely, suppose thatG is planar and each line contains at most three points. Then
no two three-point circuits of the geometry share more than one common point, and the
collection of the three-point circuits of the geometry satisfies the requirements asked of
K in Proposition 2.31. From Theorem 2.27 we have that each four-point subset ofE not
containing a three-point circuit is itself a circuit. �

If we use four-point sets in the role that three-point sets played in the discussions above,
then we obtain similar results. The resulting constructiontechnique generates examples of
non-planar geometries.

P 2.40. Let E be any set. IfK = {C1,C2, . . .} is a collection of four-point subsets
Ci ⊆ E such that|Ci ∩C j | ≤ 2, for all distinct i, j, then the setC = K ∪ {C ⊆ E : |C| = 5,C
contains no member ofK } is the collection of circuits of a combinatorial geometry onE.
If E contains at least five points, then the combinatorial geometry is non-planar.

P. As it was in proving Proposition 2.31, it is routine to verify that the choice of
C satisfies the required conditions of Definition 2.1. Any five-point subset ofE can contain
at most one member ofK , ensuring that at least one four-point subset ofE does not contain
a circuit. From Theorem 2.27 we have thatE is non-planar. �

E 2.41. Let E = {1, 2, . . . , n}, andC consist of all five-point subsets of E. Prove
thatC is the set of circuits of a geometry on E. Is it a figure? If so we could call it a figure
of n points in general position.
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Any example obtained by the method of Proposition 2.31 leadsto more examples if we
successively delete members ofK . After each deletion the reduced set is the collection of
four-point circuits of a geometry. The following Proposition specifies the circuits of this
geometry. The proof is similar to that of Proposition 2.35 and we omit it.

P 2.42. Let E be any set and suppose thatK = {C1,C2, . . .} is a collection
of four-point subsets Ci ⊆ E such that|Ci ∩ C j | ≤ 2, for all distinct i, j. Then C =
(K − {C1}) ∪ {C ⊆ E : |C| = 5,C contains no member ofK } ∪ {C1 ∪ {x} : x ∈ E − C1} is
the collection of circuits of a combinatorial geometry on E.We say that this geometry is
obtained by relaxing the circuit C1.

The following family of combinatorial geometries is obtainable in this way, and as we will
see in Chapter 4, one of the family is possibly the most intriguing eight-point geometry of
all.

D 2.43. A combinatorial cube is a non-planar geometry on E= {0, 1, . . . , 7} that
has no three-point circuits, that includes{0, 1, 3, 5}, {0, 2, 3, 6}, {1, 4, 5, 7}, and {2, 4, 6, 7}
among its circuits, and is such that no pair of its four-pointcircuits has a three-point
intersection.

D 2.44. Let E = {0, 1, . . . , 7} and let K = {{0, 1, 3, 5}, {0, 2, 3, 6}, {1, 4, 5, 7},
{2, 4, 6, 7}, {0, 3, 4, 7}}. ThenC = K ∪ {C ⊆ E : |C| = 5,C contains no member ofK } is
the collection of circuits of a combinatorial cube on E. We call this geometry the “Vámos
cube” (named after the 20th Century algebraist P. Vámos).

In a result similar to Lemma 2.39 we characterize the geometries obtainable by the methods
of Proposition 2.40 by an upper bound on the number of points in each line and plane.

L 2.45. A combinatorial geometry may be obtained by the technique ofProposition
2.40 if and only if each plane of the geometry contains at mostfour points and each line of
the geometry contains at most two points.

The proof is similar to the proof of the Lemma 2.39, as a pointx , a, b, c belongs to a
planea∨ b∨ c if and only if {a, b, c, x} contains a circuit. We omit the details.

We now have a plentiful supply of combinatorial geometries,but are still unsure whether
or not they are all figures.

4. Sketches of planar geometries and figures

In this section we return our attention to planar geometries. A drawing of a planar figure
is actually a model of the figure. In other words, the planar figure exists if it can be
drawn. Therefore if we attempt to draw a planar geometry, andsucceed, we know that the
geometry is a figure. But even if such an attempt fails it provides a useful visualization of
the geometry in the form of a free-hand sketch, as we now see.
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D 2.46. A sketch is a collection of points and arcs drawn on the page and such
that no pair of the points belongs to more than one arc.

D 2.47. Let G be a planar geometry. A sketch ofG is a sketch whose points may
be labeled by the members of E(G) in such a way that labels belong to a non-trivial line of
G if and only if the points they label are on a common arc.

We can now visualize any planar geometry from a sketch. We obtain a sketch of the
geometry by labeling points of the page by points of the geometry and, for each non-trivial
line of the geometry, drawing an arc through points labeled by the members of the line.
As in Chapter 1, there is nothing to be gained by drawing an arcthrough the two points
of any trivial line. Sketches of the planar Desargues geometry and planar non-Desargues
geometry of Definitions 2.37 and 2.38, respectively, are in Figure 2.8.
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F 2.8. The Desargues geometry and the non-Desargues geometry

The appearance of these sketches encourages us to make the following Definition:

D 2.48. A sketch of a planar geometry, in which each of the arcs is a straight line,
is a drawing of the geometry .

This definition agrees with the original intuitive understanding of drawing that we devel-
oped for planar figures in Chapter 1. Each planar figure certainly has a drawing, but not
every sketch of a planar figure need be a drawing, as for example, the first sketch of the
geometry (E,C), whereE = {1, 2, 3, 4}, andC = {{1, 2, 3}}, in Figure 2.9 is a drawing, but
the second is not.

The following theorem sums up the role that sketches and drawings play in our study of
planar geometries.

T 2.49. Every planar geometry has a sketch. A planar geometry is a figure if and
only if it has a sketch that is a drawing.

29



1

2

34

1

2

3

4

F 2.9. Two sketches of a geometry

P. Suppose thatG is a planar geometry. We obtain a sketch ofG as follows. We
label each point of a set of|E(G)| points of the paper by a member ofE(G). Then, for each
non-trivial lineL of the geometry, we draw an arc through exactly all the pointslabeled by
the points ofL. From Lemma 2.10 we have that no two labeled points belong to more than
one arc. Therefore the points and arcs form a sketch ofG.

A planar figure is a drawing of itself and, conversely, any sketch that is a drawing of a
planar geometry is itself a planar figure. �

For example, the Fano geometry of Definition 2.34 has the sketch in Figure 2.10. But we
need a drawing of the Fano geometry in order to prove it is a figure. If we erased the arc
through the points labeled 1, 5, and 6 in Figure 2.10, then we would have a sketch of the
non-Fano planar geometry obtained by relaxing the circuit{1, 5, 6} of the Fano geometry.
This particular sketch is a drawing as all its arcs are straight. We conclude that the non-
Fano planar geometry is a figure.
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F 2.10. A sketch of the planar Fano geometry

In every-day life our freehand drawings tend to be sketches rather than drawings. But
we know that, in the case of figures, we could more carefully sketch them — using a
straightedge — to give a drawing.
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We can certainly sketch both the planar Desargues, and non-Desargues, geometries, but
the interesting question is whether or not we can draw them (with each arc a straight line)!
When trying to construct a Desargues figure as in Lemma 1.12 orConstruction 1.13 we
see that it is only the last line of the construction whose existence is in doubt. We may
need to use an arc rather than a line, giving a sketch in place of the hoped-for drawing. We
conclude that at least one of the Desargues geometry and the non-Desargues geometry is
a figure. Perhaps some choice of points will allow the arc to bestraight, others will not.
Thus we have the following:

L 2.50. At least one of the planar Desargues geometry and the planar non-Desargues
geometry is a figure.

Let us try our ideas on another combinatorial geometry and see if we can prove it to be a
figure.

E 2.51. Let E= {0, 1, . . . , 7} and letK ={{0, 1, 3},{1, 2, 4}, {2, 3, 5}, {3, 4, 6},{4, 5, 7},
{5, 6, 0}, {6, 7, 1}, {7, 0, 2}}. Verify thatC = K ∪ {C ⊂ E : |C| = 4,C contains no member of
K } is the collection of circuits of a planar geometry on the set E. List the non-trivial lines
of the geometry. Sketch it, using as many straight arcs as possible.

We have seen above that we are able to sketch any planar geometry. Conversely, we see in
the following theorem that we can use a sketch to give us a geometry. In either case the
sketch may not be a drawing as the geometry may not be a figure.

T 2.52. Any sketch is a sketch of a planar geometry. In such a sketch, each non-
trivial line is the set of labels of points on an arc.

P. We label the points of the sketch by elements of a setE and defineC to be the
collection of each three-point set that labels points of an arc, and of each four-point subset
of E that does not contain any of these three-point sets. We then verify that the conditions
of Definition 2.1 are met by (E,C). �

We now have two ways of testing whether a pair (E,C) is a planar geometry. The first
way is to check that each of the four conditions of Definition 2.1 is satisfied. The second
way is to attempt a sketch of the supposed geometry, use Theorem 2.52, and check that a
three-point set is a member ofC if and only if its members are on the same arc. In both
cases we must also check that each four-point subset ofE contains a member ofC so that
the geometry will be planar.

E 2.53. Examine the sketches in Figure 2.11 and use Theorem 2.52 to show that
each is a sketch of a planar geometry. Label the points of the first sketch in such a way that
it is a sketch of a planar geometry having the collection{{0, 1, 2}, {3, 5, 8}, {0, 3, 4}, {2, 4, 8},
{0, 5, 6}, {1, 3, 7}, {4, 6, 7}, {2,5,7}, {1, 6,8}} as three-point circuits. Is the second sketch a
sketch of a geometry obtained by relaxing a circuit of this geometry?

D 2.54. We call the first combinatorial geometry sketched in Figure 2.11 the “Pap-
pus geometry”. We call the second combinatorial geometry sketched in Figure 2.11 the
“non-Pappus geometry”.
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F 2.11. A sketch of a Pappus geometry and a non-Pappus geometry

After trying to construct a Pappus figure, as we did in Construction 1.20 of Chapter 1, we
conclude that at least one of the Pappus geometry and the non-Pappus geometry is a figure.
We may have our suspicions, but we cannot yet prove which of the two is a figure.

5. Models of some combinatorial cubes

At the moment we have no method of determining whether a givennon-planar geometry
is a figure other than by trying to model it and hoping for a successful completion of the
model. In this section we give the details of a simple method of modeling combinatorial
cubes.

Cardboard models of many non-planar figures are useful, especially if they are made to
fold up for ease of storage. Each piece of cardboard emphasizes the coplanarity of points
on it. The procedure shown in Figure 2.12 seems a good way to join pairs of cardboard
panels where necessary. It gives quite a good hinge made of adhesive tape which will open
out flat and shut fully in one direction.

tape

F 2.12. Cardboard and tape-hinge construction

Let us agree to represent a hinged pair of panels as in Figure 2.13 where the first hinge
easily folds up to form avalley fold, and the second hinge easily folds down to form a
ridge fold. If we do not want to emphasize, or it is obvious, which foldingmotion is
desired to complete the model, we represent the hinge by a thick segment.

The above technique is quite useful for investigating the behaviour of models of various
combinatorial cubes, as we see below.
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F 2.13. Notation for hinge folding

C 2.55. There is a combinatorial cube on E= {0, 1, . . . , 7} that has only
{0, 1, 3, 5}, {0, 2, 3, 6}, {1, 4, 5, 7}, and {2, 4, 6, 7} as four-point circuits. It is a relaxation
of the Vámos cube. If it is possible to do so, follow the instructions below and make a
collapsible model of the cube. Draw this model, using the shading techniques suggested in
Exercise 1.26.

Tape four panels of cardboard together as shown in Figure 2.14. Make the lefthand and
righthand panels a little oversize, try folding the model into position and trimming the
lefthand edge until it butts nicely into the righthand panel. Then trim the righthand edge,
leaving tabs, until the two edges butt together nicely. The tabs can then be clipped to the
lefthand panel by paper clips. The model easily unfolds flat for storage and carrying.
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F 2.14. Cardboard model of a combinatorial cube

C 2.56. If it is possible to do so, follow the instructions below and make a
model of the cube on E= {0, 1, . . . , 7} that has only the six sets{0, 1, 3, 5}, {0, 2, 3, 6},
{1, 4, 5, 7}, {2, 4, 6, 7}, {0, 3, 4, 7}, and{1, 2, 5, 6} as its four-point circuits.

Using four pieces of cardboard, as in the previous model, to represent planes containing
{0, 1, 3, 5}, {0, 2, 3, 6}, {1, 4, 5, 7}, and{2, 4, 6, 7}, respectively, tape the joins along 1∨ 5,
2∨ 6 and 4∨ 7 and clip the join along 0∨ 3.

Do you notice anything interesting about the behavior of this model compared with that of
Construction 2.55?

The last two constructions have provided models of cubes with exactly four and six, re-
spectively, 4-point circuits. The existence of these models means that the cubes are figures.
We know that the Vámos cube of Definition 2.44 is a combinatorial geometry. But is it a
figure? We may first attempt to show that the Vámos cube is a figure by giving a drawing
such as the figure in Figure 2.15. The circuits{0, 1, 3, 5}, {0, 2, 3, 6}, {1, 4, 5, 7}, {2, 4, 6, 7},
and{0, 3, 4, 7}of the cube are visible in the drawing. However, we have to question whether
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the set{1, 2, 5, 6} is necessarily a circuit of the figure? If so, then the figure could not be
of the Vámos cube which has only five 4−point circuits. We may second attempt to show
that the Vámos cube is a figure by making a model of the Vámos cube, having exactly five
4-point circuits. It seems a simple enough question as to whether a drawing or construction
of this cube can be made, but as we will see in Chapter 4 it is perhaps the most fundamental
question of geometry.
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F 2.15. An attempt at drawing the Vámos Cube

F 2.16. A cube unfolded
E 2.57. A well-known model of a cube is unfolded in Figure 2.16. Decide which of
the six hinged cardboard models in Figure 2.17 would fold up to form a model of a cube.

E 2.58. The model illustrated in Figure 2.16 seems much more like a cube as the
word is understood in common usage. Is it in some sense a very symmetric model? What
is the maximum number of four-point circuits that any combinatorial cube may have?

6. Sub-geometries of a combinatorial geometry

We have been constructing and investigating some geometries in as much detail as possi-
ble in an attempt to show that individual examples are figures. In this section we obtain
a property of combinatorial geometries that distinguishesthem from most other mathe-
matical structures. It goes some way towards explaining whywe have had little difficulty
in constructing many examples. The lines and planes of a combinatorial geometryG are
distinguished subsets ofE(G). But, as we now see, in a very strong sense every subset of
E(G) is distinguished by having its own geometric structure.

D 2.59. A sub-geometry of a combinatorial geometryG is any ordered pair con-
sisting of a subset E′ ⊆ E(G) and associated collectionC′ = {C : C ∈ C(G) and C⊆ E′}.
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F 2.17. Possible developments of a cube

T 2.60. Each sub-geometry of a combinatorial geometry is itself a combinatorial
geometry.

P. Let the ordered pair (E′,C′) be a sub-geometry ofG. It is a straightforward
matter to check that the conditionsC1, C2, andC4 of Definition 2.1 hold for (E′, C′).
Let us verify that the Elimination ConditionC3 also holds for (E′, C′). Suppose that two
distinct membersC1 andC2 of C′ both contain the pointx. ThenC1 andC2 are also in
C and, as the Elimination Condition holds forG, there is someC3 ∈ C(G) satisfying
x < C3 ⊆ C1 ∪C2. But C1 ∪C2 ⊆ E′, ensuring thatC3 is also inC′ as required. �

The circuits of any sub-geometry (E′,C′) of the combinatorial geometryG are determined
completely by the ground setE′ of the sub-geometry. Consequently, in the context of a
given geometryG, we often useE′ rather than the more cumbersome (E′,C′) to stand for
the sub-geometry and writethe sub-geometry E′.

The fact that each subset of the set of points of a geometry hasa geometric structure
inherited from the geometry is a very nice property of geometries — one that is not shared
with other algebraic systems. When points of a drawing of a figure are erased a drawing of
a figure remains. This suggests the following result.

T 2.61. Each sub-geometry of a combinatorial figure is a combinatorial figure.

P. The circuits of a sub-geometry are exactly those of the figure obtained by
erasing all points not in the sub-geometry. �
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Theorem 2.60 suggests strongly that there are very many geometries. But we should be
cautious. Just because every subset of the point set of a geometry has its own geometric
structure does not mean that they are all different. We see this very clearly by examining
all the four-point sub-geometries of a five-point line, for example. Also, our difficulties in
determining whether or not drawings, sketches and models are really of “different” combi-
natorial geometries suggests the need to clarify the meaning of “different”.

7. Isomorphic combinatorial geometries

In this section we decide on the meaning of “different” in the context of combinatorial
geometries. We then tackle the problem of counting geometries. In Figure 1.6 we noticed
that the same figure can be drawn in several ways. It is not always clear whether two
sketches represent the same planar geometry or not. We see this difficulty in the following
case.

D 2.62. An n-gon is inscribed in another if its vertices belong (successively) to
the sides of the second. This second n-gon circumscribes thefirst.

F 2.18. Two figures that share many properties

For example, each of the planar geometries [21] sketched in Figure 2.18 has nine points,
and each consists of a triangle inscribed in a second triangle, which is inscribed in a third,
which in turn is inscribed in the first! Each geometry has nine3-point circuits. But are
they the same? Experiment may suggest that the first, a Pappusgeometry, is a figure as
every attempt to draw it seems to work. The second may also be afigure, the sketch given
seems to be a drawing although experiment may suggest that itis difficult to make such a
drawing.

We certainly know that two geometries are different if, for example, they have a different
number of three-point circuits. In fact, any difference defined solely in terms of circuits
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suffices to distinguish between geometries. On the other hand we know that two drawings
are drawings of the same figure if the points of the two can be commonly labeled to give
identical lists of circuits. For us, such geometries will bethe “same”. More precisely:

D 2.63. Two combinatorial geometries are isomorphic if the points of the first can
be paired with the points of the second, and paired points given the same label, so that
a list of circuits of the first combinatorial geometry is identical to a list of circuits of the
second.

Thus, in Exercise 1.1 we are asking: “Which pairs of these figures are isomorphic?” In the
following exercise we use Definition 2.63 to determine whether geometries are isomorphic.

E 2.64. Let E1 = {1, 2, . . . , 7} andC1 = {{5, 6, 7}, {1, 2, 4, 5}, {1, 3, 4, 6}, {2,3, 5, 6},
{2, 3, 5, 7}, {2, 3, 6, 7}, {1, 2, 3, 4, 7}, {1, 3, 4, 5, 7}}.

Let E2 = E1 andK = {{5, 6, 7}, {1, 2, 4, 5}, {1, 3, 4, 6}, {2,3,5,6}, {2, 3, 5,7}, {2, 3, 6, 7}} and
let C2 = K ∪ {C ⊂ E : |C| = 5,C contains no member ofK }.

Let E3 = {1, 2, . . . , 6} and letC3 = {{1, 2, 4, 5}, {1, 3, 4, 6}, {2,3,5,6}}.

Let E4 = {a, b, c, d, e, f , g} andC4 = {{e, f , g}, {a, b, d, e}, {a, c, d, f }, {b, c, e, f }, {b, c, e, g},
{b, c, f , g}, {a, b, c, d, g}, {a, c, d, e, g}}.

If Gi = (Ei ,Ci), for i = 1, 2, 3, 4, and G5 and G6 are the first and second figures, re-
spectively, drawn in Figure 2.19, then determine which pairs of the six geometries are
isomorphic.
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F 2.19. Figures for Exercise 2.64

If a geometry is isomorphic to a figure, then from our point of view they are essentially the
same. Consequently, we tend to blur the distinction betweenthem, using the term “figure”
for both. Thus, for example, the geometry (E,C), whereE = {1, 2, 3, 4} andC = {{1, 2, 3}},
and Figure 2.20 are isomorphic and we think of each as a figure.

In particular, we can look again at the question of whether a planar geometryG is a figure
in the light of our definition of isomorphism. Pairing each point of a sketch of with its label
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F 2.20. A four-point figure

is certainly a pairing of a set of points of the page with the points of G. From Theorem
2.14, the pairing is an isomorphism betweenG and the figure of the points of the sketch
exactly when the subsets ofE(G) that are collinear inG are the labels of collinear sets of
points on the page. In other words, each arc of the sketchcouldhave been drawn straight
without re-locating any of its points — the sketch then beinga drawing ofG.

As we saw in Exercise 2.64, deciding whether or not two geometries are isomorphic can
be a lengthy business. However in the case of planar geometries the existence of an iso-
morphism is sometimes obvious.

L 2.65. Two planar geometries are isomorphic if and only if they havea common
sketch.

P. If the two are isomorphic, then each point set can use the same set of labels so
that a sketch of one is automatically a sketch of the other. Conversely, any common sketch
induces a pairing between labels which is the required isomorphism. �

E 2.66. Satisfy yourself that there are only two non-isomorphic combinatorial ge-
ometries on a three-element set. One has no circuits and the other has one three-point
circuit. We are familiar with both — the first is a triangle andthe second is a figure
of three collinear points. How many pairwise non-isomorphic four-point geometries are
there? Is each a figure? Draw or make a model of each.

E 2.67. List all the “different” combinatorial geometries on the set E= {1, 2, . . . , 5}.

It might be interesting to make drawings or models of all those five-point geometries that
are figures. We might be able to use tetrahedra and pins, as in Constructions 1.3 and 1.4,
in making the models.

C 2.68. Show that all five-point (and six-point, if you feel so inclined) combi-
natorial geometries are combinatorial figures by making a model (a drawing in the case of
a planar geometry) of each.

When making tetrahedra to use in this construction we could use the methods of Construc-
tion 1.3 or Construction 2.55. Another technique, which allows complete dismantling of
panels for later re-use, is the following:
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C 2.69. Decide on the size of each face of a tetrahedron, for example,and
outline it on cardboard. A trouble-free way to choose face sizes is to have all edges the
same length, say6cm. As shown in Figure 2.21, use a hole-punch to make holes at each
vertex. Trim as shown, leaving tabs. Crease along the edges of the face, and join adjacent
panels by rubber bands.

F 2.21. Modeling planes and their intersections

Theorem 2.60 and our experience with Exercises 2.66 and 2.67would possibly lead us
to the conclusion that there are many geometries. Here is a list that summarizes what is
known of the numbers of pairwise non-isomorphic combinatorial geometries on small sets
of points. These numbers were computed for geometries on at most eight elements by
Blackburn, Crapo, and Higgs [5], and for geometries on nine elements by Mayhew and
Royle [48].

Set size Number of geometries
point linear planar non-planar total

1 1 1 1 1
2 1 1 1
3 1 2 2
4 1 3 1 4
5 1 5 3 8
6 1 10 11 21
7 1 24 49 73
8 1 69 617 686
9 1 384 185, 981 186, 365

We have now faced with two difficult questions. We have discussed the first, namely: “How
can we decide whether or not a given combinatorial geometry is a combinatorial figure?”
at some length. For example we asked: “Is a Vámos cube a figure?” In this section we
have met the second: “How can we decide whether or not two combinatorial geometries
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are isomorphic?” For example, we asked: “Are the two geometries sketched in Figure 2.18
isomorphic?”

8. Summary of Chapter 2

We gave a simple set of axioms for combinatorial geometries,and we proved that every
figure is a geometry. We gave exact and unambiguous meaning tofamiliar terms, such as
line, plane, collinear, andcoplanar. Also we clarified our usage of the termssketchand
drawing in the context of planar geometries. Various techniques produced examples of
geometries for us, but we are unable to say whether particular examples are figures. In fact
we are unsure whether each combinatorial geometry is isomorphic to some combinatorial
figure.

Theorem 2.52 leads us to the conclusion that the study of planar geometries is just the study
of sketches. Thus, for example, the question: “Is there a planar geometry which is not a
figure?” is equivalent to the question: “Is there a sketch of aplanar geometry which cannot
be redrawn with all its arcs straight?” We ended the chapter by defining isomorphism and
counting small combinatorial geometries.
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CHAPTER 3

PLANAR GEOMETRIES AND PROJECTIVE PLANES

In Chapter 2 we emphasized the role of lines and planes in geometries. We followed a log-
ically sound development that lends weight to our feeling for “straightness” and “flatness”
in the case of figures. If we had restricted our investigations to planar geometries, then we
could have initially defined them in terms of points and lines— based on our intuitive un-
derstanding of points and straight lines. This is the traditional approach to plane geometry.
Our approach using the simpler concept of circuit enables usto more easily describe the
larger class of combinatorial geometries that interests us. Nevertheless, our use of straight
lines in drawing suggests that we examine lines in some detail in this chapter. In particular
we ask: “How can we be certain that two straight lines drawn during a planar construction
have a point of intersection?” It is therefore convenient tothink of the planar geometries
that this requirement leads to in terms of their lines. In Proposition 3.3 and Theorem 3.5
we list some properties of lines that do not need the notion ofcircuit for their statement.
We prove that these properties suffice to determine whether a collection of subsets of a
given setE is the collection of lines of some planar geometryG on E.

We may continue to prove the existence of some required geometry on the setE, as before,
by demonstrating that a collectionC of subsets ofE satisfies the requirements of Definition
2.1. But instead, where appropiate, we may prove the existence of the geometry by demon-
strating that another collection of subsets ofE satisfies the requirements of Proposition 3.3
or Theorem 3.5. Thus the subsets will be the set of lines of a planar geometry onE.

1. The intersection of coplanar lines

In this section we explore the properties of geometries in which each pair of coplanar lines
has a point of intersection.

We have used pencil and straightedge to draw many planar figures in constructions — for
instance in Construction 1.14 we attempted to draw a straight line through an inaccessible
point. We did so without thinking too much about the existence of this point, and of other
points and straight lines required as part of the construction. More simply, given four points
1, 2, 3 and 4 on a very large page, constructing the intersection of 1∨ 2 and 3∨ 4 presents
no great problem (apart from difficulties of parallelism). This is because our initial set of
points sits in a world that seems to have points in abundance.But Lemma 2.10 does not
guarantee that two lines of a combinatorial geometry will meet in a point, only that they
have no more than one common point. The lines may still miss each other.
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Perhaps it will clarify our thinking and give us a better understanding of our surroundings
if we query our tacit assumptions. If we ask that two lines 1∨ 2 and 3∨ 4 have a common
point, then we are insisting on the existence of a point 5 suchthat{1, 2, 5} and{3, 4, 5} are
circuits. The Elimination Condition of Definition 2.1 applied to the two circuits tells us
that {1, 2, 3, 4} would then contain a circuit. In other words two lines can only possibly
meet if they are coplanar, not skew. We occasionally see builders putting this result into
practice by drawing strings taut between two pairs of points. If the strings just touch it is
taken to mean that the four points are coplanar.

Ideally, we would like any two straight lines of our planar constructions to have a common
point. This would be guaranteed if our constructions were sub-geometries of a planar
geometry in which each pair of lines had a common point. Is a combinatorial geometry
in which each two coplanar lines have a common point possible? The comment in the
paragraph above suggests that we look for geometries satisfying the following condition.
An equivalent formulation of this condition was given in Oswald Veblen and John Youngs’
excellent book “Projective Geometry”, which first appeared in 1910 [61].

D 3.1. (Veblen-Young Condition) If{1, 2, 3, 4} is a four-point circuit of the com-
binatorial geometryG, then there is a point5 of the geometry so that{1, 2, 5} and{3, 4, 5}
are circuits.

We see, by the following lemma, that this is exactly the condition we require of our ge-
ometries.

L 3.2. Let G be a combinatorial geometry. Then the Veblen-Young Condition holds
in G if and only if each two coplanar lines ofG contain a common point.

P. First we suppose that the Veblen-Young Condition holds inG. If two linesA =
1∨2 andB = 3∨4 are coplanar, then Theorem 2.27 implies that the set{1, 2, 3, 4} contains
a circuit. If {1, 2, 3, 4} is itself a circuit, then the Veblen-Young Condition guarantees the
existence of a point 5 on both 1∨ 2 and 3∨ 4 as required. If, without loss of generality,
{1, 2, 3} is a circuit, then 3 is the point common toA andB.

Conversely, suppose that each two coplanar lines ofG contain a common point. Let
{1, 2, 3, 4} be a circuit ofG. Then the lines 1∨ 2 and 3∨ 4 are distinct and coplanar.
Hence they meet in a fifth point, say 5. Then Theorem 2.14 implies that the sets{1, 2, 5}
and{3, 4, 5} are circuits as required by the Veblen-Young Condition. �

In what follows we pursue the attractive consequences of thetruth of the Veblen-Young
Condition in a planar geometry, and later show that these consequences are available to us
in the geometry of our world.
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2. Projective planes

In this section we develop the basic properties of those planar geometries for which the
Veblen-Young Condition holds. We begin by proving that the property obtained in Corol-
lary 2.8 is characteristic of the collection of lines of a planar geometry.

P 3.3. Let E be a set andL a collection of subsets of E, each member ofL con-
taining at least two distinct elements of E, so that E andL satisfy the following condition.

Condition L1 : Each pair of elements of E is a subset of exactly one member ofL .

Suppose thatC = {C : |C| = 3 and C is a subset of a member ofL } ∪ {C : |C| = 4 and
no three elements of C belong to any one member of L}. ThenC is the set of circuits of a
planar geometry on the set E. This geometry is the unique planar geometry on E whose
collection of lines is exactlyL . Conversely, the collection of lines of any planar geometry
on E satisfies ConditionL1.

P. The definition ofC is such that its members fulfill the ConditionsC1, C2, and
C4 of Definition 2.1. Suppose thatC1 andC2 are distinct three-element members ofC that
both contain an elementx. If C1 andC2 as well both contain an elementy distinct from
x, then ConditionL1 implies that they are subsets of the same memberL of L . Hence
(C1 ∪ C2) − {x} is a three-element subset ofL. This subset is inC as required by the
Elimination Condition. In all other cases|(C1∪C2)−{x}| ≥ 4 and (C1∪C2)−{x} contains a
member ofC, also satisfying the Elimination Condition. ThusC is the collection of circuits
of a geometry onE. The geometry is planar, from Theorem 2.27, as each four-point set
contains a circuit.

We need to show that the lines of (E,C) are exactly the members ofL . We note from
ConditionL1 that each pair{a, b} of points is contained in exactly oneL ∈ L and also, by
Theorem 2.7, in exactly one line, namelya∨ b. Also {a, b, x} is a circuit if and only ifx is
in L − {a, b}. ThusL = {x : x ∈ L} ∪ {a, b} = {x : {a, b, x} is a circuit} ∪ {a, b} = a∨ b. Any
planar geometry with this set of lines has, by Theorem 2.14 and Theorem 2.27, the same
set of circuits. Thus such a geometry is equal to the geometry(E,C).

From Theorem 2.7 and Lemma 2.10 we have that the lines of any planar geometry onE
satisfy ConditionL1. �

This proposition is a restatement of Theorem 2.52, but is notcouched in the language of
sketches. It cannot offer a characterization of all combinatorial geometries by their lines
as, for instance, both the first and the last figures of Figure 1.3 have the same list of lines.
However, these geometries are not isomorphic as the former is planar and the latter is not.

We now specialize the characterization of Proposition 3.3 to those planar geometries that
satisfy an additional requirement.

D 3.4. A projective plane is a planar geometry that satisfies the Veblen-Young
Condition and has at least one four-point circuit.
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Proposition 3.3, together with the connection between lines and circuits of projective
planes derived in Lemma 3.2, gives the following useful characterization of projective
planes.

T 3.5. Let a set E, and a collectionL of subsets of E, satisfy the following four
conditions.

L1: Each two elements of E belong to exactly one common member ofL .

L2: Each two members ofL contain exactly one common element of E.

L3: There are four elements of E, no three of which belong to any one member ofL .

L4: There are four members ofL , no three of which contain any one element of E.

Suppose thatC = {C : |C| = 3 and C is a subset of a member ofL } ∪ {C : |C| = 4
and no three elements of C belong to any one member of L}. ThenC is the set of circuits
of a planar geometry on the set E. This geometry is a projective plane, and its lines are
exactly the members ofL . Conversely, the lines of any projective plane on E satisfy the
four ConditionsL1 to L4.

P. From ConditionL2 we have that the empty set is not a member ofL . If a
single-element subset ofE were a member ofL , then ConditionL2 implies that every
member ofL contains this single element. This rules out the possibility that ConditionL4
holds. Therefore each member ofL contains at least two distinct elements ofE.

We note that ConditionL1 is exactly ConditionL1 of Proposition 3.3. Therefore we have
thatC is the set of circuits of a unique planar geometryG on E.

Each pair of distinct pointsa andb of G belongs to exactly one line ofG and to exactly
one member ofL . Each line and each member ofL occurs in this way. The defining
property above of three-point circuits inC guarantees thatx ∈ (a∨ b) − {a, b} if and only
if {a, b, x} ∈ C if and only if x ∈ L. Thus the unique memberL of L that contains{a, b} is
also the linea∨ b. Thus the lines ofG are exactly the members ofL .

To complete the first half of the proof we need only show thatG is a projective plane. Con-
dition L3 ensures the existence of at least one four-point circuit. Suppose that{1, 2, 3, 4}
is a circuit ofG. Then applying ConditionL2 to the lines 1∨ 2 and 3∨ 4 guarantees the
existence of a point 5 belonging to both. Consequently,{1, 2, 5} and{3, 4, 5} are circuits
and the Veblen-Young Condition holds. We now know that the geometryG is a projective
plane.

To prove the converse we use Proposition 3.3 to verify Condition L1 and Lemma 3.2 to
verify ConditionL2 for any projective plane onE. The existence of a four-point circuit
immediately satisfies ConditionL3. If {1, 2, 3, 4} is such a circuit, then lines 1∨ 2, 2∨ 3,
3∨ 4 and 1∨ 4 satisfy ConditionL4 as, for example, the point (1∨ 2)∩ (2∨ 3) = 2 is in
neither 3∨ 4 nor 1∨ 4 as no three members of{1, 2, 3, 4} form a circuit. �
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E 3.6. The circuits of the geometry(E,C) of Exercise 2.32 are exactly all the four-
point subsets of E. Prove that(E,C) is a planar geometry that fails badly to be a projective
plane.

E 3.7. We know from examining the sketch in Figure 2.10 that the setsof numbers
in each of the following columns are the lines of a particularprojective plane, namely the
Fano plane, on the seven-point set{0, 1, . . . , 6}.

0 1 2 3 4 5 6
1 2 3 4 5 6 0
3 4 5 6 0 1 2

We could use Theorem 3.5 directly to verify that Example 3.7 does give a projective plane.
However, testing ConditionL1 would involve

(

7
2

)

= 21 verifications, as would testing
ConditionL2. Likewise, applying Theorem 3.5 to the following list of columns would
require

(

13
2

)

+
(

13
2

)

= 156 checks.

0 1 2 3 4 5 6 7 8 9 10 11 12
1 2 3 4 5 6 7 8 9 10 11 12 0
3 4 5 6 7 8 9 10 11 12 0 1 2
9 10 11 12 0 1 2 3 4 5 6 7 8

We ease the tedium by using the ability of a computer to quickly and reliably carry out
repetitive tasks, using a mathematics package such asMathematica or Maple. If you are
familiar with programming, then you may like to write your own program, otherwise use
theMathematica Program 3.9 given below for the following exercise.

E 3.8. Verify that the set of numbers in each of the thirteen columnsabove is a
line of a projective plane on the thirteen point set E= {0, 1, . . . , 12}. In this geometry
find and sketch a planar Desargues sub-geometry. You may alsolike to sketch the13-point
projective plane itself with as many arcs straight as possible. But you may feel that the
resultant sketch does not increase your understanding of the plane.

P 3.9. Test for “pointset” to be the set of points, and “lineset” theset of lines,
of a projective plane

Below we outline the process for testing whether or not two sets “pointset” and “lineset”
satisfy the requirements of Theorem 3.5.

We first define a function, naming it “testL2”, which gives theanswer “True” if “pointset”
and “lineset” satisfy Condition L2 of Theorem 3.5. It does this by checking that the inter-
section of each pair of members of lineset meet in a set of sizeone,

{testL2[pointset_, lineset_] := (

Length[

Union[

Flatten[
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Table[

Table[

Length[

Intersection[

line[i], line[j]

]

] == 1, {i, j - 1}

], {j, ell}

]

]

]

] == 1

);

Second, in order to check Condition L1 of Theorem 3.5 we definea function, naming it
“in”, that takes the value “True” when a set A is a subset of a set B

in[A_, B_] := (

Length[

Union[

A, B

]

] == Length[

B

]

);

We use the function “in” to test whether or not a pair of elements of “pointset” is a subset of
a member of “lineset”. We do this for all pairs of elements of “pointset” and all members
of “lineset”. We use the fact that each pair of members of pointset belong to at most
one member of “lineset” (a fact guaranteed by the success of test L2), ensuring that the
maximum number of True answers we can get for in is the number of pairs of elements of
“pointset”. The function “testL1” takes the value “True” ifthis maximum is achieved, and
accordingly Conditon L1 of Theorem 3.5 is satisfied.

testL1[pointset_, lineset_] := (

Count[

Flatten[

Table[

Table[

Table[

in[{i, j}, line[k]], {i, 0, j - 1}

], {j, 0, p - 1}

], {k, 0, ell - 1}

]

], True
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] == (1/2)*p*(p - 1)

);

We label the members of “pointset” and use the patterns in thegiven set of proposed lines
to avoid having to type them all in.

pointset = Table[j, {j, p}];

line[i_] := Mod[firstline + i, ell];

lineset = Table[line[i], {i, 0, ell}];

Consequently, we need only type in (i) the number of proposedpoints “p”, that is the
members of E, (ii) the number “ell” of proposed lines, that isthe members of L, and (iii)
the first member of L, which we call “firstline”. Remember whentyping in “firstline” to
leave a space after each comma before typing in its next member.

p := 13;

ell := 13;

firstline := {0, 1, 3, 9};

Conditions L3 and L4 follow automatically from the fact thattwo of the sets in L each
contain more than two members. The program is now ready to check Example 3.8 when
you press “shift-enter”. It prints out a list of the points, alist of the lines (just to check that
the input is correct), and “True” if the tests verify that we do have the points and lines of a
projective plane, “False” if this is not the case. Press “shift-enter”.

Print[pointset];

Do[

Print[line[i]], {i, 0, ell - 1}

];

Print[testL1[pointset, lineset]

&& testL2[pointset, lineset]]

To test the possibilities given in Exercise 3.10, delete “13” and replace it by “21” in “p:=13”
above, remembering to press “enter” when you have done so. Dothe same from “ell:=13”.
Delete the “{0, 1, 3, 9}” from “firstline:={0, 1, 3, 9}”, replace it by the appropriate set (re-
membering to leave a space between a comma and the next number), press “shift-enter”.
The program is now ready to run. Place the pointer anywhere inthe cell containing the
following and press “shift-enter”.

Print[testL1[pointset,lineset]

&& Print[testL2[pointset,lineset]
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Using such a program does not do our thinking for us, but does let us examine geometries
on larger sets than would otherwise be feasible. As we discuss in the aftermath of Exercise
3.22, such possibilities are very much of interest.

E 3.10. Test whether the set E= {0, 1, 2, . . . , 20} is the set of points and the collec-
tion L of twenty one subsets,{{0+ i, 3+ i, 5+ i, 9+ i, 11+ i} : i = 0, 1, 2, . . . , 20, addition
being modulo21}, of E is the set of lines, respectively, of a projective plane. Do the same
with the collection{{0+ i, 3+ i, 4+ i, 9+ i, 11+ i} : i = 0, 1, 2, . . .20, addition being modulo
21} in place ofL . If either is a projective plane, then look for a familiar combinatorial
geometry appearing among its sub-geometries.

The symmetry of the characterization of projective planes given in Theorem 3.5 can be
used. The set of four conditionsL1 to L4 is unchangedin toto by interchanging “point”
with “line” and “belong to” with “contain”, and this enablesus to shorten the process of
proving results about these geometries.

D 3.11. The dual of any statement about points and lines of a projective plane
is the statement obtained from the original statement by interchanging the words “point”
with “line” and “belong to” with “contain”.

For example, the dual of the statement: “. . . three points belong to a line” is the statement:
“ . . . three lines contain a point”. But we tend to abbreviate commonly used phrases — so “
. . . three collinear points. . .” has its dual statement “. . . three concurrent lines. . .”, “goes
through” has dual “lie on”, and so on. We need to be aware of dual pairs of abbreviations.
Notice that the dual of “n-gon” is again “n-gon”, with “side” and “vertex” being dual
terms. In particular, “triangle” is a self-dual term. The dual of the dual of any statement is
the original statement.

T 3.12. (Principle of Duality for Projective Planes) If, in a projective plane,
“theorem B” about the plane is a logical consequence of “assumption A”, then also the
“dual of theorem B” is a logical consequence of the “dual of assumption A”.

P. Theorem B is logically derived from its starting assumptions and conditions
L1 to L4, and each step in its proof is stated in terms of “point”, “line”, “belong to” and
“contain” and terms used in assumption A. If we make the aboveinterchanges throughout
its proof (in particularL1 andL2 being interchanged andL3 andL4 being interchanged),
we obtain a valid argument for the dual theorem from the dual starting assumption. �

Thus the Principle of Duality implies that for every result we prove about a projective
plane, we obtain the dual result without any extra work beingrequired. This can be quite
helpful, as we see in the following few applications. We begin by revisiting Conjecture
1.11.

The Veblen -Young Condition enables us to pursue the possibility of extending the con-
jecture to any projective planeG. Suppose that 123 and 456 are triangles inG so that the
lines 1∨ 4, 2∨ 5 and 3∨ 6 are concurrent. Then 1∨ 4 and 2∨ 5 are coplanar, ensuring
that{1, 2, 4, 5} is a planar set. From Lemma 2.21 we have that 1∨ 2 and 4∨5 are coplanar.
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Further, Lemma 3.2 implies that these two lines intersect ina point. Similarly each other
pair of corresponding sides of the two triangles is also coplanar and so intersects in a point.
If these three points are collinear, then we have a Desarguessub-geometry ofG, if not,
then we have a non-Desargues sub-geometry ofG.

Notice that it does not matter whether the triangles 123 and 456 are coplanar. Thus both
planar and non-planar sub-geometries may arise in this way.

F 3.1. Non-coplanar triangles whose corresponding sides intersect

This generalized conjecture is historically known as Desargues’ Theorem:

T 3.13. (conjectured Desargues’ Theorem) If123and456are triangles in a com-
binatorial geometryG so that the lines1∨4, 2∨5 and3∨6 are concurrent, then the sides
1∨ 2 and4∨ 5 intersect in a point9, the sides2∨ 3 and5∨ 6 intersect in a point7, and
the sides3∨ 1 and6∨ 4 intersect in a point8, and the points7, 8 and9 are collinear.

But remember that we have not proved this statement, and it isclearly not true for our usual
Euclidean geometry. For example, the possibility of the lines 1∨2 and 4∨5 being parallel
would rule out the existence of the required point 9.

We may use the Principal of Duality in order to obtain information about some conse-
quences of Desargues’ Theorem in projective planes.

T 3.14. Let G be a projective plane. Then Desargues’ Theorem is true inG if and
only if the converse of Desargues’ Theorem is true inG.

P. We may state Desargues’ Theorem as: “Any two triangles withcorrespond-
ing vertices lying on concurrent lines have corresponding sides that intersect in collinear
points”. The statement of the converse theorem is: “Any two triangles with correspond-
ing sides intersecting in collinear points have corresponding vertices that lie on concurrent
lines”. We suppose that Desargues’ Theorem holds inG and consider two triangles 123,
456 having corresponding sides that intersect in points 7, 8and 9, respectively, — these
three points being collinear.
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F 3.2. The converse of Desargues’ Theorem

We are able to apply Desargues’ Theorem to triangles 275 and 184 as the three lines
through corresponding vertices are concurrent at 9. Therefore 3, 6, and the point (1∨
4)∩ (2∨ 5) are collinear, that is, the lines through pairs of corresponding vertices of trian-
gles 123, 456 are concurrent. Therefore Desargues’ Theoremin G implies the truth of its
converse inG.

Explicitly, we have proved: “If any two triangles with corresponding vertices lying on
concurrent lines have corresponding sides that intersect in collinear points, then any two
triangles with corresponding sides intersecting in collinear points have corresponding ver-
tices that lie on concurrent lines”.

The Principle of Duality for the planeG guarantees the truth of the dual statement, namely:
“If any two (triangles) with corresponding (sides) (intersecting in) (collinear) (points)
also have corresponding (vertices) that (lie on) (concurrent) (lines), then any two (trian-
gles) with corresponding (vertices) (lying on) (concurrent) (lines) also have corresponding
(sides) that (intersect in) (collinear) (points)”. This just happens to be the required con-
verse of the first implication. �

In the light of the above discussion we may also revisit Conjecture 1.17. Again using
the Veblen -Young Condition we pursue the possibility of extending the conjecture to any
projective planeG. Suppose that 123456 is a planar hexagon inG so that the points 1, 3,
and 5 are collinear and the points 2, 4, and 6 are collinear. Then each pair of opposite sides
is coplanar and, from Lemma 3.2, meet in a point. If these points are collinear, then the
hexagon has given rise to a Pappus sub-geometry ofG. If these points are not collinear,
then the hexagon has given rise to a non-Pappus sub-geometryof G. This generalized
conjecture is historically known as Pappus’ Theorem:

T 3.15. (conjectured Pappus’ Theorem) If123456is a planar hexagon in a combi-
natorial geometryG so that the points1, 3, and5 are collinear and the points2, 4, and6
are collinear, then the opposite sides1 ∨ 2 and4 ∨ 5 intersect in a point9, the opposite
sides2∨ 3 and5∨ 6 intersect in a point7, and the opposite sides3∨ 4 and6∨ 1 intersect
in a point8. Moreover, the points7, 8 and9 are collinear.
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But, exactly as for the conjectured Desargues’ Theorem, this statement may not be true for
a geometryG. The Principal of Duality gives some information about its consequences in
projective planes.

We may rephrase the conjectured theorem as: ‘Any hexagon whose vertices lie alternately
on two lines has the points of intersection of pairs of opposite sides collinear.” The dual
statement is: “Any hexagon whose sides pass alternately through two points has the lines
joining pairs of opposite vertices concurrent.”

In Figure 3.3 we have sketched a planar geometry that satisfies the requirements of this
dual statement. We remark that we do not know whether this geometry, which we call the
“dual Pappus geometry”, is a figure. But we next prove that a projective plane for which
Pappus’ Theorem is valid contains dual Pappus sub-geometries but no dual non-Pappus
sub-geometry.

4

35

6 2

7

8

1

F 3.3. A sketch of a dual Pappus geometry
T 3.16. LetG be a projective plane. Then Pappus’ Theorem is true inG if and only
if the following condition is satisfied. If123456is a hexagon in the plane with lines1∨ 2,
3∨4 and5∨6 concurrent, and lines2∨3, 4∨5 and6∨1 concurrent, then the lines1∨4,
2∨ 5 and3∨ 6 are concurrent.

P. Suppose that Pappus’ Theorem is valid inG. Consider any hexagon 123456
so that alternate sides are concurrent with the points 7 and 8respectively as shown in
Figure 3.3. Applying Pappus’ Theorem to the hexagon 148367 we have that the three lines
through pairs of opposite sides of the hexagon 123456 are concurrent as required. The dual
of this argument completes the proof of the theorem. �

In any projective plane there are obvious, but surprisinglyuseful, pairings of lines with
points. This self-dual notion, traditionally called an elementary map, leads to a strong
limitation on the number of points in any projective plane.

D 3.17. Let A be a line and a be a point not in A, in a projective plane. An
elementary map is the function associating each point x of A with the line x∨ a through a.

It is usually written A
el↔ a.
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F 3.4. An elementary map

L 3.18. The elementary map A
el↔ a is a bijection between the points on A and the

lines through a.

P. Distinct pointsx and y in A have imagesx ∨ a and y ∨ a, respectively. If
x ∨ a = y ∨ a, thena ∈ x ∨ y = A, a contradiction. So the function is one-to-one. If the
line X containsa, then it is the image of the pointX ∩ A. This ensures that the function is
onto. �

The dual notion of the elementary mapA
el↔ a is a function that associates each lineX

througha with the pointX ∩ A on A. It is the inverse function of the elementary map

A
el↔ a and is usually writtena

el↔ A. It is customary to call each of these functions an
“elementary map”.

T 3.19. With each projective plane is associated a (cardinal) number n ≥ 2, called
the order of the plane. Each line of the plane contains exactly n+ 1 points, each point
belongs to exactly n+ 1 lines. There are exactly n2 + n+ 1 points, and exactly n2 + n+ 1
lines, in the plane.

P. Let A, B be any two distinct lines of the projective planeG. The existence of
a four-point circuit inG is guaranteed by Definition 3.4. Among the pairwise intersections
of the six lines determined by pairs of points of the circuit is a pointp on neitherA nor B.

Then consider the compositionA
el↔ p

el↔ B of a bijection from the points ofA to the lines
throughp and of a bijection from the lines throughp to the points onB. This composition
is a bijection from the points ofA to the points ofB. This bijection ensures thatA andB
contain the same number, sayα, of points. Hence each line ofG contains the same number
of points.

The dual of this argument guarantees that each two points belong to the same number, say

β, of lines. The existence of the elementary mapp
el↔ A ensures thatα = β.

Let n = α − 1 = β − 1 and suppose thatx is a point ofG, distinct fromp. Thenp∨ x is a
line of G. Consequently each point ofG is on a line throughp. There areβ = n+ 1 such
lines. Each line containsn points distinct fromp, and none of these points is on more than
one of then+ 1 lines. Therefore the plane contains (n+1)n+ 1 points altogether. The dual
of this argument completes the proof. �
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E 3.20. Verify that each of the two projective planes in Example 3.7 and Exercise
3.8, respectively, has the appropiate number of lines and points.

E 3.21. Inspection of the sketch in Figure 2.10 verifies that the Fanoplane satisfies
the requirements of Theorem 3.5 and is a projective plane. Inspection confirms that each of
its lines contains exactly three points, and each of its points belongs to exactly three lines.

E 3.22. Write out explicitly the proof that a projective plane of order n has exactly
n2 + n+ 1 lines. Check that the proof is the dual of part of the proof of Theorem 3.19.

As we might expect, because of more demanding definition criteria, there are far fewer
projective planes than there are geometries. There is a projective plane of ordern, for each
n = 2, 3, 4 and 5, that is a plane of 7, 13, 21, and 31 points, respectively. Gaston Tarry
proved in 1900 that no projective plane of order 6 exists. There is a projective plane of
ordern, for eachn = 7, 8, and 9. In 1988 a group at the University of Montreal proved,
by eliminating all possibilities with a computer search, that there is no projective plane of
order 10. It has been known, for almost one hundred years, that there is a projective plane of
each prime power order. The famous 1949 Theorem of R.H.Bruckand H.J.Ryser [6] states
that if n = 4k+1 orn = 4k+2, for some positive integerk, andn is not a sum of two squares,
then there is no projective plane of ordern. This eliminatesn = 14 as a possibility — but
is of no help forn = 12. Thus the smallest order for which the question of the existence of
a projective plane is unanswered is 12. Such a plane would have 157 points. The existence
questions for finite projective planes are more difficult then for infinite projective planes as
induction arguments — such as that used in Theorem 3.25 — are not available in the finite
case.

P 3.23. Some people form a lunch club in order to enjoy good food and conver-
sation. They decide that each two members should go to exactly one lunch together; that
each two lunches should have some overlap in attendance; andthat the President, Secre-
tary, Treasurer and Auditor should attend the first lunch gathering (which at least a couple
of other members were unable to attend). There are fifteen prospective members. Can the
Secretary arrange a list of lunches? If not, then what must hedo?

Solution. Suppose that the Secretary has arranged a list of lunches. We writeE for the set
of members of the club. Then those attending a lunch togetherform a subset ofE, and we
denote the collection of these subsets ofE by L . We investigate whether or notL is the
collection of lines of a projective plane onE. As two members attend exactly one common
lunch together, ConditionL1 of Theorem 3.5 holds. But we are not sure about Condition
L2, as we only are certain that two members ofL contain atleastone common member.
But suppose that two different membersa andb each attend lunchesL1 andL2. Condition
L1 guaranteesL1 = L2. Therefore ConditionL2 holds.

It seems that the conditions given in Theorem 3.5 to define thecharacteristics of a set of
lines of a projective plane are unnecessarily restrictive,as a weaker version of Condition
L2 would suffice to prove the Condition in Theorem 3.5. We gave it in this stronger form
to enable us to more easily see the workings of the Principle of Duality.

In order to be able to apply Theorem 3.19 to the Lunch Club we must show Conditions
L3 andL4 hold. We know that at least two members, saya andb, are unable to attend

53



the first lunch. The only lunch thata andb both attend has one member of the first lunch
also present. Without loss of generality, we may suppose that it is neither the Secretary nor
Treasurer. We have that the set{Secretary, Treasurer,a, b} satisfies ConditionL3 as neither
a nor b can attend the only lunch that the Secretary and Treasurer both attend. The four
lunches attended by botha andb, by bothb and the Secretary, by both the Secretary and
the Treasurer, and by both the Treasurer andb, respectively, satisfy ConditionL4.

Therefore for the Secretary to succeed in his task, the list of attendees at each lunch would
need to be the lines of a projective plane. One, at least, of these lines would contain at
least four points. Therefore the plane would have order at least 4− 1 = 3 and at least
thirteen members would be required. The Secretary should either discourage two of those
interested, or he should search for prospective members, needing six more than the original
fifteen. Of course actually finding a projective plane of order 3 or 4 in order to arrange the
lunch attendances, may be a little difficult. Perhaps Exercise 3.10 or the list of columns
given before Program 3.9 would be helpful for the Secretary. �

The following deceptively simple result [65] concerning the gregarious nature of our species
hinges on deducing that a collection of subsets of people at aparty satisfies ConditionsL1
andL2, but not ConditionL3, of Theorem 3.5. The simplest known proof requires the use
of eigenvalues of a matrix.

T 3.24. In a party of n people, suppose that every pair of people has exactly one
common friend. Then there is a person at the party who is a friend of everyone else.

3. Sub-geometries of a projective plane

But back to our original reason for looking at projective planes; we wondered if the straight
lines of planar constructions can be expected to intersect?This leads us to ask the follow-
ing question: Is it possible for our planar figures to be sub-geometries of a projective
plane? Yes, in fact as we show in this section, any planar geometry is a sub-geometry of a
projective plane.

T 3.25. Each planar geometry is a sub-geometry of some projective plane.

P. We prove this by constructing a suitable projective plane point-by-point induc-
tively. Suppose thatG is a projective plane. IfE(G) does not include a four-point circuit,

then we defineE1 = E(G)
•
∪ {{1, 2, 3, 4}}, andC1 = C(G) ∪ { all four-point subsets ofE1

not containing a three-point member ofC}. Otherwise put (E1,C1) = G and suppose that,
for the natural numbern, a planar geometry (En,Cn) is defined. We list the pairs of lines

that have an empty intersection in this geometry, and putEn+1 = En
•
∪ xn, wherexn is a

new point (or symbol) added to each of the first pairL1, L2 of lines that have an empty
intersection in (En,Cn). Also, for eacha < L1∪ L2, we add{a, xn} to the collection of lines
of En. Then Proposition 3.3 ensures thatL1 ∪ {xn}, L2 ∪ {xn}, the sets{a, xn}, together with
all lines of (En,Cn) excludingL1, L2 are the lines of a planar geometry (En+1,Cn+1). It may
be helpful to think of a sketch of (En+1,Cn+1) being obtained from a sketch of (En,Cn) by
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adding a common point representingx to both an arc representingL1 and to an arc repre-
sentingL2. We have inductively defined a geometry (En,Cn) for each natural numbern,
with E1 ⊆ . . . ⊆ En ⊆ . . ..

Let E be the set
⋃∞

n=1 En = E1
•
∪ {x1, x2, . . .} and letL be the collection of those subsets

of E that each consist of a line ofEn, for some natural numbern, together with all points
added to it in eachEm, m≥ n. ThenE andL satisfy the four conditions of Theorem 3.5 —
and so define a projective plane that hasG as a sub-geometry. �

This proof is an example of an induction argument. Things to be done are listed, the list is
attended to one item at a time and, even though the list is allowed to grow, each item listed
is attended to.

D 3.26. The projective geometry of the above theorem is called the free completion
of the planar geometryG and is written F(G).

E 3.27. Prove that F(G) = G if and only ifG is a projective plane.

How well-behaved is the free completion ofG? In order to find out we extend Definition
1.9 to include geometries.

D 3.28. A combinatorial geometry is closed if each of its points belongs to at least
three of its non-trivial lines.

L 3.29. Let G be a planar geometry. Then each closed sub-geometry of the free
completion F(G) of G is also a sub-geometry ofG itself.

P. We argue as in Lemma 1.10. Suppose thatX is a closed sub-geometry ofF(G),
and suppose further thatx is the last point ofX that is added during the construction of
F(G). Suppose the pointx were in, say,En − En−1. ThenX would also be a sub-geometry
of (En,Cn). Distinct lines ofX would belong to distinct lines of (En,Cn). But x would
belong to only two lines of (En,Cn), contradicting the requirement that it is in at least three
lines of the closed sub-geometryX of (En,Cn). ThusX ⊆ E1 = E(G). �

Thus anything of interest in the free completion ofG is already contained inG itself. For
example, no Desargues geometry would appear as a sub-geometry during the construction
of F(G) unless it were already inG This causes Desargues’ Theorem to fail very badly for
free completions generally. In particular any attempt to add to a planar figure in order to
construct a Desargues figure would be doomed to failure if theprojective plane in which it
was attempted were a free completion of the initial figure.

But we notice that a planar geometry may be a sub-geometry of different projective planes.
For example, any four-point circuitC can be thought of as a sub-geometry of the Fano
plane, or of the free completionF(C). If G is not itself a projective plane, but does contain
a four-point circuit, then it can be shown that the free completionF(G) contains infinitely
many points. R. P. Dilworth and others conjecture that, ifE(G) is a finite set, it might be
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possible to find a finite projective plane containingG as a sub-geometry. It is not known if
this can always be done.

Our motivation for studying projective planes is to enable us to be confident that the lines
of our world have a common point whenever possible — to enableus to carry out con-
structions of planar figures, in particular, using pencil and straightedge. We established, in
Theorem 3.25, that it is certainly possible to consider any planar figure as a sub-geometry
of a projective plane. But will it be sensible to do so? How do the properties of projective
planes obtained as a consequence of Theorem 3.5 agree with our experience of the world
around us? We wear a Euclidean straight-jacket of parallel lines and it will not be easy to
cast it off, just as it would be difficult for fish in a pond to imagine other surroundings. Our
minds are too “immersed” in their Euclidean pond. But we willtry.

4. An extended Euclidean plane

In this section we efficiently embed each planar figure as a sub-geometry of a nicelybe-
haved projective plane. Until now we have agreed that we see and understand our shared
world in similar but unspecified ways. Each of us has his or herown meaning for the words
which describe the varied facets of this world. We need few ofthese words to talk of the
things which have interested us in our discussion so far of figures. Point, straight line,
plane, collinearandcoplanarvirtually exhaust the list of these words.

Some of our confidence that we do share an understanding is based on our long exposure
at school and college to a common grounding of Euclidean geometry. This is a particular,
and very appropiate, mathematical model of our physical surroundings. We are taught how
to think of points, of lines, of parallel pairs of straight lines, of planes, of distance, and so
on.

We first make sure that we are in agreement about our intuitiveunderstanding of the set of
all points of a plane of Euclidean geometry. If you are happy with the notion of parallel
straight lines, then you and I can proceed, for the moment, with our exploration of the
world in terms of the combinatorial geometries of Definition2.1. In later chapters we will
make use of other properties of a Euclidean plane, but for themoment this will suffice.

If, on the other hand, you are uncertain of your understanding of the concept of a Euclidean
plane, then we can make it more precise by introducing Cartesian coordinates . We define
a Cartesian point to be an ordered pair (x, y) of real numbers. We define the Cartesian plane
to be the set of all such pairs, together with the associated properties induced by the known
behaviour of the real number system. Further, we define a Cartesian line to be any set of
Cartesian points of the form{(x, y) : y = mx+ c, for some pairm, c of real numbers}, or
{(a, y) : y any real number, for some real numbera}. We use the namey = mx+ c for
the first set and the namey = a for the second set. We define two linesy = m1x+ c1 and
y = m2x+ c2 as parallel ifm1 = m2. Any two linesx = a1 andx = a2 are also defined to be
parallel. The simple arithmetic of simultaneous equationstells us that pairs of parallel lines
are exactly those pairs of lines which have no common point — each pair of non-parallel

56



lines sharing a point. It is straightforward to show that theCartesian plane satisfies the
requirements of Proposition 3.3. Therefore the Cartesian plane is a planar geometry.

It is common practice to take the Cartesian points as labels of Euclidean points, allocated
by drawing axes in the usual way as in Figure 3.5.

y  a x i s

x  a x i s( x , 0 )

( 0 , y ) ( x , y )

( 0 , 0 )

F 3.5. Cartesian coordinate axes

It is our understanding, based on much experience, that thispairing of Euclidean points
with their Cartesian labels, usually called “Cartesian coordinates”, is an isomorphism be-
tween a Euclidean plane and the Cartesian plane. If this is the case, then the two are
essentially “the same”. This gives us the opportunity to bring the forces of algebra to bear
on our geometric problems, and conversely gives us the opportunity to gain insight into
algebraic questions via geometry.

So strong is our belief in this ismorphism that we blur the distinction between the two,
talking of “the Euclidean point (x, y)” rather than “the Euclidean point with label (x, y)”.
The computer drawing program that you used in Construction 1.13, and elsewhere, treats
each point as a pair of real numbers. The program uses the arithmetic of the real number
system to obtain its lines and points, even though the appearance of its screen does not give
this impression.

The question of the appropiateness of Euclidean geometry asa description of our world is
thus bound up with the corresponding question of the suitability of the real number system
for our arithmetic. Translating our geometric questions into algebraic terms is no magic
solution. This translation gives equally difficult questions about the structure of the real
numbers. But it is another useful tool in our kit-bag.

We turn now to the construction of a projective plane that contains all the figures in any
given Euclidean plane. We denote the Euclidean plane byE2. Is it a projective plane?
Certainly ConditionsL1, L3 andL4 of Theorem 3.5 hold for the collection of lines, and
ConditionL2 almost holds. ConditionL2 fails only for pairs of parallel straight lines.
Perhaps we could enlargeE2 a little so that the enlarged geometry satisfies ConditionL2
and is a projective plane. If we add a new element to the set of points ofE2, and add the
element also to each of two parallel straight lines, then thetwo lines would then satisfy
ConditionL2.
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D 3.30. Let L be a straight line of E2. Consider all straight lines of E2 parallel to
L. We choose a symbol, and call it the “direction”, or “ideal point”, or “point at infinity”,
of each of these straight lines.

We add this symbol to the points ofE2, and we repeat the process, defining a new symbol
for each family of parallel straight lines (see Figure 3.6).Let E be the set consisting of all
the Euclidean points ofE2 together with all the directions defined in this way.

We next enlarge each straight lineL, and each straight line parallel toL, by the inclusion
of their direction. This symbol is not added to any other line.

D 3.31. Let L be a straight line of E2. The set obtained by enlarging the set L of
Euclidean points by the inclusion of the direction of L is an extended Euclidean line. We
call it the extension of L.

Each extended Euclidean line is a subset ofE, extensions of two non-parallel straight lines
intersect in a Euclidean point, and extensions of two parallel straight lines intersect in a
direction. Therefore the setE together with the collection of extended Euclidean lines
satisfies ConditionL2 of Theorem 3.5.

ConditionsL3 andL4 are also satisfied, and conditionL1 almost holds. There is clearly
exactly one extended Euclidean line containing any two Euclidean pointsa andb. Like-
wise, ifa is a Euclidean point andb is a direction, then there is a unique extended Euclidean
line througha in the directionb. But there is no extended Euclidean line containing two
ideal points. We can remedy this defect by adding one more line. This line consists exactly
of the set of all directions to our proposed collection of lines.

D 3.32. The ideal line, or line at infinity, of E2 is the set of all directions of E2.

Now we check that these are indeed the points and lines of a projective plane.

P 3.33. Let E2 be any Euclidean plane. Let E be the set consisting of the Eu-
clidean points and the directions of E2. If L is the collection of subsets of E consisting of
all extended Euclidean lines of E2 and the ideal line of E2, thenL is the collection of lines
of a projective plane on E.

P. The unique extended Euclidean line that contains two distinct Euclidean points
a andb is the extension of the straight line that containsa andb. The ideal line contains
neithera nor b. Soa andb belong to exactly one common member ofL . The unique ex-
tended Euclidean line containinga and a directionc is the extension of the unique straight
line througha in the directionc. Again, the ideal line does not containa. So a andc
belong to exactly one common member ofL . Finally, we note that no extended Euclidean
line contains two directions, but that the ideal line does. We have shown that the collection
L satisfies ConditionL1 of Theorem 3.5.

Two non-parallel straight lines have extensions whose intersection is exactly the common
Euclidean point of the straight lines. The extensions of twoparallel straight lines each
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contain a common direction, but the extensions have no otherelement in common. Any
extended Euclidean line shares one direction with the idealline. ConsequentlyL satisfies
ConditionL2 of Theorem 3.5.

Any four-point circuit{1, 2, 3, 4} of E2 satisfies ConditionL3. The circuit determines the
Euclidean lines 1∨ 2, 2∨ 3, 3∨ 4 and 1∨ 4 whose extensions satisfy ConditionL4. �

D 3.34. We call the projective plane of Proposition 3.33 the extended Euclidean
plane obtained from the Euclidean plane E2 and denote it by EE2.

L 3.35. The set of circuits of EE2 consists of each collinear three-point subset of
Euclidean points, each three-point set consisting of two Euclidean points and the direction
of the straight line through the two, each three-point set ofdirections, and each four-point
set not containing any of these three-point sets.

P. The list of circuits comes directly from Theorem 3.5. �

T 3.36. The Euclidean plane E2 is a sub-geometry of the extended Euclidean plane
EE2.

P. The circuits of the sub-geometry on the Euclidean points ofE2 specified by
Lemma 3.35 are those that we agreed on in Definition 1.21 as thecircuits of the euclidean
planeE2. Therefore the two geometries are one. �

Now we return to our discussion at the beginning of this chapter, asking ourselves whether
a Euclidean plane, or an extended Euclidean plane, is the more appropriate “surrounding”
for our paper — that is for the drawings of Chapter 1.

The choice is between two planar geometries. The first choiceis a Euclidean planeE2.
The advantages of choosingE2 are our familiarity with it and the simplicity of drawing us-
ing just a pencil and a straightedge (that is, an unmarked ruler). Against these advantages
we have the disadvantage of two straight lines in our attempted drawings not necessarily
containing a common point. The second choice is an extended Euclidean planeEE2. The
advantage of choosing it is the certainty that any point of intersection called for in a con-
struction will exist. The choice is betweenaffine geometryandprojective geometry(where
the special nature of parallel lines is overcome). We are choosing the “pond” in which we
work and think.

For the moment we will selectEE2 as the natural home of planar figures. We will look
back from time to time to see if this choice is paying off. So from now on we extend the
meaning ofplanar figuregiven intuitively in Chapter 1 to include all sub-geometries of
EE2 — not just those contained inE2. In other words we allow drawings that may include
directions.

D 3.37. A planar figure is a sub-geometry of some extended Euclidean plane.
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It is true, although we will not prove it here, that any finite planar figure in this extended
sense can be drawn entirely inE2, that is, it is also a figure in the original sense.

We call any set of extended Euclidean lines ofEE2 that have a common directionparallel.
In the context of an extended Euclidean plane their common direction is a point of the
geometry. Thus extended Euclidean lines are parallel if andonly if they are extensions
of parallel straight lines. Thus we may talk of “parallel lines” without confusion. The
notationA||B continues to mean that the linesA andB are parallel. As is customary, we
indicate this in drawings by drawing the same number of arrow-heads on each ofA andB.
Thus in Figure 3.6 the first two lines are parallel, as are the last two.

direction

direction

F 3.6. A notation for directions and parallel lines

We represent the direction of a line by a double-headed arrow, and the ideal line by the
symbolL∞. Thus in Figure 3.6 the first direction belongs to each of the first pair of lines,
and the second direction belongs to the second pair. We use these notations in a drawing
of any figure that includes ideal elements. For example, five of the figures of Figure 3.7
contain directions.

E 3.38. Figure 3.7 contains three3-point circuits, three triangles and two pen-
tagons.

C 3.39. Draw four examples of4-gons in EE2 with, respectively, no-, one-,
two adjacent-, and two opposite-, vertices ideal.

We want to take advantage of guaranteed points of intersection of pairs of lines. We can
now ask, with assurance, for the intersection of any pair of lines of a planar figure. But
how do we carry out constructions quickly and reliably?

5. Pencil and roller constructions

What recipes or constructions can we carry out — and what tools do we need to carry
them out — in an extended Euclidean plane? In this section we answer these questions. A
hint can be obtained from the following result, traditionally known as “Playfair’s Axiom”.
The axiom was introduced in a textbook on geometry (see [53]) authored by the English
teacher John Playfair (1748-1819). This textbook is significant for including a translation
of the first six books of Euclid’s “Elements” into the Englishlanguage .

L 3.40. (Playfair’s Axiom) Through any given Euclidean point p there is a line
parallel to a given line L.
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L 8

F 3.7. Examples of figures in an extended Euclidean plane

P. In the language of extended Euclidean planes we are claiming that there is
exactly one line through two given points. This is exactly Condition L1 of Theorem 3.5
for the two pointsp and the direction ofL. �

This suggests that the appropriate tools for constructionsin EE2 are pencil androller.
A roller was an indispensable instrument of book-keepers inthe days before mechanical
setting-out of accounts books was possible. It is a smooth cylinder that enables us to draw
a line through two Euclidean points (using it exactly as a straightedge, or unmarked ruler),
or to draw a line through a Euclidean point and a direction (placing it in the right direction
and rolling it until it is on the point and then drawing the line). It also enables us to tell if
two lines are parallel, by placing it on one and rolling it to the other. If they are not parallel,
then, by using the roller as a straightedge, we can locate theintersection point. In other
words a roller and a pencil enable us to do exactly what we knowis possible inEE2 —
drawing the lines guaranteed to exist by ConditionL1, and locating the points guaranteed
to exist by ConditionL2 of Theorem 3.5. Summing up, we have the following theorem:

T 3.41. The constructions that are always possible in any projective plane are a
line through two points and a point of intersection of two lines. In an extended Euclidean
plane these are exactly the constructions possible with pencil and roller.

We practice with our new drawing implements in the followingconstructions.

C 3.42. Draw, using a roller and pencil, the four4-gons of Construction 3.39.
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C 3.43. Assuming Desargues’ Theorem to be true for any extended Euclidean
plane, devise a construction, using roller and pencil, for aDesargues figure that contains
exactly one ideal point. Draw the figure.

C 3.44. Assuming Desargues’ Theorem to be true for any extended Euclidean
plane, devise a construction for a Desargues figure that contains exactly three ideal points.
Draw the figure.

C 3.45. Let us assume Desargues’ Theorem to be true.

Let L and M be two lines which do not intersect on the page, and pbe a point neither in L
nor in M.

Mark a point,0, on the page. Draw lines A, B, and C through the point0. Label the
intersection of A and L by1, the intersection of A and M by4, the intersection of C and L
by3, and the intersection of C and M by6. Draw p∨ 1 and p∨ 4. Then label(p∨ 1)∩ B
by2 and(p∨ 4)∩ B by5. Draw lines2∨ 3 and5∨ 6. Label the point(2∨ 3)∩ (5∨ 6) by
b. Draw the line p∨b. Verify that the line p∨b obtained by the construction is concurrent
with L and M.

Notice that formally this process is just that required in solving Problem 1.14. But it
broadens Problem 1.14 as we are now able to use points inEE2 — not merely points in
E2. We need not worry whether or not lines are parallel, for example, if A and L are
parallel, then 1 is a direction. Thus we drawp ∨ 1 with roller and pencil by placing the
roller alongL, rolling it to p, and drawingp∨ 1.

Our use of extended Euclidean planes enables us to see that many apparently different
figures are really examples of the same figure. For example, the above construction covers
different possibilities. The given linesL andM could be parallel as in Figure 3.8, or the
given pointp could be a direction as in Figure 3.9.

L

M

p

F 3.8. Parallel lines and a Euclidean point

In each case Construction 3.45 gives the required line through the pointp.

6. Coordinatizing an extended Euclidean plane

In this section we begin with the usual Cartesian coordinates of each Euclidean point of
an extended Euclidean plane. Using them we attach labels to all the points of the extended
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L

M

p

F 3.9. Non-parallel lines and a direction

Euclidean plane. The extension enables us to transform questions about geometry into
questions about arithmetic andvice versa.

We attach labels to the points as follows. Each label is an ordered triple of real numbers.
The point having Cartesian coordinates (x, y) is labeled (1, x, y). The direction of the line
y = mx+ c is labeled (0, 1,m). The direction of the linex = a is labeled (0, 0, 1). We go
further, giving more than one label to each point by allocating the label (k, kx, ky), for each
non-zerok, to the point (x, y), and the label (0, k, km), for each non-zerok, to the direction
of the liney = mx+ c, and the label (0, 0, k), for each non-zerok, to the direction of the
line x = a. We sum up this process in the following lemma.

L 3.46. Each ordered triple of real numbers, not all of which are zero, is a label
of exactly one point of a given extended Euclidean plane. Every point of the extended
Euclidean plane is labeled. Two ordered triples(x0, x1, x2) and(x′0, x

′
1, x
′
2) label the same

point exactly when kx0 = x′0, kx1 = x′1 and kx2 = x′2, for some non-zero real number k.

P. If x0 , 0, then the triple (x0, x1, x2) labels the Euclidean point (x1/x0, x2/x0). If
x0 = 0, andx1 , 0, then (x0, x1, x2) labels the direction ofy = (x2/x1)x. If both x0 = x1 = 0
then (x0, x1, x2) labels the direction ofx = 0. �

D 3.47. The ordered triple of real numbers that make up any label of a point is
called a set of real homogeneous coordinates of the point.

It is also convenient to label lines, as follows. The extended line y = mx+ c is labeled by
any ordered triple [kc, km,−k], for any non-zero real numberk. The extended linex = a is
given the label [ka,−k, 0], for any non-zero real numberk. The ideal line is given the label
[k, 0, 0], for each non-zero realk. We use square brackets in order to distinguish labels of
lines from labels of points.

L 3.48. Each ordered triple of real numbers, not all of which are zero, is a label of
exactly one line of a given extended Euclidean plane. Each line of the extended Euclidean
plane is labeled. Two ordered triples[x0, x1, x2] and[x′0, x

′
1, x
′
2] label the same line exactly

when kx0 = x′0,kx1 = x′1 and kx2 = x′2, for some non-zero real number k.

P. The proof is analogous to that of the previous lemma. �
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The justification for this seeminglyad hocallocation of labels is the simplicity of the
associated arithmetic of an inner product space.

Let us writeR3 for the three-dimensional vector space on the set{(x0, x1, x2) : eachxi is a
real number}, with respect to component-wise addition, component-wisemultiplication by
scalars, and a component-wise inner product.

Thus: (x0, x1, x2) + (x′0, x
′
1, x
′
2) = (x0 + x′0, x1 + x′1, x2 + x′2),

a(x0, x1, x2) = (ax0, ax1, ax2), and

(x0, x1, x2).(x′0, x
′
1, x
′
2) = x0x′0 + x1x′1 + x2x′2, for each real numbera, and for each pair of

members (x0, x1, x2) and (x′0, x
′
1, x
′
2) of R3.

We now regard each two-dimensional subspace ofR3 as the set of its one-dimensional
subspaces, giving the following geometry.

T 3.49. If E is the set of one-dimensional subspaces of R3, andL is the set of two-
dimensional subspaces of R3, then E andL are the sets of points and lines, respectively, of
a projective plane. We call this geometry the real homogeneous plane.

P. The setsE andL satisfy ConditionsL1 to L4 of Theorem 3.5, ensuring the
existence of the required projective plane. �

P 3.50. Each extended Euclidean plane is isomorphic to the real homogeneous
plane.

P. Let p be a given point of an extended Euclidean plane. There is a unique one-
dimensional subspace ofR3 that contains any label ofp. Pairp with this subspace. To show
that this pairing is the required isomorphism we need to establish that it induces a pairing
of circuits as required by Definition 2.63. This is done in a case-by-case investigation of
the circuits of the extended Euclidean plane listed in Lemma3.35. We require a set of
labels of a circuit ofn points to span an (n− 1)-dimensional subspace ofR3, for n = 3, and
for n = 4, and conversely. We will not do this. �

As a consequence of this isomorphism we identify the two projective planes, giving the
following simple algebraic tests in any extended Euclideanplane.

P 3.51. In an extended Euclidean plane a point(x0, x1, x2) belongs to the line
[x′0, x

′
1, x
′
2] if, and only if, x0x′0 + x1x′1 + x2x′2 = 0.

Three points(x0, x1, x2), (x′0, x
′
1, x
′
2), and(x′′0 , x

′′
1 , x

′′
2 ) are collinear if and only if the deter-

minant(†) is zero.
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(†) x0 x1 x2

x′0 x′1 x′2
x′′0 x′′1 x′′2

Three lines[x0, x1, x2], [x′0, x
′
1, x
′
2], and [x′′0 , x

′′
1 , x

′′
2 ] are concurrent if and only if determi-

nant(†) is zero.

P. The inner product of (x0, x1, x2) and (x′0, x
′
1, x
′
2) is zero if and only if (x0, x1, x2)

is orthogonal to (x′0, x
′
1, x
′
2). From the definition of [x′0, x

′
1, x
′
2] we have that this is equivalent

to (x0, x1, x2) belonging to the two-dimensional orthogonal subspace that is the line labeled
[x′0, x

′
1, x
′
2]. The second test is a restatement of the requirement that three collinear points

belong to a common two-dimensional subspace ofR3. The last test follows from the second
after noting that [x0, x1, x2], [x′0, x′1, x′2], and [x′′0 , x′′1 , x′′2 ] are concurrent if and only if a
non-zero member ofR3 is orthogonal to each of (x0, x1, x2), (x′0, x′1, x′2), and (x′′0 , x′′1 , x′′2 ).
This requires the three vectors to belong to a two-dimensional subspace ofR3. �

Proposition 3.51 reduces questions about an extended Euclidean plane to questions in the
arithmetic of a real inner-product space — a highly satisfactory state of affairs. It gives us
two possible methods of investigating any problem we meet.

E 3.52. The point that has Cartesian coordinates(5, 8) has homogeneous coordi-
nates(1, 5, 8). The line through(0, 2) with slope3 has homogeneous coordinates[2, 3,−1].
The inner product1× 2+ 5× 3+ 8× (−1) = −9 , 0. Therefore the point(5, 8) is not on
the line.

The new techniques we have developed above enable us to investigate Desargues’ Theorem
successfully in any extended Euclidean plane.

L 3.53. Let three distinct points of the real homogeneous plane be collinear. Then
their labels(a0, a1, a2), (b0, b1, b2), and(c0, c1, c2) can be chosen so that ai = bi + ci , for
each i∈ {0, 1, 2}.

P. The three points are collinear. Consequently their labelsare linearly depen-
dent. The result follows on division by the non-zero coefficient of the label of the point
labeled by (a0, a1, a2). �

T 3.54. Desargues’ Theorem holds in the real homogeneous projective plane.

P. Consider any pair of triangles, whose pairs of corresponding vertices belong
to concurrent lines as partially shown in the sketch in Figure 3.10 Using Lemma 3.53 we
choose the labels so that (a0, a1, a2) =(x0, x1, x2) + (x′0, x

′
1, x
′
2) = (y0, y1, y2) + (y′0, y

′
1, y
′
2) =

(z0, z1, z2)+(z′0, z
′
1, z
′
2). Therefore (y0, y1, y2)−(z0, z1, z2) = (z′0, z

′
1, z
′
2)−(y′0, y

′
1, y
′
2), (z0, z1, z2)−

(x0, x1, x2) = (x′0, x
′
1, x
′
2)− (z′0, z

′
1, z
′
2), and (x0, x1, x2)− (y0, y1, y2) = (y′0, y

′
1, y
′
2)− (x′0, x

′
1, x
′
2).

Each side of these equations is a name for the intersection oftwo corresponding sides of
one of the two given triangles, as each is a linear combination of points in a side and there-
fore itself in the side. The sum of, say, the lefthand sides ofthe three equations is zero, that
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F 3.10. Proving Desargues’ Theorem

is the three intersections belong to a two-dimensional subspace — they are collinear in the
plane. �

E 3.55. Prove that Pappus’ Theorem holds in the real homogeneous plane.

We have made some progress. If we agree that the real homogeneous projective plane is
isomorphic to any extended Euclidean plane, then we have shown that Desargues’ Theorem
holds for our planar figures. If not, then we must wait a littlelonger. The question of the
truth of Desargues’ Theorem for non-planar figures remmainsunanswered. Let us press
on and answer another question that has been bothering us.

7. Sylvester’s Theorem and the Fano plane

In this section we finally lay the question of whether each combinatorial geometry is a
combinatorial figure to rest. We have been a little vague about whether certain geometries
are figures. We are still undecided about the Fano plane, for example. However, in 1893
the Irish mathematician J.J. Sylvester [67, 12], [14, page 65] asked if there are, in any finite
non-linear but planar collectionE of Euclidean points, two points that are not collinear with
any other point ofE. In 1944 T. Gallai proved that the answer is in the affirmative. Any
drawing of a finite projective plane of ordern would haven+1 points on each straight line.
Consequently, no sketch of any finite projective plane is a drawing of the plane. Sadly, no
finite projective plane is a figure. So our attempts to draw, rather than sketch, a Fano plane
will always fail.
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We prove a version of Sylvester’s Theorem that suffices for our purposes.

T 3.56. No finite projective plane is a figure.

P. Suppose to the contrary that some finite projective plane has a drawing. Con-
sider the following four Euclidean points of the drawing: the farthest to the right of the
page (labeled 1), the farthest to the left (labeled 2), the highest on the page (labeled 3), and
the lowest on the page (labeled 4). From Lemma 3.2 we know that1∨4 and 2∨3 intersect
at a point 5 of the projective plane. By our choice of 1, 2, 3, and 4 we deduce that 5 is an
ideal point as shown in Figure 3.11.

1

2

3

4

5

6

7

F 3.11. An attempt to draw a Fano plane

In this way we show also that 1∨ 3 and 2∨ 4 intersect in an ideal point 6. The ideal line
5∨6 belongs to the drawing and intersects 1∨2 in an ideal point 7. The line 3∨7 intersects
1∨ 4 in a Euclidean point. This contradicts the choice of the point 1. Our assumption that
a drawing is possible has lead to a contradiction, and so mustbe wrong. We have proved
that there is no drawing of any finite projective plane in an extended Euclidean plane.�

C 3.57. A Fano plane is not a figure.

The broader implication of Theorem 3.56 is important enoughfor us to state separately.

T 3.58. Not every geometry is a figure.

8. Summary of Chapter 3

We have examined, in some detail, projective planes. These are planar geometries in which
each two lines intersect non-emptily. We showed that every planar geometry is a sub-
geometry of a projective plane. In the case of planar figures we did this quite efficiently
in an extended Euclidean plane. This guarantees our abilityto construct figures by the
use of roller and pencil. Our introduction of homogeneous coordinates gives us another
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method of proof, and establishes a link between geometric truth and algebraic truth. We
also established that geometries other than figures do exist.
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CHAPTER 4

NON-PLANAR GEOMETRIES AND PROJECTIVE
SPACES

We decided in Chapter 3 that an extended Euclidean plane is a convenient and realistic
surrounding for the planar figures we draw on paper. Althoughour world is not confined
to the page, the methods of Chapter 3 guide us in this chapter to an appropiate setting for
non-planar figures.

1. Projective spaces

In this section we formulate some desirable properties of non-planar geometries. We then
investigate in more detail those geometries that possess these properties. When construct-
ing figures, we want straight lines to intersect whenever reasonable, that is, in the case that
the straight lines are coplanar. This we know to be equivalent to the truth of the Veblen-
Young Condition. But experience suggests that a straight line and a plane may also share
a common point. As is the case for two coplanar straight lines, only the possibility of
parallelism seems to stand in the way of constructing such a common point.

The following condition on the circuits of a combinatorial geometryG ensures that each
line and each plane of the geometry have a non-empty intersection.

D 4.1. (Strong Veblen-Young condition) If{1′, 2′, 3′, 4′} is a four-point circuit in
the combinatorial geometryG, then there is a point5′ of the geometry so that{1′, 2′, 5′}
and{3′, 4′, 5′} are circuits. If{1, 2, 3, 4, 5} is a five-point circuit inG, then there is a point
6 of the geometry so that{1, 2, 6} and{3, 4, 5, 6} are circuits.

We prove in the following lemma that this is indeed exactly the condition we require.

L 4.2. Let G be a combinatorial geometry. Then the Strong Veblen-Young Condition
holds inG if and only if both

(i) Each two coplanar lines ofG contain a common point, and

(ii) Each line and plane ofG contain a common point.

P. First suppose that conditions (i) and (ii) hold in the geometry G. Further sup-
pose that{1′, 2′, 3′, 4′} is a four-point circuit ofG, and that{1, 2, 3, 4, 5} is a five-point
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circuit of G. Then, from Lemma 3.2, we have that there is a point 5′ so that{1′, 2′, 5′} and
{3′, 4′, 5′} are circuits.

It follows from (ii ) that the line 1∨ 2 intersects the plane 3∨ 4 ∨ 5 in some point 6. If
6 and 1 were the same point, then{1, 3, 4, 5} would contain a circuit. If 6 and 3 were the
same point, then{1, 2, 3} would be a circuit. Therefore, the point 6< {1, 2, 3, 4, 5}. Thus
the point 6 is in the line 1∨ 2 and{1, 2, 6} is a circuit. Also, 6 is in the plane 3∨ 4 ∨ 5
and, from Definition 2.15, there is a circuitC with 6 ∈ C ⊆ {3, 4, 5, 6}. If the point 3 were
not inC, then{4, 5, 6} would be a circuit. Hence the Elimination Condition would ensure
that ({1, 2, 6} ∪ {4, 5, 6}) − {6} = {1, 2, 4, 5} contained a circuit. But{1, 2, 3, 4, 5} is itself a
circuit. Hence, the only remaining possibility is that{3, 4, 5, 6} is a circuit. Thus we have
shown that conditions (i) and (ii) together imply the StrongVeblen-Young Condition.

Conversely, suppose that the Strong Veblen-Young Condition holds inG, and thatL is a
line, andP is a plane, ofG. We may writeL = 1∨ 2 andP = 3∨ 4∨ 5 for points 1, 2, 3,
4 and 5. There is nothing to prove if two of the points are equal. If the set{1, 2, 3, 4, 5} is a
circuit, then the existence of 6∈ P∩ L is assured by our assumption. If the set{1, 2, 3, 4, 5}
is not a circuit, then, by ConditionC2 of Definition 2.1, it properly contains a circuit. If
{1, 2, 3} is a circuit, then the point 3 is inP ∩ L. If {1, 3, 4} is a circuit, then the point 1
is in P ∩ L. The set{3, 4, 5} is not a circuit as the three points 3, 4 and 5 were chosen to
be non-collinear. If{1, 3, 4, 5} is a circuit, then the point 1 is inP ∩ L. If {1, 2, 4, 5} is a
circuit, then the first part of the Strong Veblen-Young Condition enables us to use Lemma
3.2 to prove the existence of a common point of the lines 1∨ 2 = L and 4∨ 5. Noting
that 4∨ 5 ⊆ P, we have shown thatP and L have a common point. Hence the Strong
Veblen-Young Condition implies conditions (i) and (ii). �

We cannot get a stronger result than that given in Lemma 4.2. This is because Lemma 2.25
ensures that a plane and any line not in the plane intersect inat most one point. We now
examine combinatorial geometries for which the Strong Veblen-Young Condition is valid

D 4.3. A projective space is a geometry that satisfies the Strong Veblen-Young
Condition and has at least one five-point circuit.

As we would hope and expect, projective planes and projective spaces are closely related.

L 4.4. Each plane of a projective space is a projective plane and each line of a
projective space is non-trivial.

P. Let P be a plane of a projective spaceG. Then E(G) contains some five-
point circuit {1, 2, 3, 4, 5}. Without loss of generality, the point 1 is not in the planeP.
From Lemma 4.2 we have that (1∨ i) ∩ P is a point , sayi′, for eachi = 2, 3, 4, 5. The
four points 2′, 3′, 4′, and 5′ are coplanar. If, for example,{2′, 3′, 4′} were a circuit, then
{1, 2, 3, 4} ⊆ 1 ∨ 2′ ∨ 3′, ensuring that{1, 2, 3, 4} would contain a circuit. But this is not
the case. Similar arguments show that no three-point subsetof {2′, 3′, 4′, 5′} is a circuit.
Thus{2′, 3′, 4′, 5′} is a circuit inP. This, together with the first part of the Strong Veblen-
Young condition, guarantees thatP satisfies Definition 3.4 and hence is a projective plane.
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Lemma 2.22 ensures that each line ofG belongs to a projective plane and is consequently
non-trivial. �

In Chapter 3, following Proposition 3.3, we referred to the first and the last figures of Figure
1.3. The two geometries are on the same set of points and have the same list of lines. But
one is planar and the other is not. This example establishes that the collection of lines
alone cannot uniquely specify a combinatorial geometry, unless the geometry is known to
be planar. We also need information about the collection of planes of the geometry. We
now collect together some properties of the lines and planesof a combinatorial geometry
with a view to finding a list of properties that will characterize two collections of subsets
of a setE as the lines and planes, respectively, of a projective spaceon E.

P 4.5. In any non-planar geometry, (i) each two points belong to exactly one
line, (ii) each two planes contain at most one line, (iii) if two points belong to a plane,
the line containing both is also in the plane, (iv) if two planes contain some point, any
line contained in both also contains the point, (v) each line, and point not belonging to it,
belong to exactly one plane, (vi) each line and plane not containing it contain at most one
common point, and (vii) there are four points not belonging to any one plane.

P. These results follow, in order, from Theorem 2.7, Lemma 2.23, Lemma 2.21,
Lemma 2.22, Lemma 2.25, Theorem 2.27 and the existence of a five-point circuit in the
geometry. �

In a result analogous to Theorem 3.5, we specialize these requirements and thereby charac-
terize a projective space in terms of properties of the collection of its lines and the collection
of its planes.

T 4.6. Let a set E, a collectionL of subsets of E, and another collectionP of
subsets of E, satisfy the following eight conditions.

Condition L1 : Each two elements of E belong to exactly one common member ofL .

Condition P1: Each two members ofP contain exactly one common member ofL .

Condition P2: If two elements of E belong to a member ofP, then the unique member of
L containing both is also a subset of this member ofP.

Condition P3: If two members ofP contain some element of E, then the unique member
of L contained in both also contains the element of E.

Condition P4: Each member ofL , and element of E not belonging to it, are contained in
exactly one member ofP.

Condition P5: Each member ofL and member ofP not containing it contain exactly one
common element of E.
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Condition P6: The set E contains a subset of five elements, no four of them belonging to
any one member ofP.

Condition P7: The setP contains a subset of five elements, no four of them containingany
one member of E.

Suppose thatC = {C : |C| = 3 and C is a subset of a member ofL } ∪ {C : |C| = 4, C
is contained in a member ofP, and no three elements of C belong to any one member of
L} ∪ {C : |C| = 5 and no four elements of C belong to any one member of P}. ThenC is the
set of circuits of a non-planar geometry on the set E. This geometry is a projective space,
its lines are exactly the members ofL , and its planes are exactly the members ofP.

Conversely, the setL of lines and the setP of planes of any projective space satisfy the
eight conditionsL1, andP1 to P7.

P. We first suppose that the eight conditions hold, and we provethat (E,C) is a
combinatorial geometry. Clearly the requirementsC1, C2, andC4 of Definition 2.1 hold
for the collectionC. Exactly as in the proof of Proposition 3.3, we see that two three-point
circuits that share two common elements satisfy the Elimination Condition. If two distinct
setsC1 andC2 are both members ofC and|C1 ∪ C2| = 4, then this is the only possibility.
Suppose thata ∈ C1 ∩C2.

If |C1 ∪ C2| = 5, then the possibilities are; first|C1| = |C2| = 3 and|C1 ∩ C2| = 1; second
|C1| = 3, |C2| = 4 and|C1 ∩C2| = 2; and third|C1| = 4 = |C2| and|C1 ∩C2| = 3.

In the first case we may writeC1 = {a, b, c} andC2 = {a, d, e}. On the one hand, ifC1

andC2 are both subsets of the same memberL of L , then{b, c, d} ⊆ L, also ensuring that
(C1 ∪ C2) − {a} ⊇ {b, c, d} ∈ C. If on the other hand,C1 ⊆ L1 andC2 ⊆ L2 , L1, then
there is a memberP of P that contains bothL1 andd, and therefore containsa andd, and
thereforeL2. Thus{b, c, d, e} is in P, and therefore contains a member ofC.

In the second case we may writeC1 = {a, b, c} ⊆ L ∈ L , C2 = {a, b, d, e} ⊆ P ∈ P. As
a, b ∈ P andL ⊆ P, then{b, c, d, e} is a subset ofP and consequently contains a member of
C. In the third case we may writeC1 = {a, b, c, d}, C2 = {a, b, c, e} and there is one member
L of L containing botha andb and one memberP of P containing bothL andc, and thus
containing{a, b, c}. Henced ande are also both inP, and{b, c, d, e} contains a member of
C.

If |C1 ∪ C2| ≥ 6, then (C1 ∪ C2) − {a} contains a member ofC. ThusC satisfies the
Elimination Condition and is the collection of circuits of aunique geometryG on E.

From ConditionP5 we have that the empty set is not a member ofL . If a single-element
subset ofE were a member ofL , then, from ConditionP5, every member ofP would con-
tain this single element. This rules out the possibility of ConditionP7 holding. Therefore
each member ofL contains at least two distinct elements ofE. Each pair of distinct points
a andb of G therefore belongs to exactly one line ofG and to exactly one member of
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L . Each line and each member ofL occurs in this way. The defining property above of
three-point circuits inC guarantees thatx ∈ (a∨ b) − {a, b} if and only if {a, b, x} ∈ C if
and only if x ∈ L − {a, b}. Thus the unique memberL of L that contains{a, b} is also the
line a∨ b and so the lines ofG are exactly the members ofL . Similarly the member ofP
containing three non-collinear pointsa, b andc is the planea∨ b∨ c, and the planes ofG
are exactly the members ofP. FromP6we have that the geometry is non-planar, and has a
five-point circuit.

Let L1 andL2 be two distinct lines contained in some planeP. For any pointa not contained
in the planeP, the planesP1 = a ∨ L1 andP2 = a∨ L2 intersect in a lineL. This lineL
intersects the planeP in a point b, and b is in each of the planesP1, P2, and P. As
L1 = P ∩ P1, we know thatb ∈ L1. Similarly b ∈ L2 and soL1 andL2 have a common
point. This, together withP5, enables us to use Lemma 4.2 to prove the Strong Veblen-
Young Condition. ThusG is a projective space.

Conversely, in any projective space with the setL of lines and the setP of planes, the
conditionL1 follows from Theorem 2.7, the conditionP2 is a consequence of Lemma
2.21, the conditionsP4, P5 andP6 follow from Lemma 2.22, Lemma 4.2, and Definition
4.3 respectively. Suppose thatP andQ = x ∨ y ∨ z are any two planes of the projective
space. Their intersection is at most a line and, without lossof generality,x < P, and so
x∨ y andx∨ z intersectP in two points, fromP5. It follows from Lemma 2.21 thatP∩Q
is exactly a line, ensuring the truth ofP1. The last requirement,P7, follows by choosing
five of the planes defined by each three-point subset of a five-point circuit of the projective
space. �

We can consequently be certain that, if the planes and lines of a combinatorial geometry
satisfy the eight conditionsL1, andP1 to P7, then the geometry is a projective space and,
from Lemma 4.2, each two coplanar lines of the geometry meet in a point and each line
and plane of the geometry meet in a point.

E 4.7. The circuits of the geometry(E,C) of Exercise 2.41 are exactly all the five-
point subsets of E. Prove that(E,C) fails badly to be a projective space.

E 4.8. Consider the claim that the following columns of numbers arethe planes of
a projective space on the fifteen point set E= {0, 1, . . . , 14}.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1 2 3 4 5 6 7 8 9 10 11 12 13 14 0
2 3 4 5 6 7 8 9 10 11 12 13 14 0 1
4 5 6 7 8 9 10 11 12 13 14 0 1 2 3
5 6 7 8 9 10 11 12 13 14 0 1 2 3 4
8 9 10 11 12 13 14 0 1 2 3 4 5 6 7

10 11 12 13 14 0 1 2 3 4 5 6 7 8 9

Assuming the claim to be correct, and using ConditionP1of Theorem 4.6, list all the lines
of the projective space. List those lines that are in the plane consisting of the points of the
first column. Do you recognize this planar sub-geometry of the projective space?

73



The numbers of planes and points in the above example, together with the nature of the
eight characterizing conditions of Theorem 4.6, suggest the possibility of some form of
Principle of Duality for projective spaces. This is indeed the case and, as for projective
planes, we can use it in proofs. The following changes leave the eight conditions,L1 and
P1 to P7, in totounchanged.

D 4.9. The dual of any statement about points, lines and planes of a projective
space is the statement obtained from the original statementby interchanging the words
“point” with “plane” and “belong to” with “contain”.

T 4.10. (Principle of Duality for Projective Spaces) If, in a projective space,
“theorem B” about the space is a logical consequence of “assumption A”, then also “the
dual of theorem B” is a logical consequence of “the dual of assumption A”.

P. Theorem B is logically derived from its starting assumptions and conditions
L1 andP1 to P7 and each step in its proof is stated in terms of “point”, “line”, “plane”,
“belong to” and “contain” and terms used in assumption A. If we make the above inter-
changes throughout its proof (in particularL1 andP1being interchanged,P2andP3being
interchanged,P4 andP5 being interchanged andP6 andP7 being interchanged), then we
obtain a valid argument for the dual theorem from the dual starting assumption. �

The following proof illustrates the use of the Principle of Duality for Projective Spaces.

L 4.11. If G is a projective space, then the intersection of each three planes ofG is
either a point or a line.

P. We know from Definition 2.15 and Theorems 2.17 and 2.7 that, in a combi-
natorial geometry, and particularly in a projective space,three points belong to a unique
plane unless they are collinear. If the three points are collinear, then they belong to a
unique line. Using the Principle of Duality for Projective Spaces: three (planes) (contain)
a unique (point) unless they (contain a common line), in which case they (contain only this
line). �

In Chapter 3 we used the fact that each two lines have an intersection point to pair the
points on a line with the lines through a point, using the elementary map of Definition
3.17. Bearing in mind the properties listed in Theorem 4.6, and the Principle of Duality for
Projective Spaces, we could obtain results analogous to Lemma 3.18 and Theorem 3.19.

E 4.12. Make a guess at a bijection that could play a role in a projective space
analogous to that of an elementary map in a projective plane.Make a guess at statements
of a lemma and a theorem analogous to Lemma 3.18 and Theorem 3.19, respectively.
Check that your guesses are consistent with the results of Exercise 4.8.
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2. Sub-geometries of a projective space

In this section we prove that projective spaces are, in one crucial respect, well-behaved
combinatorial geometries. The following Proposition is closely related to Desargues’ The-
orem and leads us to the conclusion that not every geometry isa sub-geometry of a projec-
tive space. This is the price we must pay for the advantage of other desirable properties of
projective spaces.

P 4.13. Let G be a projective space, and suppose that{a, b, c, d} and{a, b, e, f }
are circuits in distinct planes P1, P2, respectively, ofG. Then the lines a∨b, c∨d and e∨ f
intersect in one common point if and only if{c, d, e, f } is a circuit contained in a plane P3
distinct from P1 and P2.

f

a

d c

b

e

F 4.1. The existence of a third 4-point circuit

P. Suppose that{c, d, e, f } is a subset of the planeP3. Then, from Lemma 4.11,
the intersectionP1 ∩ P2 ∩ P3 is a line or a point. If it were a line, then it would be the line
a∨b, and the set{a, b, c, d, e, f }would be planar, which is not the case. The intersection is
therefore a point, and is in the common line of each pair ofP1, P2, P3 as required.

Conversely, suppose that the linesa ∨ b, c ∨ d ande∨ f intersect in one common point.
Lemma 4.2 applied to the linesc ∨ d ande∨ f proves that the set{c, d, e, f } is planar. If
{c, d, e}were a circuit thene ∈ c∨d ⊂ P1 and soP2 = a∨b∨e= P1, which is not the case.
Similarly no three-point subset of{c, d, e, f } is a circuit. Therefore{c, d, e, f } is a circuit
contained in some planeP3. If P1 andP3 were the same plane then the set{a, b, c, d, e, f }
would be planar, which is not the case. SimilarlyP2 , P3. �

In Theorem 3.25 we proved that any planar geometry sits inside a projective plane, al-
though the projective plane itself may not be very “nice”. Wenow see how different the
non-planar situation is.

T 4.14. A Vámos cube is not a sub-geometry of any projective space.

P. We recall that the Vámos cube of Definition 2.44 is the combinatorial geometry
G, whereE(G) = {0, 1, . . . , 7}, K = {{0, 1, 3, 5}, {0, 2, 3, 6},{1, 4, 5, 7}, {2, 4, 6, 7}, {0, 3, 4, 7}},
andC(G) = K ∪ {C ⊆ E : |C| = 5,C contains no member ofK }. Let us suppose the
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cube were a sub-geometry of some projective space. ApplyingProposition 4.13 to circuits
{0, 1, 3, 5}, {1, 4, 5, 7} and{0, 3, 4, 7} we have that the lines 0∨ 3, 1∨ 5 and 4∨ 7 would
be concurrent. Thus the point (0∨ 3)∩ (4∨ 7) would be on the line 1∨ 5. Similarly, by
applying the Proposition to circuits{2, 4, 6, 7}, {0, 2, 3, 6} and{0, 3, 4, 7}we would have the
point (0∨ 3)∩ (4 ∨ 7) on the line 2∨ 6. Hence the lines 1∨ 5 and 2∨ 6 would contain
a common point (see Figure 4.2) and, using the Elimination Condition C3 of Definition
2.1, we would have that{1, 2, 5, 6} contains a circuit. But this is not so. So our assumption
has led to a contradiction, and the Vámos cube cannot be a sub-geometry of any projective
space. �

0

1

2

4

5

7
3

6

F 4.2. A Vámos Cube Extension

3. Desargues’ Theorem and projective spaces

We were able to prove in Theorem 3.25 that each planar geometry is a sub-geometry of
some projective plane. An unfortunate consequence of this is the less than ideal behaviour
of the projective planes themselves. For example, our comments in the paragraph following
Lemma 3.29 emphasized the fact that Desargues’ Theorem fails in some projective planes.
Certainly Theorem 4.14 ensures that no spatial analogue of Theorem 3.25 is possible. But
the very result, Lemma 4.13, which is the key to proving that aVámos cube is not a sub-
geometry of any projective space is also a key to proving the following welcome results.

P 4.15. Let 123 and 456 be non-coplanar triangles in a projective spaceG.
Then the three lines1 ∨ 4, 2 ∨ 5 and3 ∨ 6 are concurrent if and only if the three points
(1∨ 2)∩ (4∨ 5), (2∨ 3)∩ (5∨ 6) and(1∨ 3)∩ (4∨ 6) are collinear.

P. Suppose that the lines 1∨ 4, 2∨ 5, and 3∨ 6 are concurrent. From Lemma 4.2
the sets{1, 2, 4, 5}, {2, 3, 5, 6} and{1, 3, 4, 6} are each planar and from Lemma 4.4 each of
the intersections (1∨ 2)∩ (4∨ 5), (2∨ 3)∩ (5∨ 6) and (1∨ 3)∩ (4∨ 6) is a point. Each of
these three points is in both of the distinct planes 1∨ 2∨ 3 and 4∨ 5∨ 6, and from Lemma
2.23 the three points are collinear.

Conversely, suppose that (1∨2)∩ (4∨5), (2∨3)∩ (5∨6) and (1∨3)∩ (4∨6) are collinear
points. Lemma 4.2 ensures that{1, 2, 4, 5}, {2, 3, 5, 6} and{1, 3, 4, 6} are each planar sets
and, as 1∨ 2 ∨ 3 , 4 ∨ 5 ∨ 6, they are in distinct planes. If each of the sets{1, 2, 4, 5},
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{2, 3, 5, 6} and{1, 3, 4, 6} is a circuit we use Proposition 4.13 to prove the lines 1∨ 4, 2∨ 5
and 3∨ 6 concurrent. If they are not all circuits an examination of the possibilities leads to
the same conclusion in each case. Figure 4.3 illustrates onesuch possibility. �
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F 4.3. Neither{1, 2, 4, 5} nor {1, 3, 4, 6} is a circuit

T 4.16. Desargues’ Theorem and its converse are true in each projective space.
That is, the lines through each pair of corresponding vertices of two triangles are con-
current if and only if the points of intersection of each pairof corresponding sides of the
triangles are collinear.

P. Proposition 4.15 provides the result for any non-coplanarpair of triangles.
Now suppose that 1′23 and 4′56 are a coplanar pair of triangles in the projective space.
Suppose that the lines 1′ ∨ 4′, 2 ∨ 5 and 3∨ 6 intersect at the point 0. Our proof relies
on the fact that the triangles lie in a non-planar geometry, and we construct a non-planar
Desargues geometry containing triangles 123, 456 whose “shadows” are 1′23 and 4′56
respectively.

We begin by choosing a pointp < 1′∨2∨3. We have from Lemma 4.4 that there is a point
1, distinct from 1′ andp, on the linep∨ 1′. As 0∨ 4′ meetsp∨ 1 in a point, the points 0,
1, p, and 4′ are coplanar. From Lemma 4.2 we have that the point 4= (0∨ 1)∩ (p∨ 4′)
exists. Therefore the three lines 1∨ 4, 2∨ 5 and 3∨ 6 intersect at the point 0. We apply
Proposition 4.15 to the non-coplanar pair of triangles 123 and 456, deducing that the points
(1∨ 2)∩ (4∨ 5) = 9, (2∨ 3)∩ (5∨ 6) = 8, (1∨ 3)∩ (4∨ 6) = 7 exist and are collinear.

As the linep∨ 1′ = p∨ 1 meets the line 2∨ 9 = 1∨ 2 in a point, the points 1′, 2, p and 9
are coplanar and the line 1′ ∨ 2 intersects the linep∨ 9 in the unique point ofp∨ 9 that is
in the plane 1′ ∨ 2∨ 3. We call this point 9′. From a similar argument we have that 4′ ∨ 5
meetsp∨ 9 at the point 9′. Similarly 1′ ∨ 3 and 4′ ∨ 6 meet at the point 8′ of intersection
of p∨ 8 and 1′ ∨ 2∨ 3.

It is immediate that 2∨ 3 and 5∨ 6 meet at the intersection 7′ of p∨ 7 and 1′ ∨ 2∨ 3. As
7, 8 and 9 are collinear, all three points 7′,8′, 9′ are in both planesp∨ 7∨ 8 and 1′ ∨ 2∨ 3,
and so are collinear. Therefore Desargues’ Theorem is validfor the projective space.

Conversely, let 1′23 and 4′56 be a coplanar pair of triangles and suppose that the points
(1′∨2)∩ (4′∨5), (2∨3)∩ (5∨6) and (1′∨3)∩ (4′∨6) are collinear. Lemma 4.4 guarantees
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F 4.4. Two non-coplanar triangles 123 and 456

that the plane containing the two triangles is a projective plane. From Theorem 3.14 we
have that the lines 1′ ∨ 4′, 2∨ 5 and 3∨ 6 are concurrent. �

This result makes the idea of investigating the possibilityof embedding combinatorial
figures in a projective space very attractive. Our original motivation for studying projective
spaces was to see if all the combinatorial figures of our usualexperience could be thought
of as sub-geometries of some convenient projective space — enabling us to extend these
figures by construction as easily as possible. We now see thatthis would have the added
advantage of Desargues Theorem being valid for figures.

A critical difference to the case of planar figures exists however. In Theorem 3.25 we
proved that each planar geometry lies in some projective plane, but Theorem 4.14 indicated
that not every non-planar geometry is a sub-geometry of a projective space. Does our
experience of the world around us suggest that figures may be thought of in the context of
a projective space?

4. Extended Euclidean space

In this section we construct a projective space that contains all figures. We use a method
analogous to that which proved successful in Chapter 3. Let us writeE3 for usual Euclidean
space. If it were a projective space, from Lemma 4.2 we know that coplanar straight lines
would intersect — in fact Lemma 4.4 insists that each plane would be a projective plane.
But our experience in constructingEE2 suggests that we may need to add new symbols to
E3 in order to give a geometry in which ConditionL1 of Theorem 3.3 holds.
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D 4.17. Let L be a straight line of E3. Consider all straight lines of E3 parallel to
L. We choose a symbol, and call it the “direction”, or “ideal point”, or “point at infinity”,
of each of these straight lines.

We add this symbol to the points ofE3, and we repeat the process, defining a new symbol
for each family of parallel straight lines. LetE be the set consisting of all the Euclidean
points ofE3 and all the directions defined in this way.

We next enlarge each straight lineL, and each straight line parallel toL, by the inclusion
of their direction. This symbol is not added to any other straight line.

D 4.18. Let L be a straight line. The set obtained by enlarging the setL of Eu-
clidean points by the inclusion of the direction of L is an extended Euclidean line. We call
it the extension of L.

If a straight line is in a Euclidean plane we add its directionto the points of that plane,
giving an enlarged Euclidean plane exactly as in Definition 3.34.

D 4.19. Let P be a Euclidean plane of E3. The set obtained by enlarging the set
P of Euclidean points by the inclusion of the direction of each straight line L in P is an
extended Euclidean plane. We call it the “extension” of P.

As in the construction of an extended Euclidean plane in Chapter 3, the collection of ex-
tended Euclidean lines contained in an extended Euclidean plane almost satisfies the re-
quirements of Theorem 3.5. Only ConditionL1 fails, and then only for pairs of directions.
We remedy this defect as before.

D 4.20. Let P be a Euclidean plane. The set of all directions in the extension of P
is an ideal line.

F 4.5. Two parallel planes and shared directions

79



We observe that two extended Euclidean planes share the sameideal line if and only if they
are extensions of parallel Euclidean planes. Each extendedEuclidean line, each ideal line,
and each extended Euclidean plane is a subset of the setE. This setE of Euclidean points
and directions, with its associated collection of extendedEuclidean lines, ideal lines and
collection of extended Euclidean planes almost satisfies the requirements of Theorem 4.6.

Only conditionP5 fails. Each extended Euclidean line and each Euclidean point not in it
are contained in exactly one extended Euclidean plane. Eachextended Euclidean line and
each direction not in it are contained in exactly one extended Euclidean plane, and each
ideal line and Euclidean point, are contained in exactly oneextended Euclidean plane. But
P5 fails for an ideal line and a direction not in the ideal line. To try to remedy the situation
we add one more set, consisting of all directions, to the proposed collection of planes.

D 4.21. The ideal plane, or plane at infinity, of E3 is the set of all directions.

Now we check that we have defined a projective space.

P 4.22. Let E3 be Euclidean space. Let E be the set consisting of all Euclidean
points and directions. LetL be the collection of subsets of E consisting of all extended
Euclidean lines, and all ideal lines. LetP be the collection of subsets of E consisting of
all extended Euclidean planes, and the ideal plane. ThenL and P are, respectively, the
collections of lines and planes of a projective space on E.

P. We prove that the eight requirements of Theorem 4.6 are satisfied. The setL
was chosen so that ConditionL1 holds. Two non-parallel extended Euclidean planes inter-
sect only in the extension of their common straight line, twoparallel extended Euclidean
planes intersect in the ideal line of their common directions, and an extended Euclidean
plane and the ideal plane also intersect in the ideal line of directions of the extended Eu-
clidean plane. Consequently ConditionP1holds.

F 4.6. Two pairs of planes

The setP was chosen so that ConditionP2 holds. The argument we have just given also
proves thatP3 is valid.

An extended Euclidean line and a Euclidean point not in it belong to exactly one extended
Euclidean plane, and not to the ideal plane. An ideal line anda Euclidean point belong
to the one member of the parallel family of extended Euclidean planes sharing this ideal
line of direction which contains the Euclidean point. An extended Euclidean line, and
a direction not in it, belong to the extended Euclidean planecontaining the line and the
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different direction given. An ideal line and another direction belong only to the ideal plane.
Thus ConditionP4 is satisfied.

F 4.7. The union of a line and a point is a planar set

An extended Euclidean plane and extended Euclidean line notin the plane share either a
Euclidean point or a direction. An extended Euclidean planeand an ideal line not in the
plane share the direction common to the plane and to the extension of each member of
the parallel family of Euclidean planes that contain the ideal line. The ideal plane and an
extended Euclidean line share the direction of the line. Consequently ConditionP5 holds.
The existence of a five-point circuit in Euclidean space ensures the truth of the last two
conditionsP6andP7. �

D 4.23. We call the projective space of Proposition 4.22 extended Euclidean space
and denote it by EE3.

L 4.24. A linear three-point set of Euclidean points is a circuit of EE3. A set of two
Euclidean points and the direction of the line through the two is a circuit of EE3. A set of
three directions in any extended Euclidean plane is a circuit of EE3.

A planar four-point set of Euclidean points, no three of which are collinear, is a circuit of
EE3. A set of three non-collinear Euclidean points together with any direction of the plane
containing the three is a circuit of EE3. A set of two Euclidean points and two directions
of a Euclidean plane through the two is a circuit of EE3. A set of four directions, no three
being directions in a common Euclidean plane, is a circuit ofEE3.

A five-point set that does not contain any of the three-point or four-point sets specified
above is a circuit of EE3

P. This result follows directly from Theorem 4.6. �

T 4.25. Euclidean space is a sub-geometry of extended Euclidean space.

P. The circuits of the sub-geometry on the set of Euclidean points of EE3 are
specified by Lemma 4.24. They are those chosen on intuitive grounds in Definition 1.21 as
the circuits of Euclidean space. Therefore the two geometries on the set of all Euclidean
points are one. �
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We ask ourselves whether Euclidean space or extended Euclidean space is the more ap-
propriate “surrounding” for figures. We again have a choice,as we had for planar figures,
but this time betweenE3 andEE3 rather than betweenE2 andEE2. For the moment we
choose the conceptual simplicity ofEE3, that is, of projective geometry. We extend the
meaning of figure to include all sub-geometries ofEE3, not just those ofE3.

D 4.26. A combinatorial figure is a sub-geometry of extended Euclidean space.

In other words the geometric structure associated, by Definition 2.59, with any subset
of Euclidean and ideal points is a figure. This extension agrees with, and includes, the
enlarged meaning for planar figures given in Definition 3.37.

It is true, although we will not prove it, that any finite combinatorial figure in the above
extended sense can be modeled entirely inE3, that is, it is also a figure in the original sense
of Chapter 1.

At last we are able to definitely decide whether a particular non-planar geometry is a figure.

T 4.27. The Vámos cube is not a combinatorial figure.

P. Any figure is a sub-geometry of extended Euclidean space. Theorem 4.14
does not allow a Vámos cube to be a sub-geometry of any projective space, in particular of
extended Euclidean space. �

There is an immediate practical consequence of Theorem 4.27. In Construction 2.56 we
modeled a combinatorial cube on the setE = {0, 1, . . . , 7} that has six four-point circuits.
The four 4-point circuits{0, 1, 3, 5}, {0, 2, 3, 6}, {1, 4, 5, 7}, and{2, 4, 6, 7} were each mod-
eled by a cardboard panel. The set{0, 3, 4, 7} is one of the remaining two four-point cir-
cuits. In order to make an accurate model the points 0, 3, 4 and7 of the model should be
coplanar. We found it difficult to trim the pieces of cardboard so that they fitted well when
assembled.

Proposition 4.13 suggests the following method of achieving this. We cut two pieces of
cardboard, one modeling the circuit{1, 4, 5, 7}, and the other modeling the circuit{0, 1, 3, 5}.
Then we hinge them with sticky tape. Then the following consequence of Proposition 4.13
gives a way of trimming the panels.

L 4.28. Let two panels with vertex sets{0, 1, 3, 5} and {1, 4, 5, 7}, respectively, share
a hinge. Then the vertices0, 3, 4, and7 are coplanar in one non-collapsed position of the
hinged pair if and only if they are coplanar in all positions of the hinge.

P. By applying Proposition 4.13 to a figure modeled by the hinged pair in one
position, we have that the points are coplanar if and only if the lines 1∨ 5, 0∨ 3 and 4∨ 7
are concurrent. This point of concurrence is on the line of the hinge and remains un-moved
as the hinge opens and shuts. Therefore the points 0, 3, 4, and7 remain coplanar in any
position of the hinge. �
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F 4.8. Trimming a model of a combinatorial cube

Thus we may trim as shown in Figure 4.8. No matter how much the hinge is opened in its
final assembly position, the edge modeling 0∨ 3 and the edge modeling 4∨ 7 are coplanar
as required to model a four-point circuit{0, 3, 4, 7}. Similarly, we make another hinged pair
of cardboard panels to model the circuits{2, 4, 6, 7} and{0, 2, 3, 6}, and then trim them so
that the edge modeling 0∨ 3 and the edge modeling 4∨ 7 are also coplanar in any position
of the hinge. To complete the model we need only fit the two hinged pairs together.

Suppose we cut and assemble the four cardboard pieces so thatthe four points 0, 3, 4 and 7
are coplanar, as required to model a four-point circuit. Then Theorem 4.14 implies that the
vertices 1, 2, 5 and 6 will be coplanar as required. For if thiswere not so we would have
modeled the Vámos cube. We have just shown that this is impossible in Theorem 4.14.

But we may even go further to simplify the construction. FromProposition 4.13 we have
that in a successful model all four lines 0∨ 3, 1∨ 5, 4∨ 7, and 2∨ 6 are concurrent. This
suggests that a template similar to that in Figure 4.9 might be useful in order to eliminate
any trimming required at the “ends of the box”. Three hinges may then be taped together,
and we can be confident that the model will fold into position without error.

We call any extended Euclidean lines ofEE3 that have a common direction “parallel”. In
the context of extended Euclidean space their common direction is a point of our geometry.
Thus extended Euclidean lines are parallel if and only if they are extensions of parallel
straight lines. Thus we may talk of “parallel lines” withoutconfusion in the context of
both Euclidean geometry and extended Euclidean geometry. The notationA||B continues
to mean that the linesA and B are parallel. As before, we indicate this in drawings by
drawing the same number of arrow-heads on each ofA and B. A double-headed arrow
remains our notation for a direction. These conventions agree with, and extend, those we
agreed on in Chapter 3. When drawing non-planar figures it is often the convention to draw
a 4-gon that has opposite sides parallel in order to represent the plane containing it. Thus
two planes meeting in an extended Euclidean line or an ideal line are often shown as the
first or second figure, respectively, in Figure 4.10.
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F 4.9. Designing a model of a cube

F 4.10. A convention for representing planes

We have used this convention already in, for example, Figures 1.5 and 2.19, and in Propo-
sition 4.22.

E 4.29. Figure 4.11 contains an illustration from a linear algebra text. What do
you think of it? Are the intersections of pairs of the planes illustrated in an appropiate
way?

C 4.30. Suppose that all the vertices of a non-planar4-gon in extended Eu-
clidean space are Euclidean points. Draw, and make a model of, the4-gon. Do the same
for three other non-planar4-gons containing, respectively, one, two adjacent, and two
opposite, ideal vertices.

C 4.31. Draw a combinatorial cube whose vertices are Euclidean. Draw a
combinatorial cube, one of whose vertices is ideal. Draw a combinatorial cube four of
whose vertices are ideal. Can you think of a satisfactory wayof making a model of the
Euclidean parts of the last two cubes?

T 4.32. Desargues’ Theorem is true in extended Euclidean space, andin each
extended Euclidean plane.
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F 4.11. An illustration from a linear algebra text

P. Theorem 4.16 ensures that Desargues Theorem holds for the projective space
EE3. Let two triangles 123 and 456 belong to an extended Euclidean planeEE2. Each
pair of corresponding sides of the two triangles intersectsin a point of the projective plane
EE2. Suppose that the lines 1∨ 4, 2∨ 5, and 3∨ 6 are concurrent. As the two triangles
belong to the projective spaceEE3, from Theorem 4.16 we have that the three points of
intersection are collinear. �

Thus the assumptions underlying Constructions 1.13, 3.43,3.44 and 3.45, and Problem
1.14 are valid and our world isDesarguesian, the proof for non-coplanar triangles being
much easier than the proof for planar triangles. The planar case proof is only possible
because the plane of the two triangles is in a projective space.

There could be no guarantee that a planar universe would be desarguesian. What sort
of non-desarguesian geometry, and consequent physical structures, could exist in such a
universe is a matter open to conjecture.

E 4.33. Devise a test that enables me to use a pencil and roller in order to decide
whether the lines A, B and C in Figure 4.12 concurrent.

C

B

A

F 4.12. Three lines on the page

E 4.34. ConditionP7 of Theorem 4.6 ensures that extended Euclidean space con-
tains five planes, no four of which contain a common point. Describe a combinatorial
figure whose points are the points of intersection of each three of these planes.
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C 4.35. Make a model of a non-planar Desargues figure.

We can now summarize the position regarding Desargues geometries.

T 4.36. A planar Desargues geometry is a combinatorial figure, a planar non-
Desargues geometry is not a combinatorial figure. A non-planar Desargues geometry is a
combinatorial figure. There is no non-planar non-Desarguesgeometry.

P. The first and second claim follow from Lemma 1.12 and Theorem4.16. Simi-
larly, Theorem 4.16 ensures that an attempt to construct a non-planar Desargues figure will
succeed.

Suppose that 123 and 456 are two triangles, not in the same plane, and that the lines 1∨ 4,
2 ∨ 5, and 3∨ 6 are concurrent. Suppose further that 1∨ 2 and 4∨ 5 meet in the point
9. Suppose that the other two pairs of corresponding sides ofthe triangles meet in 8 and
7, respectively. Each of the points 7, 8, and 9 is in the plane 1∨ 2 ∨ 3, by Lemma 2.21.
Similarly each point is in 4∨ 5 ∨ 6. If the points 7, 8, and 9 were non-collinear, then we
would have 1∨ 2∨ 3 = 7∨ 8∨ 9 = 4∨ 5∨ 6. But this is not possible as triangles 123 and
456 are not coplanar. Thus the assumption of the existence ofa non-planar non-Desargues
geometry leads to a contradiction, and so no such geometry can exist. �

C 4.37. Let X be a combinatorial figure isomorphic to that drawn in Figure
4.13. Suppose further that the points labeled1 and 2 in X are each ideal. Deduce a
consequent property of the line through the points of X that are labeled4, and6 and the
line through the points of X that are labeled5 and7. Draw the figure X.

7

5
6

2

4

3

1

F 4.13. A figure of Euclidean points

5. Coordinatizing extended Euclidean space

In this section, in a treatment analogous to that given in Section 6, we attach labels to the
points of extended Euclidean space. As well, we assign labels to the planes of extended
Euclidean space.

This coordinatization enables us to identify extended Euclidean space with an isomorphic
geometry defined on the set of one-dimensional subspaces of an inner product vector space,
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transforming questions about geometry into questions about algebra andvice versa. The
rules, given in Theorem 4.42, for investigating problems ofextended Euclidean space are
easy to use in practice and certainly justify their place in any continuing examination of
Euclidean geometry. In particular they provide us with a convenient introduction to per-
pendicularity.

We begin by recalling the usual Cartesian coordinates of Euclidean space. It is the practice
to label each Euclidean point by an ordered triple, (x, y, z), of real numbers, allocated as
in Figure 4.14. So common is this practice that we blur the distinction between label and
point, talking of “the Euclidean point (x, y, z)” rather than “the Euclidean point with label
(x, y, z)”.

x

y

y

z

z

(x, y, z)

(0, 0, 0)

F 4.14. Cartesian coordinates of Euclidean points

We proceed to attach labels to each point of extended Euclidean space, including the direc-
tions. But now each label is an ordered 4-tuple of real numbers. The point having Cartesian
coordinates (x, y, z) is labeled (1, x, y, z). Our labeling of the directions of an extended Eu-
clidean plane in Section 6 was equivalent to labeling the direction of the line (0, 0)∨ (a, b)
by (0, a, b). We use the spatial analogue of this in labeling the direction of the line through
the points with Cartesian coordinates (0, 0, 0) and (a, b, c), where not all ofa, b, andc are
zero. This direction is labeled by (0, a, b, c). We go further, giving more than one label to
each point of extended Euclidean space by also allocating the label (kx0, kx1, kx2, kx3), for
each non-zero real numberk, to the point with label (x0, x1, x2, x3). We sum up this process
in the following lemma:

L 4.38. Each ordered4-tuple of real numbers, not all of which are zero, is a label
of exactly one point of extended Euclidean space. Each pointof extended Euclidean space
is labeled. Two ordered4-tuples(x0, x1, x2, x3) and (x′0, x

′
1, x
′
2, x
′
3) label the same point

exactly when kx0 = x′0, kx1 = x′1, kx2 = x′2 and kx3 = x′3 for some non-zero real number k.

P. For x0 , 0, the 4-tuple (x0, x1, x2, x3) labels the Euclidean point that has
Cartesian coordinates (x1/x0, x2/x0, x3/x0). The 4-tuple (0, x1, x2, x3) labels the direction
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of the line that contains the origin and the Euclidean point having Cartesian coordinates
(x1, x2, x3). Thus each ordered 4-tuple labels one point of extended Euclidean space.

Each direction belongs to a unique extended Euclidean line through the origin, ensuring
that we have labeled each point of extended Euclidean space.

Two labels with non-zero first coordinates label the same Euclidean point if and only if they
are multiples of one another. Two Euclidean points that are collinear with the origin have
Cartesian coordinates that are multiples of one another, ensuring a well-defined labeling of
each direction by 4-tuples that are multiples of one another. �

D 4.39. The ordered4-tuple of real numbers that makes up any label of a point is
called a set of real homogeneous coordinates of the point.

It is also convenient to label planes, as follows. The extended Euclidean plane whose Eu-
clidean points satisfy the equationax + by+ cz = d is labeled by the ordered 4-tuple
[ka, kb, kc,−kd], for each non-zero real numberk. The ideal plane is given the label
[0, 0, 0, k], for each non-zero realk. We use square brackets in order to distinguish labels
of planes from labels of points.

D 4.40. The ordered4-tuple of real numbers that makes up any label of a plane
is called a set of real homogeneous coordinates of the plane.

L 4.41. Each ordered4-tuple of real numbers, not all of which are zero, is a label of
exactly one plane of extended Euclidean space. Each plane ofextended Euclidean space is
labeled. Two ordered4-tuples[x0, x1, x2, x3] and[x′0, x

′
1, x
′,
2x′3] label the same plane exactly

if kx0 = x′0,kx1 = x′1, kx2 = x′2 and kx3 = x′3 for some non-zero real number k.

P. The proof is similar to that of Lemma 4.38. �

As in Section 6, the justification for this seeminglyad hocallocation of labels is the sim-
plicity of the associated arithmetic of an inner product space. We now give the basic rules
for applying this arithmetic to geometric purposes.

Let us writeR4 for the four-dimensional vector space on the set{(x0, x1, x2, x3) : eachxi is
a real number}, with respect to component-wise addition, component-wisemultiplication
by scalars, and a component-wise inner product. Thus we have:

(x0, x1, x2, x3) + (x′0, x
′
1, x
′
2, x
′
3) = (x0 + x′0, x1 + x′1, x2 + x′2, x3 + x′3),

a(x0, x1, x2, x3) = (ax0, ax1, ax2, ax3), and

(x0, x1, x2, x3).(x′0, x
′
1, x
′
2, x
′
3) = x0x′0 + x1x′1 + x2x′2 + x3x′3, for each real numbera and each

pair of members (x0, x1, x2, x3) and (x′0, x
′
1, x
′
2, x
′
3) of R4.
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We now regard each subspace ofR3 as the set of its one-dimensional subspaces, giving the
following geometry on the set of one-dimensional subspacesof R4.

T 4.42. Let E be the set of one-dimensional subspaces of R4. Let L be the set of
two-dimensional subspaces of R4, and letP be the set of three-dimensional subspaces of
R4. Then E,L andP are the sets of points, lines and planes, respectively, of a projective
space. We call this geometry real homogeneous space.

P. The setsE, L and P satisfy ConditionsL1 and P1 to P7 of Theorem 4.6,
ensuring the existence of the required projective space. �

P 4.43. Extended Euclidean space is isomorphic to real homogeneousspace.

P. We start by pairing each point of extended Euclidean space with the unique
one-dimensional subspace ofR4 that contains any one of the labels of the point. To show
that this pairing is the required isomorphism, we need to establish that it induces a pairing
of circuits as required by Definition 2.63. This is done in a case-by-case investigation of
the circuits of extended Euclidean space listed in Lemma 4.24. We require a set of labels
of a circuit ofn points to span an (n − 1)-dimensional subspace ofR4, for eachn = 3, 4,
and 5 and conversely. We will not do this. �

The isomorphism can also be demonstrated rigorously in the following way. Extra con-
ditions are added to the requirements of Euclidean space. These requirements, which are
intuitively quite acceptable, typically involve the ideasof pairs of points “separating” other
pairs of points, and of “distance”. Extended Euclidean space is defined as before and it is
then shown that, to within isomorphism, that there is only one geometry satisfying these
conditions. Real homogeneous space is then shown, using properties of the real number
system, to satisfy the conditions. Thus real homogeneous space and extended Euclidean
space are isomorphic. We will not carry out this lengthy process.

As a consequence of this isomorphism we identify the two projective spaces, giving the
following simple algebraic tests in extended Euclidean space.

P 4.44. In extended Euclidean space a point(x0, x1, x2, x3) belongs to the plane
[x′0, x

′
1, x
′
2, x
′
3] if, and only if, x0x′0 + x1x′1 + x2x′2 + x3x′3 = 0.

Four points(x0, x1, x2, x3), (x′0, x
′
1, x
′
2, x
′
3), (x′′0 , x

′′
1 , x

′′
2 , x

′′
3 ) and(x′′′0 , x

′′′
1 , x

′′′
2 , x

′′′
3 ) are copla-

nar if and only if the determinant(†) is zero.

(†) x0 x1 x2 x3

x′0 x′1 x′2 x′3
x′′0 x′′1 x′′2 x′′3
x′′′0 x′′′1 x′′′2 x′′′3

Four planes[x0, x1, x2, x3], [x′0, x
′
1, x
′
2, x
′
3], [x′′0 , x

′′
1 , x

′′
2 , x

′′
3 ] and [x′′′0 , x

′′′
1 , x

′′′
2 , x

′′′
3 ] are con-

current if and only if determinant(†) is zero.
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P. The inner product of (x0, x1, x2, x3) and (x′0, x
′
1, x
′
2, x
′
3) is zero if and only if

(x0, x1, x2, x3) is orthogonal to (x′0, x
′
1, x
′
2, x
′
3). The definition of [x′0, x

′
1, x
′
2, x
′
3] implies that

this is equivalent to (x0, x1, x2, x3) belonging to the three-dimensional orthogonal subspace
that is the line labeled [x′0, x

′
1, x
′
2, x
′
3].

The second test is a restatement of the requirement that coplanar points belong to a com-
mon three-dimensional subspace ofR4.

The last test follows from the second after noting that [x0, x1, x2, x3], [x′0, x′1, x′2, x′3], [x′′0 ,
x′′1 , x′′2 , x′′3 ], and [x′′′0 , x′′′1 , x′′′2 , x′′′3 ] are concurrent if and only if a non-zero member ofR4 is
orthogonal to each of (x0, x1, x2, x3), (x′0, x

′
1, x
′
2, x
′
3), (x′′0 , x

′′
1 , x

′′
2 , x

′′
3 ), and (x′′′0 , x

′′′
1 , x

′′′
2 , x

′′′
3 ).

This requires the four vectors to belong to a three-dimensional subspace ofR4. �

Proposition 4.44 reduces questions about extended Euclidean space to questions about the
arithmetic of a real inner product space. It gives us two possible methods of investigating
any problem we meet. For example, we now have two methods of testing whether two lines
are parallel. The first method is by the procedures of Section5, lying a roller along one line
and rolling it to the other line. The second method is the algebraic technique of checking
that the two lines share a point labeled by a 4-tuple that has azero first coordinate.

E 4.45. Let us test in two ways whether or not the lines(1, 0, 0, 0)∨ (1, 2, 1, 0) and
(1, 0, 1, 0)∨ (1, 4, 3, 0) are parallel.

(1, 0, 0, 0)
(0, 1, 0, 0)

(1, 2, 1, 0)

(1, 0, 1, 0)

(0, 0, 1, 0)
(1, 4, 3, 0) (0, 2, 1, 0)

F 4.15. Two parallel lines

We can draw the two straight lines and use a roller to check that they are parallel. We
see that the direction of the first line is any linear combination of (1, 0, 0, 0) and (1, 2, 1, 0)
having 0 for its first coordinate. The 4-tuple (1, 0, 0, 0)− (1, 2, 1, 0) = (0,−2,−1, 0) is the
required direction. Similarly, (1, 0, 1, 0)− (1, 4, 3, 0) = (0,−4,−2, 0) = 2(0,−2,−1, 0), the
same direction, belongs to the second line.

In Theorem 3.54 we gave an algebraic proof of Desargues’ Theorem for two coplanar
triangles. An algebraic proof, without the restriction of planarity, is straightforward and
we give it as an example of the power of algebraic methods. We need the following useful
result.
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L 4.46. Let three distinct points of extended Euclidean space be collinear. Then
they have labels(a0, a1, a2, a3), (b0, b1, b2, b3), and(c0, c1, c2, c3), respectively, so that ai =

bi + ci , for each i= 0, 1, 2, 3.

P. Labels of the three collinear points belong to a two-dimensional subspace of
R4. Consequently their labels are linearly dependent. Thusα(a0, a1, a2, a3)+β(b0, b1, b2, b3)+
γ(c0, c1, c2, c3) = (0, 0, 0, 0), for some realα, β andγ. As labels of distinct points are not
multiples of one another, none ofα, β andγ is zero. The result follows from (αa0, αa1, αa2, αa3) =
(−βb0,−βb1,−βb2,−βb3) + (−γ0,−γc1,−γc2,−γc3). �

T 4.47. Desargues’ Theorem is true in extended Euclidean space.

P. Let (x0, x1, x2, x3)(y0, y1, y2, y3)(z0, z1, z2, z3) and
(x′0, x

′
1, x
′
2, x
′
3)(y′0, y

′
1, y
′
2, y
′
3)(z

′
0, z
′
1, z
′
2, z
′
3) be two triangles in real homogeneous space so that

the lines through corresponding vertices are concurrent, as in Figure 4.16
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F 4.16. Proving Desargues’ Theorem

Using Lemma 4.46 we may choose labels so that (a0, a1, a2, a3) =
(x0, x1, x2, x3) + (x′0, x

′
1, x
′
2, x
′
3) = (y0, y1, y2, y3) + (y′0, y

′
1, y
′
2, y
′
3) =

(z0, z1, z2, z3) + (z′0, z
′
1, z
′
2, z
′
3). Therefore (y0, y1, y2, y3) − (z0, z1, z2, z3) =

(z′0, z
′
1, z
′
2, z
′
3) − (y′0, y

′
1, y
′
2, y
′
3), (z0, z1, z2, z3) − (x0, x1, x2, x3) =

(x′0, x
′
1, x
′
2, x
′
3) − (z′0, z

′
1, z
′
2, z
′
3), and (x0, x1, x2, x3) − (y0, y1, y2, y3) =

(y′0, y
′
1, y
′
2, y
′
3) − (x′0, x

′
1, x
′
2, x
′
3). Each side of these equations is a name for the intersection

of two corresponding sides of the two given triangles, as each is a linear combination of
points in a side and therefore itself in the side. The sum of, say, the lefthand side of each
equation is zero, that is the three intersections belong to atwo-dimensional subspace —
they are collinear. �
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We note that this proof works equally well, regardless of whether the two triangles are
coplanar or not.

6. Perpendicular lines and planes

In this section we use pairs of orthogonal directions in the inner product spaceR4 in or-
der to define and develop some properties of perpendicular extended Euclidean lines and
planes. We conclude by giving, in Theorem 4.57, conditions for the existence of a special
tetrahedron. This result is invaluable in our investigation, in Chapter 8, of the distortion
that occurs in perspective drawings of rectangular boxes .

D 4.48. Two directions(a0, a1, a2, a3) and (b0, b1, b2, b3) are orthogonal to one
another if their inner product is zero, that is, if a1b1 + a2b2 + a3b3 = 0. Two extended
Euclidean lines are perpendicular to one another if their directions are orthogonal to one
another. An extended Euclidean line and an extended Euclidean plane are perpendicular
to one another if the line is perpendicular to each extended Euclidean line in the plane.

This definition does not sensibly extend to include ideal lines. We writeA⊥B to indicate
that two linesA andB are perpendicular, andA⊥P to indicate that the lineA and planeP
are perpendicular. We note that two skew lines may be perpendicular. We sum up the main
properties of perpendicular lines and planes in the following theorem:

T 4.49. (i) Let A and B be parallel lines and A and C be lines perpendicular to one
another. Then B and C are perpendicular to one another.

(ii) Let A and B be coplanar, but not parallel, lines and let the line C be perpendicular to
each of A and B. Then C is perpendicular to the plane that contains both A and B.

(iii) Let p be a Euclidean point and A be an extended Euclideanline, p < A. Then there
is a unique extended Euclidean line through p, intersectingA in a Euclidean point, and
perpendicular to A.

(iv) Let p be a Euclidean point and P be an extended Euclidean plane. Then there is a
unique line through p and perpendicular to P. This line intersects P in a Euclidean point
called the foot of the perpendicular from p to P.

(v) Let a be a Euclidean point and A be an extended Euclidean line. Then there is a unique
plane through a and perpendicular to A. This plane intersects A in a Euclidean point.

P. To prove (i) we need only observe thatA andB share a common direction, and
this direction is orthogonal to the direction ofC.

In order to prove (ii) we leta, b, andc be the directions ofA, B, andC, respectively. Any
directiond in the planeP that containsA∪ B is collinear witha andb. Consequently any
label ofd is a linear combination of a label ofa and a label ofb. This ensures thatd is also
orthogonal toc, as required.
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The lineA contains a directiona. Within the 3-dimensional subspaceA ∨ p of R4, the
two-dimensional subspacea⊥ that is orthogonal to the one-dimensional subspace of labels
of the directiona is a line and contains a directiond , a. Then the linep∨ d meetsA in
a point (as both are two-dimensional subspaces of a three-dimensional vector space). This
point is notd and therefore is a Euclidean point. The directionsa andd are orthogonal
giving (p∨ d)⊥A as required in (iii).

The proof of (iv) is similar to that of (iii). We select the directiond in the 1-dimensional
subspace orthogonal to the 3-dimensional subspaceP of R4. The required line isp∨ d.

We prove (v) by choosing the 3-dimensional subspace ofR4 orthogonal to the direction of
A. This subspace does not contain the direction ofA. Thus it is a plane that meets the line
A in a Euclidean point. �

We use the standard notations, shown in Figure 4.17, to indicate that two intersecting lines,
or a line and a plane, are perpendicular to one another.

F 4.17. Perpendicular lines and planes

We note in passing that part (ii) of Theorem 4.49 is exactly the information used by a
builder, when erecting a post of a wall, to test by set-squarethat the post is perpendicular
to the floor. This is the reason for the usual notation, shown in Figure 4.17. Just as we now
have two methods of testing lines for parallelism, we also have two methods of testing for
perpendicularity. We may either prove the inner product of the directions of the two lines
in question to be zero, or we may use a set-square in the traditional way shown in Figure
4.18.

F 4.18. Using a set-square
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7. Pythagoras’ Theorem, length and angle

Our understanding of the idea of the distance between a pair of Euclidean points as an
allocation of a number to a pair of points is strengthened by alifetime of using ruler and
tape measure. This process does not extend sensibly to include directions, but we can
phrase our definition of distance between any two Euclidean points in terms of homo-
geneous coordinates. Thus thedistancebetween two Euclidean points (1, a1, a2, a3) and
(1, b1, b2, b3) is the number

√

(a1 − b1)2 + (a2 − b2)2 + (a3 − b3)2. This definition allows
us two techniques for measuring, namely an algebraic calculation and the usual use of a
marked straightedge, or ruler. Writing “d(a, b)” for the distance between pointsa andb,
we can prove the following three basic properties of distance directly from the definition:

T 4.50. Let a, b and c be three Euclidean points. Then

(i) d(a, b) ≥ 0, with equality holding only if a= b,

(ii) d(a, b) = d(b, a), and

(iii) (Triangle Inequality) d(a, b) + d(b, c) ≥ d(a, c).

Thesegmentconsisting of all the Euclidean points between the Euclidean pointsa andb is
familiar to anyone who draws part of a Euclidean line with a straightedge. We write [ab]
to stand for the segment and call the distance between ends ofthe segment itslength. It is
a routine piece of arithmetic to check thatx is in [ab] if it is collinear with botha andb
and satisfiesd(a, x) + d(x, b) = d(a, b), and this could be taken as an algebraically based
definition if we had wished.

The following fundamental theorem is named after the Greek mathematician Pythagoras.
It links perpendicularity and distance. Its truth justifiesa method of constructing the large
wooden set-squares that are often used to guarantee that boxing for large rectangular ce-
ment slabs is in shape, although the agreement of the algebraic test of perpendicularity
with practical physical tests relies on an appropiate physical choice of axes for allocating
Cartesian coordinates to Euclidean points.

T 4.51. (Pythagoras’ Theorem)Let a, b and c be distinct Euclidean points. Then
(a∨ b)⊥(b∨ c) if and only if(d(a, b))2+ (d(b, c))2 = (d(c, a))2.

P. If a = (1, a1, a2, a3), b = (1, b1, b2, b3), andc = (1, c1, c2, c3), then the direction
of a∨b is (0, b1−a1, b2−a2, b3−a3), and the direction ofb∨c is (0, c1−b1, c2−b2, c3−b3).
Thus (a∨ b)⊥(b∨ c) if and only if

∑3
i=1(bi − ai)(ci − bi) = 0. This can be rewritten as the

condition
∑3

i=1(bi − ai)2 + (ci − bi)2 − (ai − ci)2 = 0. �

It is interesting to note that the test for perpendicular lines provided by Pythagorus’ Theo-
rem is independent of the particular choice ofa in the linea∨ b andc in the lineb∨ c.
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Let a, b andc be three distinct Euclidean points. The set [ab]∪ [bc] is anangle. We denote
this angle byab̂c or cb̂a and speak of “the angle abc” or “ the angle cba”. The pointb is
theapexof the angle.

The angleab̂c is anacuteangle if (d(a, b))2 + (d(b, c))2 < d(a, c))2, the angleab̂c is a
right angle if (d(a, b))2 + (d(b, c))2 = d(a, c))2, and the angleab̂c is anobtuseangle if
(d(a, b))2+ (d(b, c))2 > d(a, c))2.

It follows thatab̂c is a right angle if and only if the linesa∨b andb∨c are perpendicular. If
the vertices of the triangleabcare Euclidean points, then the angles [ab] ∪ [bc], [bc] ∪ [ca]
and [ca]∪ [ab] are theangles of the triangle. The triangle isacute-angledif all three angles
are acute. The following two results are immediate consequences of Pythagoras’ Theorem.

L 4.52. Let a, b, and c be three non-collinear Euclidean points. If one of the angles
of the triangle abc is a right angle, then the other two anglesare acute. If b is between a
and the Euclidean point a′, and one of âbc and a′b̂c is acute, then the other is obtuse.

We could phrase a definition of themeasureof the angle, in terms of coordinates, but it is
not a simple process. Where needed we will accept the traditional use of a protractor as a
practical means of measuring, or assigning a number to, an angle. The most common units
of measurement for angles aredegreesandradians, a protractor being usually graduated
to measure in degrees. Our definition, based on Pythagoras’ Theorem, enables us to con-
veniently distinguish between acute angles, right angles and obtuse angles. By protractor,
the measure of an acute angle is less than 90◦, and a right angle measures exactly 90◦.

For example, in Figure 4.19,a1b̂c is acute,a2b̂c is a right angle, anda3b̂c is obtuse.

b

c

a
1 a

2

a
3

F 4.19. Measuring angles

We are often concerned with modeling triangles. If the vertices of a triangleabcare Eu-
clidean points, then we sometimes model the triangle by cutting out a piece of cardboard
bounded by the segments [ab], [bc] and [ca]. In this context these segments are often called
thesidesof the triangle. We speak of the lengths of these segments as “the lengths of the
sides of the triangle”.

Simple experimenting, by drawing intersecting arcs with a compass, makes the following
converse of Condition (iii) of Theorem 4.50 plausible:

T 4.53. There is a triangle with the Euclidean vertices a, b, and c if and only if
d(a, b) ≤ d(b, c) + d(c, a), d(b, c) ≤ d(c, a) + d(a, b), and d(c, a) ≤ d(a, b) + d(b, c).
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T 4.54. Two triangles abc and a′b′c′ aresimilar if, for some real number k, d(a, b) =
kd(a′, b′), d(b, c) = kd(b′, c′) and d(c, a) = kd(c′, a′).

Note that each two triangles in Figure 4.20 are similar.

α

α
α

β β

γ
γa

b

c

kakb
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F 4.20. Four similar triangles

Suppose thatc is a Euclidean point in the planeP, and thatr is any positive real number.
Thecircle in P with center candradius r ≥ 0 is the planar set of points{p : d(c, p) = r}.
If pointsa andb are collinear withc and belong to the circle, then [ab] is called adiameter
of the circle. The following result follows from the definitions of perpendicularity and
distance and Pythagoras’ Theorem.

T 4.55. Let [ab] be a diameter of a circle that is in the plane P. Then a point x of
the plane belongs to the circle if and only if the triangle axbis right-angled at x.

8. The existence of a tetrahedron

In this section we prove that the existence of a right-angledtetrahedron depends on the
existence of a certain acute-angled triangle. This result helps our analysis in Chapter 8 of
distortion in perspective drawings .

D 4.56. We say that a tetrahedron pv1v2v3 is right-angled at p if each two of the
lines p∨ v1, p∨ v2 and p∨ v3 are perpendicular.

As the following theorem is neither commonly available nor intuitively obvious we give a
detailed proof.

T 4.57. Let v1, v2 and v3 be three non-collinear Euclidean points. Then a Euclidean
point p exists so that the tetrahedron pv1v2v3 is right-angled at p if and only if the triangle
v1v2v3 is acute-angled.

P. First we suppose that a pointp exists so that the tetrahedronpv1v2v3 is right-
angled atp. We repeatedly use Theorem 4.49. Letc be the foot of the perpendicular
from p to the planev1 ∨ v2 ∨ v3. As p ∨ v1 is perpendicular top ∨ v2 and to p ∨ v3,
then it is perpendicular to every extended Euclidean line inp∨ v2 ∨ v3. In particular it is
perpendicular to the linev2∨ v3. As p∨ c is perpendicular to each extended Euclidean line
in the planev1∨v2∨v3, it is perpendicular to the linev2∨v3. Thusv2∨v3 is perpendicular
to bothp∨v1 and top∨c, and hence to each extended Euclidean line in the planep∨c∨v1.
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F 4.21. A tetrahedronpv1v2v3, right-angled atp

In particularv2 ∨ v3 is perpendicular to the linev1 ∨ c. In a similar way we prove that the
line v2 ∨ c is perpendicular to the linev3 ∨ v1, and the linev3 ∨ c is perpendicular to the
line v1∨ v2. The linesv1∨ c, v2∨ c, andv3∨ c are called thealtitudesof the trianglev1v2v3

and their point of concurrence is theorthocenterof the triangle.

From an application of Pythagoras’ Theorem to each of the right-angled trianglesv1pv3

andv2pv3 we have thatd(v1, v3) > d(p, v1) andd(v2, v3) > d(p, v2). Combining these facts
with an application of Pythagoras’ Theorem to the trianglev1pv2 gives that (d(v1, v3))2 +

(d(v2, v3))2 > (d(v1, v2))2 and the anglev1v̂3v2 is therefore acute. Similarly, each angle
v2v̂1v3 andv3v̂2v1 is acute and the trianglev1v2v3 is acute-angled as required.

Conversely, we suppose that the trianglev1v2v3 is acute angled. Then letuk be the inter-
section of the linevi ∨ v j with the perpendicular from the pointvk, for {i, j, k} = {1, 2, 3}.
If uk is not in the segment [viv j ], but, without loss of generality, hasv j between it and
vi , thenvkv̂ juk is acute, andvkv̂ jvi is obtuse. This is a contradiction to our assumption
that the trianglev1v2v3 is acute-angled. Therefore eachuk is in the segment [viv j ]. Let
c = (v1 ∨ u1) ∩ (v2 ∨ u2). Thenv2ĉu1 is acute and sov2ĉv1 is obtuse.

From the definition of acute and obtuse angles given earlier,we see that there is one dis-
tancex satisfying the equation ((d(c, v1))2 + x2) + ((d(c, v2))2 + x2) = (d(v1, v2))2 if v1ĉv2

is obtuse, but none ifv1ĉv2 is acute. We may therefore choose a pointp that is on the
perpendicular to the planev1 ∨ v2 ∨ v3 with foot c and that satisfiesd(p, c) = x. Then
(d(p, v1))2 + ((d(p, v2))2 = (d(v1, v2))2 and consequently the linesp ∨ v1 and p ∨ v2 are
perpendicular.

We now argue as follows: asv1 ∨ v3 is perpendicular toc∨ v2 andv1 ∨ v3 is perpendicular
to c∨ p, thenv1 ∨ v3 is perpendicular toc∨ p∨ v2. In particularv1 ∨ v3 is perpendicular
to p∨ v2. Thenp∨ v2 is perpendicular top∨ v1 ∨ v3. In particularp∨ v2 is perpendicular
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F 4.22. Right-angles atp

to p ∨ v3. Similarly p ∨ v1 is perpendicular top ∨ v3. Thus the tetrahedronpv1v2v3 is
right-angled atp. �

We note that there are exactly two suitable tetrahedra, one obtained by choosing the point
p above the planev1 ∨ v2 ∨ v3 and the other by choosingp the same distance fromc, but
below the plane.

9. Summary of Chapter 4

We have examined projective spaces in some detail. These arenon-planar geometries
in which each pair of coplanar lines have a non-empty intersection, and in which each
plane and line have a non-empty intersection. Not every geometry is a sub-geometry of a
projective space — contrasting with the case of planar geometries and projective planes.
However, Desargues’ Theorem is valid in every projective space.

Combinatorial figures can be thought of as sub-geometries ofa convenient projective space,
namely extended Euclidean space. Consequently, we now knowDesargues’ Theorem to
be true in the Euclidean geometry that describes our world.

We laid a foundation for future algebraic investigations into the geometry of extended
Euclidean space by allocating homogeneous coordinates to each point and plane, providing
an alternative technique for obtaining geometric results,and establishing a link between
geometric truth and algebraic truth.
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CHAPTER 5

PERSPECTIVE DRAWINGS

Drawing, in the usual artistic sense, is an attempt to conveyinformation about a non-planar
figure to a viewer via a planar figure. Many different methods of depicting subjects have
evolved over centuries of artistic endeavour. For example,in some cultures, the more
important of two individuals is drawn larger — regardless ofhis place in the scene. In pre-
Renaissance Russian icons, distant subjects were often drawn larger than the same-sized
subjects closer to the artist.

It was only during the Renaissance that a clearly understoodbasis for a more realistic treat-
ment of the relationship between subject and image evolved.This understanding, using
scientific method and mathematics, was one of the great achievements of the Renaissance.
It began with, sometimes incorrect, complicated rules for drawing very special subjects.
The painting “The Last Supper” (circa 1308) by di Buoninsegna, shown in Figure 5.1, is a
not wholly successful product of these beginnings.

The understanding developed throughout the 15th and 16th centuries in the work of Alberti,
Brunelleschi, da Vinci and many others [45], and began the modern theory of perspective
drawing. It culminated, perhaps, with the development of projective geometry by Desar-
gues in his systematic study of perspective drawing in the 17th century.

We use our knowledge of extended Euclidean space to begin such a study, starting with a
definition of perspective drawings. We obtain some of the basic properties of perspective
drawings, and learn how to construct simple examples. We simplify and unify many, ap-
parentlyad hoc, standard drawing techniques by deriving them in the context of extended
Euclidean space.

But we should remember that art is not just the realistic recording of scenes on canvas.
Post-Renaissance artists use skills that are not scientifically analyzed to give a message to
a viewer’s emotions — just as pre-Renaissance artists did.

1. The definition and basic properties of a perspective drawing

We may think of an artist’s canvas as a transparent screen through which the artist views a
figure, using one eye only and tracing what he sees. Accordingly we define the process of
perspective drawing as a function that associates each point of one combinatorial figure, the
subject of the drawing, with a point of another combinatorial figure, the artist’s drawing.
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F 5.1. The Last Supper

F 5.2. Drawing a point in practice and in theory

D 5.1. Let E be a combinatorial figure and let p be a point that is not inE. Let
P be an extended Euclidean plane not containing the point p. The function that associates
each point x of E with the point x′ = (x∨ p)∩P of P is a perspective rendition of the figure
E.

We say that x′ is the image of x, for each x in E, and call the combinatorial figure E′ =
{x′|x ∈ E} a perspective drawing of E, drawn from the viewpoint p in the plane P.

We can think of perspective rendition as the process of drawing and we can think of a
perspective drawing as the result of this process.

E 5.2. An image in a camera obscura and a photograph taken by a pinhole camera
are examples of perspective drawings.

Each perspective drawing is a planar figure. In fact one of theuseful features of this
form of art is exactly this property, perspective drawings being quite easy to carry and
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F 5.3. A 16th century illustration of acamera obscura

stack. However this same feature guarantees that, in general, a perspective drawing is not
isomorphic to the subject drawn.

F 5.4. Circuits in perspective drawings

It is the “squashing” of images, as in two of the four perspective renditions shown in Figure
5.4, that may prevent a perspective drawing of a figure being isomorphic to the figure. We
now specify the conditions under which this “squashing”occurs.

P 5.3. Let E′ be a perspective drawing of a combinatorial figure E, drawn from
a viewpoint p. Suppose that x, y and z are three points of E. Then

(i) The two points x and y have a common image if and only if the set {p, x, y} is a circuit;
and

(ii) The set of images of x, y and z is a circuit if and only if both the set{p, x, y} is not a
circuit and one of{x, y, z} and{p, x, y, z} is a circuit.

P. We first prove (i). The two pointsx andy have a common image if and only if
x, y andp are collinear. From Theorem 2.14, this is equivalent to{x, y, p} being a circuit.
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Now we prove (ii). We first suppose that{p, x, y} is not a circuit and one of{x, y, z} and
{p, x, y, z} is a circuit. If {p, x, y, z} is a circuit, then neither{p, y, z} nor {p, x, z} is a circuit.
From (i), the three images ofx, y andz are distinct. If{x, y, z} is a circuit and{p, y, z} were
a circuit, then ConditionC4 would lead to the set{p, x, y} being a circuit. As this is not so,
{p, x, y} is not a circuit. A similar argument shows that{p, x, z} is not a circuit. Thus the
images of each ofx, y andz are distinct. In both cases the set of the three images is in the
intersection of the planep∨ x∨ y and the plane of the perspective drawing. It is therefore
a three-point circuit.

Conversely, from (i) we know that none of{p, x, y}, {p, y, z} or {p, x, z} is a circuit. The
pointsx, y andz are coplanar with the line that contains the image of each andcontains
the pointp. Therefore{p, x, y, z} contains a circuit. This circuit can only be{x, y, z} or
{p, x, y, z}. �

E 5.4. Figure 5.5 shows three perspective renditions of a tetrahedron. Let the
vertex-set of the tetrahedron be{1, 2, 3, 4}. In each case list the circuits that contain the
viewpoint and are subsets of the5-point union of{1, 2, 3, 4} and the viewpoint.

F 5.5. Three perspective renditions of a tetrahedron

Proposition 5.3 gives the required conditions for a perspective drawing to accurately reflect
the three-point circuit structure of its subject. It suggests the following definition.

D 5.5. Let E be a figure. A point p that does not belong to any three-point or
four-point circuit of E∪ {p} is a general viewpoint of E.

E 5.6. The question of which of the six figures in Figure 1.15 is a perspective draw-
ing of a model of a4-gon is equivalent to the question asked in Exercise 1.16. The first is
drawn from a general viewpoint of the4-point figure of the vertices of the4-gon but not of
the model (remembering that the model consists of four segments). The viewpoint of each
of the second, third, and fourth perspective drawings is neither a general viewpoint of the
4-point figure nor of the model. Neither the fifth nor sixth figure is a perspective drawing.
Perspective renditions of the first and second figure are shown in Figure 5.6.

We now prove that perspective rendition from a general viewpoint preserves the three-point
circuit structure of a figure. This leads us to two questions.First, what difference is there
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F 5.6. Two perspective renditions of a model 4-gon

between perspective drawings of the same figure? Second, under what circumstances is a
figure isomorphic to its perspective drawing?

P 5.7. The perspective rendition of a combinatorial figure from a general view-
point is a pairing of the points of the figure with the points ofits perspective drawing. If
paired points are given the same label, then the list of three-point circuits of the figure is
identical to the list of three-point circuits of the perspective drawing, and the list of lines
of the figure is identical to the list of lines of the perspective drawing.

P. From condition (i) of Proposition 5.3 we have that the association of each point
with its image is the required pairing. It follows from condition (ii) of Proposition 5.3 that
the two lists of 3-point circuits are identical. It then follows from Theorem 2.14 that the
two lists of lines are identical. �

C 5.8. Any perspective drawing of a non-planar Desargues figure, drawn from a
general viewpoint, is a planar Desargues figure.

P. From Proposition 5.7 we know that the collection of circuits of the perspective
drawing satisfies the requirements of Definition 2.37. �

L 5.9. Two planar geometries are isomorphic if the points of the first can be paired
with the points of the second, and paired points given the same label so that a list of three-
point circuits of the first geometry is identical to a list of three-point circuits of the second
geometry.

P. A set of four points in a planar geometry is a circuit if and only if it does not
contain a three-point circuit. Thus the two geometries haveidentical lists of circuits, and
from Definition 2.63, are isomorphic. �
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T 5.10. Any two perspective drawings of a combinatorial figure, drawn from the
same viewpoint, are isomorphic. Any two perspective drawings of a combinatorial figure,
each drawn from a general viewpoint, are isomorphic.

P. A perspective drawing of a figure is also a perspective drawing of any other
perspective drawing of the original figure that is drawn fromthe same viewpoint. Applying
Proposition 5.7 and Lemma 5.9 to this second perspective rendition, and noting that any
viewpoint of a planar figure that is not in the plane of the figure is a general viewpoint, we
have the first isomorphism.

Applying Proposition 5.7 in turn to each of two perspective renditions of a figure from
general viewpoints gives labelings of the perspective drawings for which the two perspec-
tive drawings have identical lists of 3-point circuits. Lemma 5.9 guarantees that the two
perspective drawings are isomorphic. �

Next we prove that a figure and any perspective drawing of it that is drawn from a general
viewpoint are as “alike” as possible. Unintended impressions of collinearity are avoided,
no points are “lost” in the image, and a good impression of thepictured figure is given.
However the result is not perfect in every case.

P 5.11. Let a perspective rendition of a combinatorial figure E from ageneral
viewpoint be given. Then any restriction of the perspectiverendition to a sub-geometry of
E is an isomorphism if and only if the sub-geometry is planar.

P. The viewpoint is also a general viewpoint for the restriction of the rendition to
any sub-geometryE1 of the figureE. If E1 is planar, then we apply Proposition 5.7 and
Lemma 5.9 to proveE1 isomorphic to its image. Conversely, ifE1 is isomorphic to its
image then every four-point subset ofE1 contains a circuit and by Theorem 2.27 the setE1

is planar. �

We are now able to state exactly the requirement of a perspective drawing for it to accu-
rately portray the geometric structure of the figure drawn.

T 5.12. Let a perspective rendition of a combinatorial figure be given. Then the
perspective rendition is an isomorphism between the figure and its perspective drawing if
and only if both the figure is planar and it is drawn from a general viewpoint.

P. First let the figure be drawn from a general viewpoint. Then Proposition 5.11
implies that the figure is planar if and only if it is isomorphic to its perspective drawing. To
complete the proof we need only note that Proposition 5.3 guarantees that only a rendition
from a general viewpoint can be an isomorphism. �

Consequently, the most useful perspective drawings are those drawn from general view-
points, shown by Theorem 5.12 to contain as much as possible of the geometric structure of
their subject. Unfortunately it is not always feasible to restrict our discussion to perspective

104



drawings from general viewpoints. The following lemma proves that a figure containing
the union of two skew lines has no general viewpoint.

L 5.13. Let A and B be two skew lines and p a point on neither. Then thereis a unique
three-point circuit containing p, a point of A, and a point ofB.

AB

p
b

F 5.7. A line intersecting each of two skew lines

P. The planep ∨ A meets the lineB in a pointb. The linep ∨ b is the required
line as it is coplanar withA and therefore meetsA in a pointa. The linear set{a, b, c} is the
required circuit. �

2. Perspective drawings in a combinatorial geometry

In this section we briefly indicate how perspective drawingsin geometries that are not
figures might be defined. Our use of a non-planar Desargues figure in the second part of the
proof of Theorem 4.16 suggests that the notion of perspective drawing may be applicable
in any projective space. Indeed, Definition 5.1 can be used inany projective space, and
consequent results hold in that more general context.

In fact our definition of a geometry in terms of its circuits allows the notion of a “perspec-
tive drawing” of a geometryG to be defined even ifG is not a sub-geometry of a projective
space. The following result shows how this is achieved. In itthe planar geometry (E′,C′)
plays the role of the perspective drawing ofG.

T 5.14. Let G be a geometry, where E(G) = E′ ∪ {p} and p is not in E′. If no
three-point circuit ofG contains p, then the collection of minimal members of the set
C′ = {C − {p} : C ∈ C(G)} is the collection of circuits of a planar geometry on E′.

P. The proof is left as a long but straightforward exercise in which the validity of
the four conditionsC1 to C4 of Definition 2.1 for the setC(G) enables one to prove their
validity for the setC′. �

However we will not pursue this idea further here, instead restricting our attention to per-
spective drawings in our world, that is, in extended Euclidean space. In the remainder
of this chapter our discussions concern only figures, the sub-geometries of extended Eu-
clidean space.
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3. Practical perspective drawing methods

In this section we develop some practical methods of constructing perspective drawings of
some simple figures. As the artist cannot, in practice, peer through his canvas with one eye
at his proposed viewpoint, the other closed, and trace on it what he sees he must use other
techniques based on Lemmas 5.15 and 5.21 for locating image points.

Mechanical aids were used, as we see from Albrecht Dürer’s “Artist draws a Lute”, but the
process shown is cumbersome.

F 5.8. Artist draws a Lute

Nowadays we can make a photographic slide, project it, and copy its main outlines on the
canvas — and many artists do this. It is not at all obvious, noreven necessarily true, that
the result of this process is a perspective drawing.

We can also now use computer help, but we first need give the computer correct rules for
carrying out its task. These are just the rules that artists and geometers have spent many
of the last five hundred years developing and practicing. They include the simple rules we
derive below. Using them is the only technique available when beginning the outlines of a
physically possible scene drawn from the artist’s imagination.

The following basic result is the origin of the term “linear perspective”[52] used in art
books to describe perspective rendition. From it we know that we need only find the
images of two points of a line in order to construct the image of the line.

L 5.15. Let E′ be a perspective drawing of the figure E. The image of any linear set
of points of E is a linear subset of E′. In particular the image of a line a∨ b that does not
contain the viewpoint of the drawing is the line containing the image of a and the image of
b.
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P. Suppose thatE is drawn in the planeP from the viewpointp and that the linear
setA is a subset ofa∨b. If p ∈ a∨b, then the image ofA is the single point (a∨b)∩P. If
p is not ina∨b, then suppose thatx is any point of (a∨b)− {a, b}, ensuring that{x, a, b} is
a circuit. Then, from Proposition 5.3,a andb have distinct imagesa′, b′ respectively and
the images ofx, a andb form a circuit. Therefore the image ofx belongs to the linea′∨b′.

Any point x′ ∈ a′ ∨ b′ is the image of the point of intersection of the coplanar lines x′ ∨ p
anda∨ b, and consequentlya′ ∨ b′ is the image ofa∨ b. �

B

A

p

b
a

F 5.9. A visibility convention for skew lines

We know from Lemma 5.15 above that the image of each of two skewlines in a perspective
drawing is a line. When drawing in Chapter 1 we emphasized skew lines by drawing them
as in the first figure of Figure 5.9. It is useful to refine this convention a little for use in a
perspective drawing. Let the union of two skew linesA andB have a perspective drawing
in which a pointa of A and a pointb of B have the same image. We draw them as in the
second part of Figure 5.9 whenever we wish to emphasize the fact thatb is betweena and
p. Such a visibility convention is useful for clarity, for example, in illustrating the answer
to Exercise 1.16 or in illustrating the proof of Theorem 4.16, or even in Figure 5.9 itself.

It is clear that any planar figure is a perspective drawing of itself. Of more interest is
the fundamental question of whether a given planar figure is aperspective drawing of
some non-planar figure. We pursue this question with some success in Chapter 7 and later
chapters.

D 5.16. A scene is a perspective drawing of a non-planar figure.

E 5.17. Decide whether the visibility suggested in each of the figures of Figure 5.10
is compatible with each figure being a scene.

It is also sometimes useful, if part of a plane is farther fromthe viewpoint than part of a
line or part of another plane, to show it as in Figure 5.11 for example.

E 5.18. Decide whether the visibility suggested in each of the figures of Figure 5.12
is compatible with each being a perspective drawing of the union of three planes.
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F 5.10. Three possible scenes

F 5.11. Visibility conventions for lines and planes

E 5.19. In Figure 5.13 we reproduce part of the visible images of the intersections
of each two of the three planes shown in Figure 4.11 of Exercise 4.29. This shows that the
appropriate visibility convention of Figure 5.11 is not followed. We conclude that Figure
4.11 is not a perspective drawing.

We found in Exercise 5.17 that, even for a simple figure, it maynot be easy to decide
whether a given visibility is compatible with the figure being a scene.

E 5.20. We know that both planar and non-planar Desargues figures exist. Try to
devise a visibility for a planar Desargues figure that would be consistent with it being a
scene. Either devise a visibility for a Pappus figure that would be consistent with it being
a scene or prove that it is not a scene.
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F 5.12. Possible images of a set of three planes

F 5.13. Part of a linear algebra text illustration

L 5.21. The image of any set of concurrent lines in a perspective drawing, none of
which contain the viewpoint of the perspective drawing, is aset of concurrent lines.

P. If the pointx belongs to a lineA, then the image ofx belongs to the image of
A and, from Lemma 5.15, the image ofA is a line. �

E 5.22. Do you have any comments on the illustration of a saw-horse from the
Hobart, Tasmania “Mercury” newspaper reproduced in Figure5.15?

4. Vanishing points

In the context of extended Euclidean space a family of parallel lines is concurrent. In
this section we use this property to construct the images of parallel lines in a perspective
drawing.

D 5.23. Let L be an extended Euclidean line of the figure E. In any perspective
drawing of E, the vanishing point of L is the image of the direction of L.

Parallel lines share a common direction and thus in any perspective drawing the lines share
the same vanishing point and we call it the vanishing point ofthe family.
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E 5.24. The perspective drawing of a building in Figure 5.14 contains the images
of three families of parallel lines. Using pencil and roller, check that the image of each
family is a concurrent family of lines.

F 5.14. A perspective drawing of a building
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F 5.15. A sawhorse
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E 5.25. One family of parallel lines drawn in “The Last Supper”, shown in Figure
5.1, does not have a well-defined vanishing point. Find images of three of the lines of the
family. Is the painting a perspective drawing?

As the world abounds with objects containing parts of parallel lines, an artist needs a quick
and easy method of drawing images of a family of parallel lines. The following theorem
provides a practical method for locating the vanishing point of such a family. This point is
on the image of each line of the family. Consequently, using Lemma 5.15, an artist needs
only the image of one other point to be able to construct the image of a line of the family.

T 5.26. The vanishing point of a family of parallel lines is the intersection of the
plane of the perspective drawing and the line of the family that contains the viewpoint.

P. From Definition 5.1 the image of any direction is the intersection of the line, in
that direction and containing the viewpoint, with the planeof the perspective drawing.�

p

L

v

F 5.16. The vanishing pointv of a lineL drawn from a viewpointp

C 5.27. Let L be a line parallel to the plane of a perspective drawing.Then the
vanishing point of L is ideal, and lines parallel to L have images parallel to the image of
L.

P. An extended Euclidean line meets an extended Euclidean plane in an ideal
point if and only if the line is parallel to the plane. The images of two lines are parallel if
and only if their intersection is an ideal point of the plane of the perspective drawing. �

E 5.28. Proposition 5.26 explains why the moon accompanies us on a walk at night.
No matter how fast we walk it remains by our side! All the lightrays from it that reach us
are approximately parallel, thus it would not matter where we chose to sit and draw, we
would place the moon in the same part of our canvas.
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C 5.29. Locate the vanishing point of the horizontal lines on the right hand
side of the building drawn in Figure 5.14. Is any side of the building parallel to the plane
of the perspective drawing?

E 5.30. The plane of the following preliminary sketch for da Vinci’s“Adoration of
the Kings” is vertical and parallel to the front steps.

F 5.17. Adoration of the Kings

Often the plane of a perspective drawing is vertical, as can be seen from the usual artist’s
easel. This is convenient for viewing, as pictures are usually hung vertically, and vertical
lines then have vertical images.

F 5.18. An easel
E 5.31. The plane of the perspective drawing in Figure 5.14 is not vertical, but the
plane of Dürer’s “ Melencolia” in Figure 5.19 is vertical.
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F 5.19. Melencolia
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A photograph taken by a visitor to a city may not be in a vertical plane when exposed. This
is one reason why it may look “distorted” — we usually “expect” vertical lines to have
parallel images. How should we hold and look at a photograph of a tall building that is
shot from ground level?

F 5.20. A photograph of tall buildings

There are many uses of vanishing points, and we are in a position to understand most of
those given in instructional books, although we may find themcouched in cumbersome
terms. This should not surprise us as they are for the use of artists who will not necessarily
have a strong background in geometry. We will look at one morecommon application
based on the following:

T 5.32. Let Q be an extended Euclidean plane. In any perspective drawing, drawn
from a viewpoint p in a plane P, the vanishing points of lines parallel to Q are collinear,
each belonging to the line of intersection of the plane P and the plane parallel to Q that
contains the point p.

P. The lines in question are exactly those whose directions belong toQ. A direc-
tion is in Q if and only if it is in a line parallel toQ and containingp. The image of each
of these directions is therefore both in the plane parallel to Q that contains the pointp and
in the planeP. �

C 5.33. In any perspective drawing, the vanishing point of a horizontal line is in
the intersection of the plane of the perspective drawing with the horizontal plane contain-
ing the viewpoint.

Artists call this line thehorizon lineof a perspective drawing. It is often the first construc-
tion line drawn to help them set out their picture.
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E 5.34. Find a painting or drawing in which the horizon line plays a valuable role.
If the picture shows the sea, then where is the horizon line? Why?

A sequence of five applications of Lemma 5.32 enables us to complete the perspective
drawing of the roof in Figure 5.21.

F 5.21. A partially drawn house

Referring to Figure 5.22, we give the required construction.

C 5.35. The point1 is a vanishing point of a horizontal line, as is the point2,
each being the intersection of two images of parallel horizontal lines. Hence the line1∨ 2
is the line of vanishing points of horizontal lines.

Also the point1 is a vanishing point of a line in the plane P, as is the point3. Hence1∨ 3
is the line of vanishing points of lines in the plane P.

Similarly the line2∨ 3 is the line of vanishing points of lines in the plane Q.

The line B has vanishing point2. The line A is in plane P and therefore has vanishing
point4.

Each of A and B is in plane R. Consequently the line2∨ 4 is the line of vanishing points
of lines of R.

Similarly the line1 ∨ 5 is the line of vanishing points of lines contained in the plane S .
The required line C is in both R and S . Therefore its vanishingpoint is (2∨ 4)∩ (1∨ 5).
Knowing two points of the line C enables us to draw the line.

C 5.36. Let us test our mastery of perspective! Draw a book standing on an
end, and having its pages fanned open.
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F 5.22. Completion of the house roof

5. Perspective drawings of a box

Many man-made constructions can be thought of as made up of several boxes. For exam-
ple, the building shown in Figure 5.14 can be imagined as shown in Figure 5.23. Conse-
quently perspective rendition of boxes is a basic artistic skill, and we investigate it in some
detail in this section.

F 5.23. A collection of boxes

E 5.37. If you are able to, give a young child a piece of paper, pencil,and building
block or some other box and ask for a drawing of the model. Repeat this procedure every
six months or so. The resulting collection of drawings will arouse your curiosity.

How should we make a perspective drawing of a box? Having chosen a viewpointp we
may locate the vanishing point of each of the three families of parallel lines that contain
edges of the box. Each vanishing point is on a line through theviewpoint that is parallel to
an edge of the box. It is the intersection of such a line with the plane containing the page.
Let {0, 1, 2, 3, 4, 5, 6, 7}be the set of corners, or vertices, of the box. We label the vanishing
point of the line 0∨ i by vi , for eachi = 1, 2, 3.

C 5.38. We begin to draw the box in the plane P containing the page, drawing
the image0′ = (p∨0)∩P of the point0, drawing the image1′ = (p∨1)∩P of of the point
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F 5.24. Perspective rendition of a box

1, drawing the image2′ = (p∨ 2)∩ P of the point2, drawing the image3′ = (p∨ 3)∩ P
of the point3, and so on.

But by using the three vanishing points and the points0′, 1′, 2′, and3′ we can save some
time. As2∨4 is parallel to0∨1, then2′, 4′ and v1 are collinear. Similarly1′, 4′ and v2 are
collinear, giving4′ = (v1∨2′)∩ (v2∨1′). Similar arguments give5′ = (v3∨1′)∩ (v1∨3′),
6′ = (v2 ∨ 3′) ∩ (v3 ∨ 2′) and7′ = (v1 ∨ 6′) ∩ (v2 ∨ 5′).

Completing the image, we notice that the point 7′ is on the three linesv1 ∨ 6′, v2 ∨ 5′ and
v3 ∨ 4′. Consequently the resultant image is automatically a closed planar figure and we
have the following result:

L 5.39. The eight-point figure consisting of the images of the vertices of a box in a
perspective drawing, drawn from a general viewpoint of the eight-point set of vertices, is a
closed planar figure.

The above construction produces the images 0′, 1′, 2′, 3′, 4′, 5′, 6′, 7′, of the vertices 0, 1,
2, 3, 4, 5, 6, 7 respectively, of the box.
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F 5.25. A perspective drawing of a box

We adopt the time and notation saving habit of labeling the image of a point by the point,
so rather than usingi′ as a label for the image ofi in the above perspective drawing we
label the image ofi by i, for all i = 0, 1, 2, . . . , 7. As we previously mentioned follow-
ing Construction 1.4 in Chapter 1, it is common practice to speak of “a box” when it is
understood that we mean “a perspective drawing of a box”.

When drawing a box we have several choices of presentation, as for example in Figure
5.26. Do we show just the visible surfaces, do we highlight the vertices, do we show all the
edges, or do we highlight some edges according to the visibility conventions we discussed
earlier? The answer depends on the context and the purpose ofmaking the drawing. Is it
part of an artistic scene, is it part of a construction blueprint? The answer determines the
detail of the presentation.
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F 5.26. Different drawing styles

C 5.40. Using a roller and a pencil, draw three boxes, that each have the same
vanishing points, from the one viewpoint. Shade some faces,and then erase parts of the
construction, leaving only the surfaces of boxes that are visible from the viewpoint.

We can certainly draw various boxes, using the instructionsof Construction 5.38. However
we may as well relieve ourselves of the tedium of repeated drawing by using a computer
to carry out the task for us, by means of a mathematics packagesuch asMathematica or
Maple. For example, theMathematica code given in Program 5.41 draws a cube with
shaded faces of different colors. The points “{0, 0, 0}” and “{1, 1, 1}” represent the coor-
dinates of opposite corners of the cube. The “Viewpoint→ {1.3,−2.4, 2}” option to the
“Show” command gives the standard coordinates of the viewpoint used byMathematica.
The output of this program is illustrated in Figure 5.27.

P 5.41. Perspective Drawing of a Cubic Box

g=Cuboid[{0, 0, 0}, {1, 1, 1}]
Show[Graphics3D[g],ViewPoint→ {1.3,−2.4, 2}]

Program 5.41 enables us to vary the viewpoints of the cube with a minimum of effort.
For example, the various viewpoints of the cube are described in the following table by
changing the point{1.3,−2.4, 2} in the “ViewPoint” command to the given point (see the
Mathematica Help Browser’s “ViewPoint” listing).
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F 5.27. The cube from Program 5.41

Point Perspective
{ 0,−2, 0} directly in front
{ 0,−2, 2} in front and up
{ 0,−2,−2} in front and down
{−2,−2, 0} left-hand corner
{ 2,−2, 0} right-hand corner
{ 0, 0, 2} directly above

Using coordinates to specify the box, the viewpoint and the plane of the perspective draw-
ing, the computer quickly uses the appropiate linear algebra to construct the required per-
spective drawing according to the rule given in Definition 5.1. Only the panels of the box
that are visible to the viewer are drawn, as can be seen in Figure 5.28, for example.

E 5.42. Figure 5.28 is a perspective drawing of several boxes. Each of the boxes
has the same three vanishing points.

E 5.43. Figure 5.29 is a perspective drawing of several boxes, no twoboxes having
the same vanishing points.

There is a striking difference between, for example, the perspective drawings in Figure
5.14 and in Figure 5.17, or between the various boxes in Figure 5.29, or between the three
boxes in Figure 5.30. This is explained by taking note of the following distinction between
perspective drawings of any figure that contains three important families of parallel lines:

D 5.44. A perspective drawing of a box, or of any figure containing three con-
current, but non-coplanar, extended Euclidean lines, is a3-point perspective drawing if
the vanishing point of each of the three lines is Euclidean. If two vanishing points are
Euclidean and the third is a direction, that is if an edge of the box is parallel to the plane
of the drawing, then the perspective drawing is a2-point perspective drawing. If one van-
ishing point is Euclidean and the other two are directions, that is if a face of the box is
parallel to the plane of the drawing, then it is a1- point perspective drawing.
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F 5.28. A perspective drawing of several boxes

E 5.45. Figure 5.30 contains three perspective drawings. The first is a 3-point
perspective drawing, the second is a2-point perspective drawing, and the third is a1-
point perspective drawing.

An advantage of using extended Euclidean space as the setting for our discussions is that
1-point, 2-point and 3-point perspective drawings can all be drawn with roller and pencil,
starting with an appropiate triangle of vanishing points inthe extended Euclidean image
plane, and using Construction 5.38.

C 5.46. Using a pencil and a roller, or a computer drawing package, place
a box on a sheet of paper so that you may make a3-point perspective drawing of it. Re-
arrange the box in order to make a2-point, and then a1-point, perspective drawing of
it.

E 5.47. Decide whether the perspective drawing in Figure 5.31 is a1-point,2-point
or 3-point perspective drawing.
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F 5.29. A perspective drawing of more boxes

F 5.30. Three perspective drawings of a box

F 5.31. A scene containing images of parallel lines

C 5.48. Perhaps we should again test our mastery of perspective drawing. Let
us make a2-point perspective drawing of a small staircase of three steps.
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F 5.32. Breakfast

We should remember that not every painting is drawn according to the rules of perspective.
For example, “Breakfast” by the Cubist Juan Gris may not reward any attempt to find a
preferred viewpoint.

How do we explain the impression we have of the sides of a road converging into the
distance away from us in both directions? Thinking about such questions led artists to
wonder whether or not the rules of perspective are appropriate guides for their work.

There is a practical difference between an artist’s perspective drawing and the image in a
camera obscuraor pinhole camera. In applying Definition 5.44 an artist usually has the
image between the artist’s eye and the subject of the drawing, but the pinhole separates
the image taken by a pinhole camera from the subject of the photograph. We have not had
much experience examining images of points having the viewpoint between them and the
picture plane! Let us experiment with such a perspective rendition.

P 5.49. Imagine your head enclosed in a translucent box with one faceparallel to
a sheet of paper. Draw the box, including all its edges, on thepaper.

Solution to the problem of drawing a translucent box:
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F 5.33. A translucent box enclosing the head of the artist

E 5.50. Just in case we feel that we have mastered ideas that retainedthe attention
of Renaissance giants, perhaps we could ask ourselves whichis the best seat in the cinema?
Where should we sit to watch television?

Again we stress that artists try to affect our emotions and give us messages in whatever
way they feel appropriate. Illusion and uncertainty may be part of the message. What, for
example, do we make of Boring’s “Mother-in-Law” (see Figure 5.34)?

6. Perspective rendition from an ideal viewpoint

In our discussions so far we have tacitly thought of viewpoints as Euclidean points, but our
results hold for any point of extended Euclidean space as viewpoint. In fact it is common
to use a direction as viewpoint in technical illustrations.In this section we show some
advantages of choosing a non-Euclidean viewpoint.

D 5.51. An affine projection is a perspective drawing drawn from an ideal view-
point.

An affine projection image approximates to the photographs obtained using a telephoto
lens, or the view through a telescope, of a distant scene. Clearly an affine projection image
is best viewed from some distance! It is quickly drawn using aroller and pencil because of
the following consequence of Theorem 5.26.
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F 5.34. Mother-in-Law

T 5.52. In an affine projection the vanishing point of each extended Euclidean line
is a direction. Parallel lines have parallel images in an affine projection.

P. A line containing the viewpoint and another direction is ideal and consequently
the image of each direction is a direction. Thus, from Theorem 5.26, we have that each
vanishing point is ideal. The images of the members of a family of parallel lines are lines
containing the vanishing point of the family. Thus in an affine projection parallel lines have
parallel images. �

As a consequence, in any affine projection a rectangle has an image that is a parallelogram.
This is the explanation for the convention we agreed on in Chapter 4 to denote planes.
The illustrations in this book are often affine projections and typical rectangular pieces
of pictured planes are drawn as parallelograms. For example, the four possible scenes of
Exercise 5.18 are affine projections and are quickly drawn using a roller and a pencil.
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The choice of a direction rather than a Euclidean point as viewpoint is much more conve-
nient for small projective drawings. The choice of a Euclidean viewpoint that is far enough
from the page to allow our eyes to comfortably focus on the page could give at least one
Euclidean vanishing point some distance beyond the edge of the page. It is much easier to
draw parallel lines with a roller and pencil, than to use the technique of Construction 3.45,
to draw lines meeting, say, one meter off the page. But the difference between two such
lines and two parallel lines is slight, and so a perspective drawing with an ideal viewpoint
and a perspective drawing with a convenient Euclidean viewpoint may appear very similar.

Any box drawn in affine projection will have all three vanishing points ideal. Infact there
is a very simple test to determine whether or not a particularperspective drawing is an
affine projection.

T 5.53. A perspective drawing is an affine projection if and only if the vanishing
points of three concurrent, but non-coplanar, extended Euclidean lines are ideal.

P. Suppose that the viewpoint is Euclidean. Then at most two ofthe three lines
are parallel to the plane of the perspective drawing, and so by Corollary 5.27, at most two
of their vanishing points are ideal.

Conversely, if the viewpoint is ideal, by Proposition 5.52,all vanishing points are ideal.�

A quick examination of the saw-horse of Exercise 5.22, usinga roller, suggests that it is an
attempted affine projection.

E 5.54. Figure 5.35 contains some perspective drawings of boxes. Decide which
are1-point perspective drawings,2-point perspective drawings,3-point perspective draw-
ings, or affine projections.

If an affine projection has, as its viewpoint, the direction orthogonal to its plane the projec-
tion is called anorthographicprojection. Engineering and architectural drawings consist
of, typically, three orthographic projections. The projection from the vertical direction is a
plan, and the projections from horizontal directions areelevations.

E 5.55. Using roller and pencil, draw a plan and two elevations of an Olympic
victory podium.

7. Summary of Chapter 5

We defined perspective drawings and examined their geometry. If a perspective drawing is
from a general viewpoint it is as realistic as possible. We also gave conditions for a figure
to be isomorphic to its perspective drawing.

We developed several practical techniques for drawing simple figures. Our use of extended
Euclidean space enabled us to make different styles of perspective drawings in a unified
way. We saw the simplicity of the rules for drawing from an ideal viewpoint. But we must
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F 5.35. Six possible perspective drawings of boxes

remind ourselves that art remains more than the formulationof a collection of rules — no
matter how mathematically appealing they may be.
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F 5.36. Two elevations and a plan of a building
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CHAPTER 6

BINOCULAR VISION AND SINGLE IMAGE
STEREOGRAMS

As useful as perspective drawing may be as a way of recording information about the
world, it cannot exactly duplicate our vision, as we each seewith two eyes. In this chapter
we begin to unravel the mystery of how the human brain interprets simultaneous messages
from the left eye and the right eye.

1. Binocular vision

In this section we analyze binocular vision and carry out some experiments in order to test
our conclusions. Each eye collects information, and this information is combined and in-
terpreted by our brain. The process is complicated, and not well understood. Nevertheless,
each of us continually and successfully carries it out. Let us at least begin to unravel a little
of its mystery.

F 6.1. Deceiving the Eyes

Looking at a pointx, each eye turns towardsx. If, instead ofx, the left eye sawxL and the
right eye sawxR as in Figure 6.1, could we be tricked into believing that we still saw the
point x? There are some obstacles to such an attempted deception. For example, as well
as turning, each eye changes the shape of its lens to focus on an object. In some way we
are aware of these physical states of our eyes and extract information from them about any
viewed object.
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We will try a series of experiments to indicate whether or notwe can trick our eyes and
mind. Perhaps a better way to look at the experiments is as a test of whether, and how, our
minds can create a non-planar world from only planar information.

view from here

removable center
partition

30 cm

30 cm

slots for cards 1 and 3

slots for cards

F 6.2. A stereoscopic viewing box
C 6.1. Make a viewing box as indicated in Figure 6.2. Copy, full-size, each of
the six cards shown in Figure 6.3.

An old shoe-box will do for the viewing box, a hole in its end enabling us to view the first
and third cards from a suitable distance. The partition can be hinged to the floor of the box
with adhesive tape. Its role is to help each of our eyes concentrate on its image. Painting
the interior surface matt black also helps each eye concentrate on the appropriate image.

E 6.2. Test whether you can distinguish between the first two cards,placing Card
1 60cm from the viewer, and then placing Card2 30cm from the viewer as suggested in
Figure 6.2.

This test gives practice in persuading the mind that separate pointsxL andxR, seen by each
eye respectively, can be a satisfactory substitute for a single pointx seen by both eyes. Let
us be a little bolder.

E 6.3. Repeat the experiment using Cards3 and4. Then look at each of the Cards
5 and6, placing each30cm from the viewer.
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Card 1 Card 2

Card 3 Card 4

Card 5 Card 6

F 6.3. Stereograms

Our viewing box is a rudimentary example of the once-popularstereoscope, invented by
Charles Wheatstone[62] in the middle of the nineteenth Century. Cards 2, 4, 5 and 6 are
simple examples of the photograph-pairs used in them, in which the two photographs are
taken from slightly different positions. Their erstwhile popularity suggests thatit must be
possible to persuade our minds, at least partially, that when using them we are looking at a
non-planar figure.

Each of the photograph-pairs used in the Wheatstone stereoscope and each card that we
use in our viewing box is the result of combining two perspective drawings. We formalize
this concept in the following definition.

D 6.4. A stereoscope of a figure E is a pair of perspective renditionsof E, each
drawn from a general viewpoint, drawn in the same plane. The union of the two perspective
drawings is a stereogram of the figure E.
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Just as a perspective drawing is planar, so is a stereogram. Both give information about
non-planar figures in terms of planar figures.

T 6.5. The two perspective drawings in a stereogram are isomorphic.

P. The result is an immediate consequence of Theorem 5.10. �

Let EL be a perspective drawing of the figureE, drawn from a general viewpointpL in
a planeP. Suppose also thatER is a perspective drawing ofE, drawn from a general
viewpointpR in the same planeP. We writexL for the image of any pointx ∈ E in the first
drawing andxR for its image in the second. The isomorphism of Theorem 5.10 pairs xL

with xR, for eachx in E.

The pointspL andpR are usually chosen so that the stereogramEL∪ER can be viewed with
the left eye atpL and the right eye simultaneously atpR. The stereogram inducesstereopsis
(the perception of distance) when the viewer’s mind understands enough, at least, of the
above isomorphism to know that, for some pointsx ∈ E, an image ofxL on the left retina
corresponds to an image ofxR on the right retina.

The old-fashioned Wheatstone stereoscopes forced each eyeto concentrate on the appropi-
ate perspective drawing by physically separating the perspective drawings,EL not being
visible to the right eye andER not being visible to the left eye.

Another way to encourage each eye to concentrate on the correct perspective drawing in a
stereogramEL ∪ ER is to color the figureEL red and the figureER blue. Viewing through
spectacles having a blue left lens and a red right lens lets each eye see only the appropiate
drawing, avoiding the need for a viewing box. The blue lens absorbs the red light from
EL, causing its outline to appear black to the viewer. All lightallowed through this lens
is blue and soER is barely noticeable. Similarly the right lens encourages the right eye
to concentrate onER. It is an imperfect technique, it being difficult to exactly match the
colors of the lenses and figures in practice.

E 6.6. Copy Card6 of Figure 6.3 in red and blue, coloring the figure on the left-
hand side red and the figure on the right-hand side blue. View it through spectacles with
cellophane lenses, one red and one blue. Is the result more orless convincing than that
experienced in Exercise 6.3?

A more modern use of stereograms is in avirtual reality headset. This consists of two small
screens, one fixed to the headset in front of each eye. The leftscreen displays a computer-
generated sceneEL that has the left eye’s position as viewpoint, and the other displays
ER, drawn from the right eye’s position. Sensors in the headsetinform the computer of
the eyes’ positions and the displays are re-calculated manytimes each second. Together,
at any moment, they give a stereoscopic view of a fixed imaginary, or “virtual”, subject
drawn from the position of the appropiate eye. Thus the imaginary subject remains fixed
relative to the real world as the wearer of the headset moves.
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With practice, we can view a card without using a viewing box or coloring images. Each
eye of the viewer then sees both images on the card. If the eyesturn in slightly, then the
viewer’s mind identifies the inner image from each eye and interprets the result as a non-
planar subject which in the case of Card 6, for example, is a box. The viewer then “sees”
a box (flanked by a pair of flat drawings which are the imagesEL andER seen by the right
and left eye, respectively, and not not used in creating the central impression of the box).

We might wonder how our minds cope with the problem, for example, of an Euclidean
point xL corresponding to a directionxR. But, as we now see, in practice this does not
arise.

L 6.7. Let the line containing the viewpoints of a stereoscope be parallel to the plane
of the stereogram. Then the isomorphism of Theorem 5.10 pairs Euclidean points with
Euclidean points and directions with directions.

P. If x is a point collinear withpL andpR, thenxL = xR. Otherwise the linepR∨ x
is parallel to the plane of the stereogram if and only if the planex∨ pL ∨ pR is parallel to
the plane of the stereogram. An analogous argument shows that this is the case if and only
if the line pL ∨ x is parallel toP. Thus in each casexL is Euclidean if and only ifxR is
Euclidean. �

2. Binocular vision and random-dot stereograms

It has been argued that the process of believing that we are seeing non-planar objects when
viewing a stereogram relies only on our prior knowledge thateach image is an outline of a
familiar non-planar object, in the above case a box, and doesnot rely on binocular vision
at all. In this section we investigate this claim.

In a famous experiment, Adalbert Ames, Jr. covered the interior surfaces of a room by
leaves. In monocular vision, the shape of the room was not strongly evident, but an ob-
server was easily aware of its shape when viewing with both eyes.

In 1960 the American psychologist and engineer Bela Julesz [40, 41] took this idea a step
further and replaced any recognizable outline in a stereogram by a collection of pairs,xL

and xR, of dots, each pair to represent a single pointx, as in Figure 6.1. In this way no
recognizable outline was available inEL or in ER to prompt the mind of the viewer of a
stereogramEL ∪ ER.

P 6.8. Can all the information our brains receive during binocularvision be ob-
tained by monocular vision alone?

Solution. Place a copy of Card 7, shown in Figure 6.4, in the viewing box and examine it.

If you see something that you recognize as a simple non-planar figure, then you have
disproved the argument mentioned above, and shown that you make unavoidable use of
your binocular vision to observe the world around you in a waywhich cannot be duplicated
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F 6.4. Card 7

by monocular vision. When you succeed you will be in no doubt.The clarity is quite
stunning. �

Consequently, perspective drawing alone cannot be a fully satisfactory method of informa-
tion transfer, in planar form, about our world.

If you have difficulty with this experiment there are a variety of suggestions, all designed
to encourage you to turn your eyes in, only a little, so that the left looks directly atxL and
the right atxR, for some pointx beyond the card. It may help if you imagine that you are
looking through the box to a pointx beyond and let your eyes “glaze” a little, that is let the
focus of their lenses wander.

If still in difficulty, viewing Cards 8 and 9, above, in the viewing box may help you interpret
stereograms containing randomly chosen points. The box outlines of Card 8 may help fuse
the corresponding dots of the left and right images. Alternate it with Card 9 until you feel
at home with the latter. Then try Card 7 in the viewing box again.

D 6.9. Let a figure E be chosen, the points of E forming a reasonably random
collection on the surface of an object. Then any stereogram of the figure E is a random-dot
stereogram of the object.

The stereogram on Card 7 is an example of a random-dot stereogram. It was created by the
following Mathematica program. You may like to experiment by varying the functionf in
order to give cards that may be viewed in the viewing box.

P 6.10. Random Dot Stereogram of a Surfacef (x, z) = y
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F 6.5. Card 9

The code “leftViewPt” and “rightViewPt” specify the two viewpoints from which the per-
spective drawings that constitute the stereogram are drawn. The surface being examined
has equationf (x, z) = y.

leftViewPt={1,-3,-30,0};

rightViewPt={1,3,-30,0};

f[pair_]:=40+pair[[1]];

“SubjectDomain” is a square containing a random collectionof pairs (x, z). The code
“stereoSubject” is the corresponding collection of points(x, f (x, z), z). This collection is
E, that part of the surface defined byf , the subject of the drawing.

subjDomain=Table[{Random[Real,

{-3,3}],Random[Real,{-3,3}]},{700}];

stereoPt[m_]:={1,m[[1]],f[m],m[[2]]};

stereoSubject=Map[stereoPt, subjDomain];
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The function “leftShadow” specifies the perspective drawing “leftStereo” of “stereoSub-
ject” that is drawn from the viewpoint of the left eye in coordinate form. Similarly, “right-
Shadow” specifies the perspective drawing that is drawn fromthe viewpoint of the right
eye in coordinate form.

leftShadow[subj_]:=Module[

{u},

u=m*subj+n*leftViewPt;

First[u/. Solve [{u[[1]]==1, u[[3]]==0}, {m,n}]]

];

rightShadow[subj_]:=Module[

{v},

v=r*subj + s*rightViewPt;

First[v/. Solve[{v[[1]]==1, v[[3]]==0}, {r,s}]]

];

dot[image_]:={image[[2]], image[[4]]};

leftImage=Chop[N[Map[leftShadow, stereoSubject], 3]];

leftStereo=Map[dot, rightImage];

rightImage=Chop[N[Map[rightShadow, stereoSubject], 3]];

rightStereo=Map[dot, rightImage];

The function “RDStereogram” collects the two drawings to form the required stereogram,
and “Show” prints the stereogram. The “AspectRatio” part ofthe code ensures that no
distortion takes place in the setting out of the output.

RDStereogram=Graphics[

{Map[Point, leftStereo], Map[Point, rightStereo],

Line[{{-5,-5}, {5,-5}, {5,5}, {-5,5}, {-5,-5}}]}

];

Show[RDStereogram, AspectRatio-> 1, PlotRange -> All]

3. Single-image stereograms

In this section we show how to construct so-called “random-dot stereograms”.

As we see, for example in Figure 6.6, when making stereogramsof a figureE that is too
big or too close, the two imagesEL andER overlap inEL ∪ER and their points are jumbled
with each other. In other words, some points of the stereogram have two labels, one as a
member ofEL and another as a member ofER. The only way to view such a stereogram
might seem to be with colored spectacles, as suggested belowin Exercise 6.11.

E 6.11. Copy the card shown in Figure 6.7, coloring the left-displaced outline red
and the right-displaced outline blue. View it through spectacles having a blue left lens and
a red right lens.
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F 6.6. A point of a stereogram that is seen by both eyes

F 6.7. A colored stereogram

But perhaps by a suitable choice of points on the surface of anobject we may construct a
stereogram of a figureE that could be understood without the need to resort to different
colors.

If we could select the points ofE, as for example in Figure 6.8, and train our eyes to move
in partnership, then many points of the stereogram would be used twice, once by each
eye. The plethora of coffee-table books containing so-called random-dot stereograms is
testament to the fact that we can successfully do this.

The points of these stereograms are obtained in the following way. Suppose that we wish
to visualize a figureE0 by means of a stereogram. We choose a planeP and two pointspL

andpR, neither inP. We define two functionsfL and fR as follows: Suppose thate is in E0.
We writeeL = (pL ∨ e) ∩ P andeR = (pR∨ e) ∩ P, and definefR(eL) = eR and fL(eR) = eL.
Thus fR ◦ fL is the identity function defined on some subset of the planeP.
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F 6.8. Many image points that are seen by both eyes

We construct a setEL and a setER as follows. We select a pointx of P. Each pointf n
R(x),

for which the compositionf n+1
R (x) = fR ◦ f n

R(x) is defined, is included inEL. Each point
f n
L (x), for which the compositionf n+1

L (x) = fL ◦ f n
L (x) is defined, is included inER. We

note that these points are collinear, each being in the line of intersection ofP and the plane
pL ∨ pR∨ x.

We repeat this process, choosing points untilP is reasonably densely covered. It follows
that ER = { fR(x) : x ∈ EL} andEL = { fL(x) : x ∈ ER}. ThenEL ∪ ER is a stereogram of
the figureE = {e ∈ E0 : e = (pL ∨ x) ∩ E0, x ∈ EL}. The set of points of the figureE is a
reasonably representative subset of the setE0.

It is not really appropiate to call the resultant stereograma random dot stereogram, as is
usually done. C. W. Tyler and Maureen Clark [18], the originators of the idea, coined
the phraseauto random dot stereogram. Perhaps a more appropiate name issingle-image
stereogram. This encapsulates the distinguishing feature, the almosttotal overlap of left
and right perspective drawings. This removes the annoying restrictions, on size and loca-
tion, of the objects viewed in traditional stereoscopes. A single-image stereogram can be
of an arbitrarily large object, and is restricted only by inability of the mind to cope with
unexpected changes in the distance between successive dotsin the stereogram.

There is an increasing number of programs available for constructing single-image stere-
ograms. A good example is theSIS Mathematica package [46].

E 6.12. Examine the single-image stereograms in Figures 6.10 and 6.11 in the light
of the above discussion. If in difficulty, use any of the techniques which helped when using
the viewing box.
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f-1(x) x f(x) f2(x)

point in E

point in E
point in E

F 6.9. Constructing a single image stereogram

F 6.10. A single image stereogram

E 6.13. Why is each dot “seen” so clearly in a stereogram? Is it easierto “see”
all dots more clearly than if they were painted on the actual surface represented?
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F 6.11. Another single image stereogram

4. Summary of Chapter 6

Some experiments with stereopsis proved that binocular vision is essentially different to
monocular vision. In particular we constructed and investigated four methods of creating
the effect of non-planar figures in our minds from planar information, starting with old-
fashioned stereoscopes and ending with the currently popular single-image stereograms.
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CHAPTER 7

SCENE ANALYSIS

In Chapter 5 we developed some techniques that enable us to make perspective drawings
of a figure. We now tackle the converse problem of determiningwhether a planar figure
is a scene, that is, a perspective drawing of a non-planar figure. Scene analysisis the
identification of any given planar figure as a perspective drawing of a non-planar figure.

We use our results both to investigate planar figures that areclaimed to be scenes and to
make perspective drawings of subjects that exist “in our minds”.

Our methods would enable “flat folk” with no experience of a non-planar world to theo-
retically deal with non-planar figures by means of their images, deciding whether a plane
figure does represent something beyond their experience buttheoretically possible. This is
analogous to what we would do when discussing geometry of four dimensions. We would
look at the images or “shadows” that its objects cast in our world.

When drawing figures that contain parts of planes we often draw “outlines”, that is, parts
of lines that are the images of the intersections of these planes. The nature of our drawing
implements makes this a natural procedure. Shading or coloring does help — but outlines
are perhaps the main clue to subject recognition.

F 7.1. Outlines and shading

In Chapter 5 we drew boxes. That was quite straight forward, and we commented in
Lemma 5.39 that the resultant perspective drawings are closed figures. We know from our
experiments in Chapter 1 that drawing closed figures may be fraught with difficulty. So we
begin our scene analysis with the task of drawing “imaginary” boxes in mind. We broaden
the scope of, and at the same time simplify, our analysis by thinking of boxes, and many
other figures, as parts of sets of planes.
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1. Perspective drawings of intersections of planes

We begin by examining a planar set of lines and prove that, under certain conditions, it
is a scene. We do this by constructing a set of planes. The union of the given lines is
a perspective drawing of the union of the pairwise intersections of these planes. We first
prove the following simple lemma:

L 7.1. Let p be a point and P1 and P2 be two planes, neither containing p. Suppose
that M and N are two lines in P1 concurrent with the line of intersection of P1 and P2.
Then the lines M and(p∨N)∩ P2 are coplanar, say belonging to the plane P. The images
of P∩P1 and P∩P2, in any perspective drawing in the plane P1 drawn from the viewpoint
p, are M and N, respectively.

P1

P2

M

N

(p∨ N) ∩ P2

p

F 7.2. A plane containing two given lines

P. The common point of the three planesP1, P2 andp∨ N is in each of the lines
(p∨ N) ∩ P1 = N, P1 ∩ P2 andP2 ∩ (p∨ N). Therefore it is the point of concurrence of
P1 ∩ P2, N andM. Therefore the linesM andP2 ∩ (p∨ N) are coplanar. �

We now derive a condition sufficient to ensure that a given planar setL of lines is a
perspective drawing of the pairwise intersections of a set of planes. The condition en-
ables us to label each line ofL by i j , so that we are able to construct a suitable set
P = {Pi : i = 1, 2, . . . , n} of planes. The planar union of the lines ofL is a perspective
drawing of the non-planar union of the lines of the set{Pi ∩ P j : i, j = 1, 2, . . . , n}.

T 7.2. LetL be a planar set of finitely many lines with the property that ifL contains
more than three lines, then they are not all concurrent. Thenthe following two conditions
are equivalent.
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1. The setL is a perspective drawing, drawn from any given point p as viewpoint, of the
pairwise intersections of a setP of planes. No plane ofP contains the viewpoint.

2. There is a natural number n so that, for each{i, j} ⊆ {1, 2, . . . , n}, the symbol i j labels
a member ofL ; the two symbols i j and ji label the same member ofL ; three lines labeled
i j, jk and ki are concurrent; and if i j and jk label the same line, then ik is also a label of
this line.

P. First suppose the Condition 1 to be true. LetP = {P1,P2, . . . ,Pn}. We label
the image of each intersectionPi ∩P j in the perspective drawing byi j and ji . Lemma 4.11
guarantees thatPi ∩P j , P j ∩Pk andPk∩ Pi are concurrent. Lemma 5.21 ensures that their
images are also concurrent. If a line is labeled by bothi j and jk, thenp is coplanar with
each of the linesPi ∩P j andP j ∩Pk. As p is not inP j the two lines are equal and therefore
equal toPi ∩ Pk. Thus Condition 2 holds.

Conversely, suppose that a labeling of the lines ofL satisfies Condition 2. We choose an
arbitrary viewpointp not in the plane containing the lines ofL . We choose this plane as
P1. If L is not empty, thenn ≥ 2. As P2 we choose a plane containing the line labeled
12 but not the pointp. For eachi = 3, 4, . . . , n we apply Lemma 7.1, with the line labeled
by 12 asP1 ∩ P2, the line labeled by 1i asM, and the line labeled by 2i asN, in order to
define a planePi that contains both the linesM and (p∨N)∩P2. It may be helpful to think
of eachPi being “hinged” at the line labeled by 1i and swung about this hinge out of the
planeP1 until its intersection withP2 has an image, viewed fromp, of the line labeled by
2i. Thus we have a setP = {P1,P2, . . . ,Pn} of planes.

An ambiguity arises in definingPi if M and (N ∨ p) ∩ P2 are the same line. This occurs
only if 1i and 2i label the same line, and consequently 12 also labels this line. Suppose
that the line labeled by 12 and 21 has another label. On the onehand, there may be another
member ofL that has only two labels. In this case a permutation of{1, 2, . . . , n} gives a
re-labeling of the members ofL for which the line re-labeled by 12 has 12 and 21 as its
only labels. This re-labeling satisfies Condition 2. Suppose, on the other hand, that each
line of L has at least three labels. In this case letr be any member of{1, 2, . . . , n}. If a line
is labeled byir and jr , then it is also labeled byi j . Therefore each line ofL has a label
not containingr. We delete all labels containingr, leaving each line labeled at least twice.
Continuing to delete labels in this way until some line has only two labels, we are left with
a labeling for whichi j labels a member ofL , for each{i, j} ⊆ {r1, r2, . . . , rm}. We replace
eachr i by i, and permuting{1, 2, . . . ,m} if necessary, we obtain a labeling that satisfies
Condition 2 and in which the line labeled by 12 has only 12 and 21 as labels.

Thus, without loss of generality, there is a labeling for which the above procedure gives a
well-defined set of planes.

If the point p were in one of the planes, sayPi , then 1i and 2i would label the same line.
Then 12 would label this line, contradicting the fact that this line has only two labels.
Thereforep is not in any of the planes ofP.
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We can be sure that each intersectionPi ∩ P j is a line. If not, then the planesPi andP j

would not be distinct and 1i and 1j, and thereforei j , would label the same memberL of L .
As well, 2i and 2j, and thereforei j , would label the same memberM of L . ThusL = M
and 1i and 2i would both label this line. Consequently 12 would also labelthe line. But
this could not be so as 12 and 21 label a line that has only two labels.

From our choice of planes we have that the image ofP1 ∩ Pi is the line labeled by 1i,
and that the image ofP2 ∩ Pi is the line labeled by 2i in the perspective drawing of the
non-planar union of the set{Pi ∩ P j | i, j = 1, 2, . . . , n} of lines from the viewpointp.

We need to check that the intersection of any two planesPi andP j , where neitheri nor j
is in {1, 2}, has the required image. The linePi ∩ P j contains the pointP1 ∩ Pi ∩ P j =

(P1 ∩ Pi) ∩ (P1 ∩ P j). This point is the intersection of the line labeled by 1i and the line
labeled by 1j, and so belongs to the line labeled byi j . Also Pi ∩ P j contains the point
P2∩ Pi ∩ P j = (P2∩Pi)∩ (P2∩ P j). This point has an image belonging to the line labeled
by 2i and to the line labeled by 2j. This point also belongs to the line labeled byi j .

ThusPi∩P j has the line labeled byi j as its image, unless possibly the image ofP1∩Pi∩P j

and the image ofP2 ∩ Pi ∩ P j is the same point. Asp is not in P1, Lemma 2.21 ensures
that this could only occur ifP1, P2, Pi , andP j were concurrent. But then certainly 1i, 1j,
and 12 would label concurrent lines. We know that not all lines of L are concurrent. But
the concurrence of lines labeled by 1r, for all r, would force the concurrence of all lines
of L as, for eachr, three lines labeled by 1r, 1sandrs are concurrent. So, without loss of
generality, there is a line labeled by 13 that is not concurrent with the lines labeled by 1i
andi j . We replaceP2 in the above argument byP3 and thereby prove thatPi ∩ P j has the
line labeled byi j as its image as required. �

We now refer to each line ofL by any of its labels, saying “the linei j ” rather than the more
tedious “the line labeled byi j ”. We take care not to confuse a labeli j for a line with the
more common usagei ∨ j for a line containing pointsi and j. The labeli j reflects the fact
that the line is an image of the intersection of two planes in some perspective drawing.

C 7.3. Let the lines ofL be labeled so that1i , 1 j. Then the planes Pi and Pj

are distinct.

P. If the planesPi andP j were not distinct, thenP1 ∩ Pi andP1 ∩ P j would be
the same line and have the same image in any perspective drawing. �

The following example proves that Theorem 7.2 may fail should we allow all the lines of
L to be concurrent.

E 7.4. The union of the seven lines in Figure 7.3 is not a perspectivedrawing of the
pairwise intersections of seven planes P1, P2, . . . , P7 in which the image of Pi ∩ P j is the
line i j, for all i , j = 1, 2, . . . , 7.

If Figure 7.3 were such a scene, by intersecting the seven planes with an eighth planeP8

that is not concurrent with them, we would obtain the planar figure shown in Figure 7.4.
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1 2 = 2 3 = 3 1

2 4 = 4 7 = 7 2

1 5 = 5 7 = 7 1

3 4 = 4 5 = 5 3

2 5 = 5 6 = 6 2

3 6 = 6 7 = 7 3

1 4 = 4 6 = 6 1

F 7.3. Incorrectly labeled lines

This supposed figure is a Fano geometry which, we know from Corollary 3.57, does not
exist as a figure. Therefore the set of seven planes does not exist.

F 7.4. The intersections ofP8 with seven planes

We have restricted ourselves so far to discussing possible scenes drawn from a viewpoint
that is not in any of the planes ofP. Precise necessary and sufficient conditions can be
given for the union of the lines ofL to be a scene drawn from a viewpoint belonging to
some of the planes ofP. In this case certain intersection lines may have points as images.

As a representative result we give the conditions for the union of a planar setL of lines to
be a scene drawn from a viewpoint in one of the planes.
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T 7.5. LetL be a planar set of finitely many lines with the property that ifL contains
more than three lines, they are not all concurrent. Then the following two conditions are
equivalent:

1. The setL is a perspective drawing, drawn from any given viewpoint, ofthe pairwise
intersections of a setP of planes. Exactly one member ofP contains the viewpoint.

2. There is a natural number n so that, for each{i, j} ⊆ {1, 2, . . . , n}, the symbol i j labels
a member ofL ; the two symbols i j and ji label the same member ofL ; three lines labeled
i j, jk and ki are concurrent; the two symbols3i and 3k label the same line; and if k, 3
and i j and jk label the same line then ki is also a label of this line.

P. The proof follows that of Theorem 7.2, except thatP3 is chosen to be the plane
containing bothp and the line labeled 13. �

E 7.6. Figure 7.5 contains a perspective drawing of a box, drawn in3-point per-
spective from a viewpoint coplanar with one face of the box. Draw extra lines and assign
labels to the lines of the resulting figure that support the conclusion that it is indeed a
perspective drawing of a box.

F 7.5. A box drawn from a viewpoint coplanar with a face

2. Scenes and other planar figures

In this section we give some varied applications of Theorem 7.2. A first application verifies
the following intuitively satisfying result. It enables usto be certain, for example, that our
illustration for Theorem 4.16 in Figure 4.4 is a perspectivedrawing.

T 7.7. Any planar Desargues figure is a perspective drawing of a non-planar De-
sargues figure, drawn from a general viewpoint. Conversely,a perspective drawing of
any non-planar Desargues figure, drawn from a general viewpoint, is a planar Desargues
figure.
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F 7.6. A labeled planar Desargues figure

P. Applying Theorem 7.2 to any planar Desargues figure labeledas in Figure
7.6 gives a set of five planes. We note, as we did in Exercise 4.34, that the pairwise
intersections of these five planes are the lines of a non-planar Desargues figure that has the
planar Desargues figure as its perspective drawing.

As both figures contain the same number, ten, of points the viewpoint is not in a 3-point
circuit of the non-planar Desargues figure. As well, both figures contain the same number,
ten, of 3-point circuits, ensuring that the viewpoint is notin any 4-point circuit of the non-
planar Desargues figure. From Proposition 5.3 we now have that the viewpoint is a general
viewpoint.

The converse statement is Lemma 5.8. �

We continue our use of Theorem 7.2, applying it to the Penrosetriangle:

D 7.8. The Penrose “triangle”, described by L.S. Penrose and the British mathe-
matical physicist Roger Penrose[51] in 1958, and used to great effect by Maurits Escher
in several lithographs[22, 56], is the planar figure shown in Figure 7.7

P 7.9. Is the Penrose “triangle” a scene in which each shaded regionis the image
of a planar set?
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F 7.7. The Penrose “triangle”

Solution. If Figure 7.4 were to be a scene then the three labeled lines inFigure 7.8 would
be the images of pairwise intersections of three planes. Butthey are not concurrent, and
consequently from Theorem 7.2 we have that the Penrose triangle is not a scene. �

2 31 2

1 3

F 7.8. A labeled Penrose “triangle”

The following easily stated but non-trivial question of plane projective geometry would
seem to have little to do with non-planar matters. This problem

P 7.10. (Pons Asinorum, or “Asses Bridge”) Let P be a plane. If A, B, and C are
three concurrent lines in P, and a, b, and c are three non-collinear points in P, then is there
a triangle with vertices on each of A, B, and C, respectively,— and sides through each of
a, b, and c, respectively?

Solution. A few attempts to draw such a triangle will rapidly lead to theconclusion that
the question is not a trivial one.

Even through the problem concerns a planar figure, Theorem 7.2 allows us to gain insight
by thinking of the figure as a scene.

We select a pointp. We know that{A, B,C} can be labeledA = 23, B = 13, andC = 23,
thus ensuring that their union is a perspective drawing of the pairwise intersections of three
planesP1, P2, P3 from the viewpointp. We think ofa1 = P1 ∩ (p∨ a), b1 = P2 ∩ (p∨ b),
andc1 = P3 ∩ (p∨ c) as points on the planesP1, P2, P3, respectively.
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F 7.9. A figure containing three points and three lines

If we defineP4 = a1∨b1∨c1, then, in any perspective drawing of the family{P1,P2,P3,P4}
drawn from the viewpointp, the images ofP1 ∩ P4, P2 ∩ P4, andP3 ∩ P4 are the sides of
the required triangle.

Conversely, any solution to Problem 7.10 would be the perspective drawing of the pairwise
intersections of the members of{P1,P2,P3,P4} drawn from the viewpointp.

Thus we deduce that there is exactly one triangle solving theproblem. �

2 3

1 3

1 4
3 4

2 4

1 5

3 5

4 5

2 5

1 2

c

b

a

d

F 7.10. Solution to the Pons Asinorum

But how can we construct this unique triangle? Suppose thatd is a point ofC. Then it is
the image of a pointd1 on P1∩ P2. Let P5 be the planea1∨ b1∨ d1. We draw the pairwise
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intersections of{P1,P2,P3,P4,P5}. We have thatP4 ∩ P5 = a1 ∨ b1, and consequently
a∨ b = 45. Alsod is the image ofP1 ∩ P2 ∩ P5. Therefored is the intersection of 12, 25
and 51. Thusa∨ d is labeled 15, and similarlyb∨ d is labeled 25. In this scene, 35 must
be concurrent with 13 and 15, so 13∩ 15 ∈ 35. Similarly, 35, 13, and 15 are concurrent,
giving 23∩ 25 ∈ 35. These two points belong to the line 35. Also 35∩ 45 ∈ 34, but as
well c ∈ 34, ensuring thatc∨ (35∩ 45) is the line 34. A similar argument ensures that 24
is the lineb∨ (34∩23). The line 14 contains the two points 24∩12 and 34∩13. We know
that the three pointsa, 24∩12, and 34∩13 are each on the image ofP1∩P4 and therefore
the line 14 contains the pointa. We are therefore able to construct the (unique) solution as
follows:

C 7.11. Choose any point d in the line C. Draw the line a∨ d = 15, draw the
line b∨d = 25. Draw the line(B∩ (a∨d))∨ (A∩ (b∨d)) = 35. Draw a∨b = 45. Draw the
lines(35∩ 45)∨ c = 34and(34∩ 23)∨ b = 24. Finally, draw the line(34∩ 13)∨ a = 14.
Then the required triangle has sides14, 24, and34.

3. The existence of boxes

Think back to your work in Construction 5.40. Did you draw a box from your imagination,
or did you draw an existing physical model? If you drew from your imagination, how can
we be sure that a box having that perspective drawing could really exist?

We are asked to believe that the existence of a planar figure guarantees the existence of a
special non-planar figure. In this section we prove this claim by examining a likely con-
struction for the perspective drawing, labeling the resultant figure, and applying Theorem
7.2 to it.

We first examine the requirements of the set{v1, v2, v3} of proposed vanishing points of the
scene in the light of Definition 5.44 and Theorem 5.53.

L 7.12. Let L1, L2 and L3 be three concurrent, but non-coplanar extended Euclidean
lines. Suppose that the lines are drawn from the viewpoint p and that, for each i in{1, 2, 3},
vi is the vanishing point of Li . If p is Euclidean, then{v1, v2, v3} is a set of three non-
collinear points. If p is ideal, then{v1, v2, v3} is a set of two or three collinear ideal points.

P. Suppose that the viewpointp is Euclidean. Then the set of directions of each
of L1, L2, andL3 is non-linear and the set of these directions together withp is non-planar.
From the first conclusion of Proposition 5.3 we therefore have that no two of the vanishing
points are equal, and from the second conclusion,{v1, v2, v3} is a set of three non-collinear
points. Alternatively, ifp is ideal then, from Theorem 5.52, the set of vanishing pointsis
a set of ideal points belonging to an extended Euclidean plane, and consequently linear.
The pointp can be collinear with at most two of the set of three non-collinear directions,
ensuring that at least two of the vanishing points are distinct. �
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Therefore if we hope to draw a box from a Euclidean viewpoint,then we must begin by
choosing three non-collinear pointsv1, v2 andv3 to be vanishing points and follow the steps
of Construction 5.38.

C 7.13. Let v1, v2 and v3 be three non-collinear points of an extended Eu-
clidean plane. Choose a point0 in the plane. Draw the line vi ∨ 0 and choose a point i on
0∨ vi , for each i= 1, 2, 3. Draw the lines v2 ∨ 1 and v1 ∨ 2, and construct4, their point of
intersection. Similarly, draw the points5 = (v3 ∨ 1)∩ (v1 ∨ 3), 6 = (v3 ∨ 2)∩ (v2 ∨ 3), and
7 = (v1 ∨ 6)∩ (v2 ∨ 5).

We noted in Lemma 5.39 that when drawing an existing box our rules of perspective draw-
ing, based on Lemmas 5.15 and 5.21, ensure that the three points 4, 7, andv3 are collinear.
This collinearity guarantees that Construction 7.13 results in a closed figure. It is only
when drawing a box from imagination, as artists constantly do, that the existence of the
associated closed figure comes into question. The followingProposition deals satisfacto-
rily with this question and enables us to derive a labeling that satisfies the requirements of
Theorem 7.2.

F 7.11. A possible scene that is a closed figure

P 7.14. Construction 7.13 results in a closed figure.

P. Apply Desargues’ Theorem to the two triangles 306 and 517 ofConstruction
7.13 to ensure that (0∨ 6)∩ (v2 ∨ v3) = (1∨ 7)∩ (v2 ∨ v3). The converse of Desargues’
Theorem applied to the two triangles 062 and 174 ensures thatv3 ∈ 4 ∨ 7. This ensures
that the figure on{v1, v2, v3, 0, 1, 2, 3, 4, 5, 6, 7} satisfies the requirements of Definition 3.28
and is closed. �

We now concentrate particularly on the setL consisting of the non-trivial lines of the
construction, together with the three linesv1 ∨ v2, v2 ∨ v3, andv1 ∨ v3. We label each of
these lines as in Figure 7.12.

The labeling satisfies the requirements of Condition 2 of Theorem 7.2. From this theorem
and Corollary 7.3 we have the existence of seven distinct planesP1, P2, P3, P4, P5, P6,

153



3 5
2 34 5

2 4

4 6

1 4
3 6

1 3
1 2

2 6
5 6

1 5

3 4 = 3 7 = 4 7

2 5 = 2 7 = 5 7
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F 7.12. The possible scene of labeled lines

andP7 with the property that the union of the fifteen distinct linesof pairwise intersection
of these planes has the union of the lines ofL as a perspective drawing. There are eight
points that are each the intersection of exactly three of theplanes. The figure of these eight
points has the figure on{0, 1, 2, 3, 4, 5, 6, 7} as its perspective drawing. Already we have
succeeded in proving that Construction 7.13 gives a scene. The question now is: How
special do we need this scene to be before we are happy to call it the image of a box?

L 7.15. Let P be any extended Euclidean plane and p any Euclidean point not in P.
Then the figure on{0, 1, 2, 3, 4, 5, 6, 7} that results from an application of Construction 7.13
in the plane P is the perspective drawing of a combinatorial cube, drawn from p. Each set
having an image that is one of{1, 4, 5, 7}, {2, 4, 6, 7}, {0, 2, 3, 6}, {0, 1, 3, 5}, {0, 1, 2, 4}, and
{1, 2, 4, 7} is planar.

P. The points with images 1, 4, 5, and 7 are on the planeP4 and no subset of three
is collinear. Therefore{1, 4, 5, 7} is a circuit. From similar arguments we have that each of
the other five 4-point sets is planar as required, and the requirements of Definition 2.43 are
satisfied. �

It is clear that if the planeP7 were chosen to be ideal, then the planesP1 andP6 would be
parallel, the planesP3 andP4 would be parallel, and the planesP2 andP5 would be parallel.
We will call the resulting cube of Euclidean points abox, orparallelepiped, thinking of the
six planar 4-point sets above as thefacesof the box. Each two opposite faces would then
belong to parallel planes. We call the two-point intersection of each two non-opposite faces
anedgeof the box.
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We now prove that we are able to choose the planeP7 to be the ideal plane in the appli-
cation of Theorem 7.2 to Figure 7.12. Letp be any Euclidean point, and letP be any
extended Euclidean plane not containingp. Suppose thatL is any set of lines obtained by
Construction 7.13 inP. LabelL as in Figure 7.12.

Let P′ be an extended Euclidean plane that contains the ideal line of the planep∨ 17 but
does not contain the pointp. Let L ′ be the set of image-lines of the perspective drawing,
drawn fromp in P′, of the union of the lines ofL . From Proposition 5.7 we have that
the perspective drawing is isomorphic to the figure on the union of the lines ofL , and we
can label each member ofL ′ by the labels of the corresponding member ofL so thatL ′

then satisfies Condition 2 of Theorem 7.2. In particular we note that the ideal line ofP′ is
labeled by 17.

We now interchange the numbers 2 and 7 wherever they occur in the labels ofL ′, and then
apply Theorem 7.2, choosing the ideal plane asP2. We interchange the labels 2 and 7 on
two of the resulting seven planes, thus giving the ideal plane the labelP7.

It only requires the comment that the collection of pairwiseintersections of these planes
has both the union of the lines ofL ′ and the union of the lines ofL as perspective drawings,
to complete the proof of the following theorem:

T 7.16. Let p be any Euclidean point and P be any extended Euclidean plane not
containing p. Then any figure obtained by Construction 7.13 in P is a perspective drawing
of a box drawn from the general viewpoint p.

This is quite a remarkable result. We have argued that the existence of a planar figure
implies the existence of a corresponding non-planar figure.We have successfully shown
that the existence of a “shadow” proves the existence of something non-planar having that
“shadow”. Think how useful this method of arguing would be were we to contemplate the
existence of a four-dimensional world!

As we mentioned in Chapter 5, an advantage of using extended Euclidean space as the
setting for our discussions is that 1-point, 2-point and 3-point perspective drawings can
each be constructed using only roller and pencil, by applying Construction 7.13 to an
appropiate choice of non-collinear vanishing pointsv1, v2, andv3.

In Chapter 8 we complete our analysis of perspective drawings of boxes from a Euclidean
viewpoint by specifying in Theorems 8.6, 8.11, and 8.16 the exact conditions under which
any result of Construction 7.13 is the perspective drawing of a rectangular box. In Theorem
8.23 we also detail conditions for Construction 7.13 to be the image of an affine projection
of a rectangular box.

C 7.17. Using a computer drawing program such as The Geometer’s Sketch-
pad, follow the instructions of Construction 7.13 to make a3-point perspective drawing of
a box. Dragging the point0, or dragging a point i along a line0∨ i for i = 1, 2 or 3, gives
a perspective drawing of a parallel box. Dragging a vanishing point gives a perspective
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drawing of a differently oriented box. The comments below apply particularly to The Ge-
ometer’s Sketchpad and, taken in conjunction with the hintsfollowing Construction 1.13,
may be helpful.

Open a newSketchand use thePoint tool to construct four pointsv1, v2, v3, and 0. Select
Ray from theLine menu in theToolbox (see the second box from the right in Figure 1.13).

Click on 0, and drag to the pointv1 to produce a ray from 0. The reason for using theRay
tool rather than theLine tool is merely to avoid unnecessary parts of lines cluttering up the
screen. Repeat the process to construct lines 0∨ v2 and 0∨ v3.

Use thePoint tool to constructi on 0∨ vi , for i = 1, 2, 3. Use theRay tool to construct the
lines j ∨ vk, for the various values ofj andk required by Construction 7.13, being sure to
click on j first in each case. Then construct the points 4, 5, 6 and 7 as required.

You may like to use a computer drawing program with shading abilities, shading appropiate
faces and then hiding the construction lines used.

The following comments also apply particularly to The Geometer’s Sketchpad and may be
helpful.

Decide on the faces to be shaded and carry out the procedure described following Con-
struction 1.26 for each of these faces. To hide the lines of the construction, chooseRay,
from theEdit menu chooseSelect All Rays, then from theDisplay menu chooseHide All
Rays. If you would also like to remove the points, choosePoint, Select All Points, Hide
All Points. Do not forget that theUndo option is available in theEdit menu if things get
out of hand.

A computer-generated result of Construction 7.17, drawn from a viewpoint of the left eye
of an observer, can be displayed on a small translucent screen that is fixed to a headset in
front of the eye. Sensors in the headset inform the computer of the eye’s position and the
display is re-calculated many times each second. At any moment, it gives a perspective
drawing of a fixed imaginary, or “virtual”, box drawn from theposition of the left eye.
Thus the imaginary box remains fixed relative to the real world as the wearer of the headset
moves. It appears to the observer as if the imaginary box is really present. More complex
virtual reality may be used in order to investigate the appearance and effect of a proposed
building in a cityscape, thus giving city planners a better chance of discovering unexpected
surprises before building is commenced. We discuss stereoscopic virtual reality, produced
by simultaneously using this technique for each eye, in Chapter 6

4. Completing a partial scene

Often we see only part of a figure, although we suspect that thehidden part exists. In this
section we add lines to a planar figure and apply Theorem 7.2 tothe augmented figure, in
order to prove that the initial figure is itself a scene.
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As an example we look again at the technique we used to complete, in Construction 5.35,
the image of the house roof shown in Figure 5.22. The requiredline can be obtained by
labeling the lines of the scene as shown in Figure 7.13.

F 7.13. Labeled lines of a house image

We use the concurrence of lines 13, 17, and 37, and the concurrence of 35, 57, and 37 to
draw two points of 37. A similar argument constructs the line47. Finally the concurrence
of the lines 13, 14, and 34 and the concurrence of lines 34, 37,and 47 gives two points of
the required line 34.

Our approach in general is as follows. We suspect that a set oflines forms a desired scene.
To verify this we interpret the scene as the perspective drawing of some, but not all, of
the pairwise intersections of a setP of planes. We add other lines to the scene to give the
images of all pairwise intersections of the members ofP, enabling us to apply Theorem
7.2.

For instance we can think of Figure 7.14 as an attempt at a perspective drawing of a trian-
gular plateau with three sloping planar side cliffs. Applying Theorem 7.2 to Figure 7.14
we have that pairs of the cliffs must intersect in three concurrent lines for the figure to be
the required scene. That is not the case, and so the figure is not a perspective drawing of a
triangular plateau.

1 2

1 4

1 3

2 3

3 4
2 4

F 7.14. A possible triangular plateau
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Let us examine the figures in Figure 7.15 in this spirit. Each may loosely be thought of as
a possible perspective drawing of a plateau with sloping planar cliff sides. The lines of the
first figure can be labeled as in Figure 7.16.

We need to add lines 34, 15, and 25 in order to satisfy the requirements of Theorem 7.2.
These lines, and the existing lines, must satisfy concurrency conditions. Looking at these
conditions in detail, we see that the following triples needto be concurrent:{12, 23, 13}∗,
{12, 24, 14}∗, {12, 25, 15}, {13, 34, 14}, {13, 35, 15}, {14, 45, 15}, {23, 34, 24}, {23, 35, 25},
{24, 45, 25}, and{34, 45, 35}. Those concurrences marked with an asterisk follow directly
from our labeling.

In order to satisfy all requirements of Condition 2 of Theorem 7.2, we choose 25 through
the two points 23∩ 35 and 24∩ 45, we choose 34 through the two points 23∩ 24 and
13∩14, and we choose 15 through the two points 12∩25 and 13∩35= 14∩45. This can
always be done, as in Figure 7.16, for example. So the first figure is a scene, a perspective
drawing of a flat-topped mountain.

F 7.15. Some plateau

Similarly, we investigate the second figure of Figure 7.15. We label it as in Figure 7.17.
Lines 16, 24, 26, 35, 36, and 45 are needed to augment the figureto a possible perspective
drawing of the pairwise intersections of six planes. We draw24 = (12∩ 14)∨ (23∩ 24),
35= (13∩15)∨ (23∩25), and 26= (24∩46)∨ (25∩56). To be able to draw the required
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F 7.16. Images of pairwise intersections of the first plateau and
its cliffs

line 45 we need the points 45∩ 56, 34∩ 35, and 24∩ 25 to be collinear. An application
of Desargues’ Theorem to the figure so far completed proves this to be true, enabling us
to draw 45. Similarly we add lines 16 and 36 that satisfy all concurrency requirements of
Condition 2 of Theorem 7.2, and consequently the original figure is a perspective drawing
of a four-sided plateau.

4 6

5 62 5

3 42 3 1 3

1 4

1 5

1 2

F 7.17. A four-sided plateau

E 7.18. Is the third figure of Figure 7.15 part of a scene?
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We label each of the fourth and fifth figures of Figure 7.15 as inFigure 7.18. In order to
prove that each is a scene we need only check the concurrences{12, 23, 13}∗, {12, 24, 14},
{12, 25, 15}∗, {13, 34, 14}∗, {13, 35, 15}, {14, 45, 15}∗, {23, 34, 24}, {23, 35, 25}, {24, 45, 25},
and{34, 45, 35}. Those marked with an asterisk are certainly correct. In each case we need
the existence of lines 24 and 35, satisfying the above concurrences, to complete a scene.
Clearly (13∩ 15)∨ (23∩ 25) is the unique possibility for 35. We could find a suitable line
24 exactly if 12∩ 14, 23∩ 34 and 25∩ 45 were concurrent. If this were so, then Theorem
7.2 would guarantee that the figure was a scene. Thus the fourth figure is, and the fifth
figure is not, a scene.
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F 7.18. A scene and a figure that is not a scene

F 7.19. A possible plateau and ridge

E 7.19. Is Figure 7.19 part of a scene?

160



5. Two problems

To complete this chapter we illustrate the wide-ranging useto which Theorem 7.2 may be
put by applying it to two quite disparate problems, Problems7.20 and 7.21. The latter in
particular seems initially to have little in common with ourwork.

The first problem is a very practical one. Derelict garden fences are a common sight, many
with only the frames of some panels remaining.

P 7.20. A friend made a framework for a panel of a garden fence but it was warped
— even through each of the six pieces of timber remained straight. He drew it for me.
Figure 7.20 contains the result of his drawing. Did he succeed in making a perspective
drawing of the framework?

F 7.20. A warped framework

Solution There may be some doubt that my friend could make such a framework. He put
in three posts, unfortunately pairwise skew, as in Figure 7.21. Then he noted (and from our
knowledge of Lemma 5.13 it should not surprise us) that he could nail a rail to any point
that he chose on the first post so that it touched each of the other posts. This he did, and
completed nailing it to each post where it touched. Two more rails completed his attempt
at the fence panel.

We could possibly make some progress with the problem if we could think of his drawing
as part of the image of the intersections of a family of planes. To this end we note that
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F 7.21. Three posts and three rails

each pair of nailed intersecting lines in the framework belongs to a unique plane. We label
these nine intersection points as in Figure 7.22, and call the plane determined by theith
intersectionPi . After a little thought we see that the lines of my friend’s drawing must be
labeled as in Figure 7.22 if we are to apply Theorem 7.2.

4 5 = 5 6 = 6 4

7 8 = 8 9 = 9 7

1 2 = 2 3 = 3 1

1 4 = 4 7 = 7 1
2 5 = 5 8 = 8 2

3 6 = 6 9 = 9 3

2

5

4

6

7
9

1

3

8

F 7.22. Labeling intersections, posts, and rails

In order to apply Theorem 7.2, we need the image of the intersection of eachpair of the
nine planesP1, P2, . . ., P9. ExaminingP1 andP5 for example, the planeP1 contains the
line 1∨ 2, andP5 contains the line 2∨ 5, ensuring that the point 2 is inP1 ∩ P5. Similarly
the point 4 is inP1 ∩ P5, giving thatP1 ∩ P5 = 2 ∨ 4. Therefore we should add a line
through 2 and 4 to the drawing and label it by 15. We are imagining a skew 4-gon 1254 in
P1 ∪ P5 that has four pieces of wood as its sides.

We repeat this argument for each of the seventeen other non-planar 4-gons with wooden
sides that has a pair{i, j} of nails as opposite vertices, labeling the line through theimages
of the other two vertices of the 4-gon byi j .

In order to use Theorem 7.2 we must establish the concurrenceof the three linesi j , jk,
andki, for {i, j, k} ⊆ {1, 2, 3, 4, 5, 6, 7, 8,9}. Four different cases arise, depending on the
configuration of the pointsi, j, andk and shown in Figure 7.24.
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F 7.23. Labeling lines of the augmented drawing

F 7.24. Testing concurrent lines

In the first case, concurrence follows directly from the labeling of the images of the posts
and rails. In the second case, the points are images of three of the vertices of a 4-gon
contained in the framework;i j being the image of a post,jk the image of a rail, andki the
image of the diagonal of th 4-gon throughj as required. In the third possibility, two of the
lines are diagonals that share a point with the third image ofa rail (or post).

There are six possibilities for the fourth case, namely:{15, 59, 91}, {16, 68, 81}, {24, 49, 92},
{26, 67, 72}, {34, 48, 83}, and{35, 57, 73}. From Desargues Theorem and its converse ap-
plied to the triangles 124 and 968 we have that the concurrence of 15, 59, and 91 is equiv-
alent to the concurrence of 35, 57, and 73. Similar argumentswith the pair 287 and 463,
the pair 746 and 328, the pair 146 and 982, and the pair 964 and 128 prove that any one of
the above six concurrences implies the remaining five.

Consequently the drawing is a perspective drawing of a skew framework if and only if
we can choose points{i, j, k} ⊆ {1, 2, 3, 4, 5, 6, 7, 8, 9}, with no two on the same line of the
original drawing, so that the added linesi j , jk, andki are concurrent. �

In Figure 7.25 we apply the test to my friend’s illustration.
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F 7.25. Testing my friend’s drawing

Lastly we take a whimsical look at a problem that seems to be more akin to a jigsaw puzzle
than a question of geometry. Acalissonis a French sweet that has a rhombic cross-section,
looking like two equilateral triangles that share an edge. Packing a layer of calissons in a
box shaped like a regular hexagon gives rise to an interesting combinatorial problem. If
the box, with side-lengthn, is filled with sweets of side length 1, then each sweet will have
one of three possible orientations.

P 7.21. What can we say about the number of calissons in each of the three possible
orientations in a filled hexagonal box?

Solution. Let us examine the example of such a packing in Figure 7.26.

Coloring all sweets that share the same orientation the samecolor gives the very suggestive
diagram in Figure 7.27. If this were a perspective drawing ofboxes, then there would be
twenty-five facing left, twenty-five facing right and twenty-five vertically up and the answer
to our question would be clear.

But are these the directions faced by the boxes? Often, looking at Figure 7.27 for a few
moments will cause our perception of the cubes to reverse. Theorem 5.53 suggests that if
we are indeed looking at a perspective drawing then it is an affine projection. Our later
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F 7.26. A packing of calissons

F 7.27. A colored packing of calissons

discussion of distortion in affine projections, following Figure 8.18 in Chapter 8, will lead
us to expect such a lack of certainty in perception.

In order to prove our argument we show that the illustration above is indeed a perspective
drawing of the pairwise intersections of three parallel families of planes. Our intuition
leads us to guess that the planes should be labeled as shown inFigure 7.28.

i = 1, 4, 7, . . . , 16 j = 2, 5, 8, . . . , 17 k = 3, 6, 9, . . . , 18
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F 7.28. Three families of parallel planes

Some consequent labeling of images of the
(

18
2

)

= 153 pairwise intersections of the planes
is shown in Figure 7.29. For eachi and j differing by a multiple of 3, the labeli j is given
to the ideal line of the page.

F 7.29. Some labeled image lines

There are 18 choices fori, j andk, giving
(

18
3

)

= 816 concurrences to be checked. If each
of us successfully verifies a representative sample of these816 required concurrences we
can be reasonably confident of any conclusion based on the interpretation of Figure 7.27
as a scene.

We could carry out an analogous argument for a box of side-length n, for any natural
numbern, and we conclude that consequently, in any packing of calissons, the number
with any given orientation is one third of the total number inthe box. �
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6. Summary of Chapter 7

When given a set of labeled lines purporting to be the image ofpairwise intersections of a
set of planes, we used Theorem 7.2 as a simple internal test ofthe lines which determined
the truth of the claim.

In particular we used the test to give a construction for perspective drawings of boxes.

We also investigated whether other common planar figures arescenes. Finally, we applied
it to solve two seemingly unrelated problems, thePons Asinorumand a sweets packing
problem, by treating them as possible scenes rather than merely planar figures.
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CHAPTER 8

DISTORTION AND ANAMORPHIC ART

We have applied rules, derived from the definition of perspective drawing, in order to draw
various simple subjects. But what is the justification for this particular form of planar
representation of figures? Why do it? Are perspective drawings particularly easy represen-
tations to interpret? Are they intuitively convincing, or does it require an effort of intellect
to use and understand them? Together with words, they constitute our major attempt to
exchange information on paper about the world around us. Butthey sometimes produce
an uneasy feeling in the viewer that they may be misleading, that they “just do not look
right”. We should find out why.

1. Viewing perspective drawings

In this section we decide how best to view a perspective drawing. Let us begin by drawing
some more boxes. We already have a perspective drawing of boxes, each box having the
same vanishing points, in Figure 5.28. We also have a perspective drawing of boxes, in
which no two boxes have the same vanishing points, in Figure 5.29. We use Program 5.41
to obtain some more perspective drawings, each from a different viewpoint.

E 8.1. Figure 8.1 contains a collection of perspective drawings ofthe same box,
each drawn from a different viewpoint.

The pictures we drew in Figures 5.26, 5.28, 5.29, and 8.1, andsome others drawn in
Chapter 5, look terrible! Surely five hundred years of European art can lead to something
better. What is wrong?
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F 8.1. Boxes drawn from different viewpoints

We can do no better than quote the following translation [54, pages 325-6] of Leonardo da
Vinci;

“ ... If you want to represent an object near you which is to havethe effect of nature, it
is impossible that your perspective should not look wrong, with every false relation and
disagreement of proportion that can be imagined in a wretched work, unless the spectator,
when he looks at it, has his eye at the very distance and heightand direction where the eye
or the point of sight was placed in doing this perspective.”
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If we view a picture, with one eye, from the viewpoint of its creator we can be confident
that it will not appear distorted to us. Definition 5.1 ensures that, seen from the view-
point, the outlines on the canvas coincide exactly with those of the subject. Viewed from
elsewhere, or with two eyes, we can have no such expectation about the appearance of a
perspective drawing. Binocular vision — using both eyes — raises complex physiologi-
cal and psychological questions which neither the scientific nor the artistic community are
able to satisfactorily answer. We discussed some aspects ofbinocular vision in Chapter 6,
and proved that it differs fundamentally from monocular vision. Here we concentrate on
viewing with one eye, trying to determine where to place the eye.

There seems to be no one spot from which all the boxes in Figure8.1 “look right”. This
would agree with our hypothesis that each needs to be observed from its particular view-
point.

E 8.2. By viewing from different positions with one eye open, find a point from
which the scene in Figure 5.14 “looks right”. A little experimentation may suggest that it
is very close to the page, perhaps less than 5 cm above it.

Looking at Figures 5.28 and 5.29, we may also find distortion is least when each is viewed
from close to the page.

A disadvantage of such a viewpoint is the difficulty of looking at the drawing as it is meant
to be viewed, from its viewpoint, as the viewer’s eye cannot easily focus on the page from
a point so close.

On the other hand, a disadvantage for the artist in using a viewpoint far from his canvas is
the necessity of drawing lines that meet at vanishing pointsoff the canvas. He then has the
time-consuming need to use techniques like that of Construction 3.45, whereas we noticed
in Construction 5.38 how easy it is to draw a box if the three vanishing points used are on
the page.

The conflict of these two requirements of a viewpoint is exacerbated whenever we look at
small reproductions of paintings in art books.

E 8.3. When next you visit an art gallery try to locate the viewpointof some of the
paintings by looking at each from several locations. (Caution: start from afar and move
in. Curators are suspicious of close observers.)

2. Anamorphic art

In this section we discuss the use that artists make of the fact that a perspective drawing
has a preferred viewing position. Hidden meaning in figures,as for example we saw in
Boring’s “Mother-in-Law” in Figure 5.34, has been a constant theme of artists. In its most
general usage the termanamorphic artincludes figures drawn on non-planar surfaces,
figures which need to be viewed via non-planar mirrors, and figures whose message is
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disguised in any of a variety of ways. In Chapter 6 we investigated a modern manifestation
which needs binocular vision for its interpretation, the so-called “random-dot stereogram”.

The simplest, and possibly earliest, technique of anamorphic art is that of making a per-
spective drawing from an unlikely viewpoint, so that it is rarely initially seen from this
point. As the understanding of perspective developed only during the Renaissance it is not
surprising that the earliest examples are found in Leonardoda Vinci’s drawings.

F 8.2. Sketch of a baby’s face

Figure 8.2 contains a sketch, probably drawn before 1478, from folio 35, versaa, of the
Codex Atlanticus [20]. Experiment suggests that the baby’s face was drawn from a view-
point about 2 cm above the right-hand edge of the page.

F 8.3. Cross-sections of columns

In Figure 8.3 da Vinci demonstrates that images of cylindrical columns far from the view-
point are bigger than images of closer columns, quite a surprising result.

Anamorphic techniques were a significant part of an artist’sarmory for some centuries. In
1639 Johann Heinrich Glaser engraved “Christ with the Crown of Thorns, Flanked on the
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Right by the Fall from Grace and on the Left by the Expulsion from Paradise”. Christ is
drawn anamorphically, and His “unseen” presence during normal viewing of the Fall and
Expulsion is a significant part of the artist’s message. We have earlier seen such examples
of figures, parts of which are drawn from different viewpoints, for example the three parts
of Figure 5.30 or sections of Gris’ “Breakfast” in Figure 5.32.

F 8.4. Two perspective drawings of the same cubic box

Figure 8.4 contains two perspective drawings of the same cubic box. The viewpoint of the
first is very close to a vertex of the box, the second is drawn from a viewpoint close to the
right-hand edge of the page. We repeat the advice of da Vinci:

I 8.4. If we view a perspective drawing, with one eye, from the viewpoint of its
creator we can be confident that it will not appear distorted to us.

To test this advice we view some examples. But we need rules that will enable us to locate
the supposedly correct viewing position in each case.

We may have tacitly thought of each box we have studied as rectangular, and of course
most buildings and other subjects we draw do have edges meeting at right-angles. But our
investigation thus far has relied only on the fact that each edge of a box belongs to one of
three families of parallel lines as defined following Lemma 7.15. When discussing whether
the image of a particular box “looks right” we perhaps need toknow more about the box
itself.

D 8.5. Each line that contains an edge of a box belongs to one of threefamilies
of parallel lines. The box is rectangular if the directions of these families are pairwise
orthogonal. It is cubic if it is rectangular and the distancebetween the each pair of vertices
of an edge is the same.

In fact each box that we have drawn so far is rectangular. Figures 5.28, 5.29, and 8.1
contain perspective drawings of identical cubic boxes. These drawings and the ones that
follow in this chapter will repay careful study in the light of Theorems 8.6, 8.11, 8.16,
and 8.23. The theorems may also explain any dissatisfactionyou felt with the results of
Construction 5.46.
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3. Distortion in 3-point perspective drawings

We now locate the viewpoint of a 3-point perspective drawingof a rectangular box, using
only clues that are contained within the drawing. We then test the usefulness of da Vinci’s
Viewing Advice 8.4 on various examples.

T 8.6. Let a box be drawn in3-point perspective (see Figure 5.24). Let p be any
Euclidean point not in the plane of the perspective drawing.Then the scene is also a
3-point perspective drawing of a box drawn from the viewpointp.

If the triangle of vanishing points of the scene is not acute-angled, then the scene is not a
perspective drawing of a rectangular box from any viewpoint.

If the triangle of vanishing points is acute-angled, then the scene is the perspective drawing
of a rectangular box drawn from the fourth vertex of the unique right-angled tetrahedron
whose base is the triangle of vanishing points.

P. The perspective drawing is obtained by Construction 5.38.But this is exactly
the process of Construction 7.13, and Theorem 7.16 guarantees that the resultant figure is
the perspective drawing of a box that is drawn from any Euclidean viewpoint using the
original vanishing pointsv1, v2 andv3. Theorem 5.26 ensures that each edge of the box
is parallel to one ofp∨ v1, p∨ v2 andp∨ v3. Consequently the box is rectangular if and
only if the tetrahedronpv1v2v3 is right-angled atp. From Theorem 4.57 we know that this
happens if and only if the triangle of vanishing points is acute-angled. �

The vanishing points of the first scene in Figure 8.5 are the vertices of a triangle that is not
acute-angled. The vanishing points of the second scene in Figure 8.5 are the vertices of an
acute-angled triangle.

E 8.7. The first scene in Figure 8.5 is a3-point perspective drawing of a box, drawn
from a viewpoint8cm above the+ sign. It is not a perspective drawing of a rectangular
box from any viewpoint. The development of the box is also shown. The second scene is
a 3-point perspective drawing of the same box, drawn from a viewpoint 8cm above the∗
sign. This scene is also a perspective drawing of a rectangular box from some viewpoint.

Of course in practice most “boxes” drawn are rectangular. Inorder to check the claim that
it is best to look at a scene from its viewpoint it will be useful if we have a practical method
of locating the viewpoint of such a scene.

Consider any 3-point perspective drawing of a rectangular box, drawn from a viewpointp,
and having vanishing pointsv1, v2 andv3. We saw in Theorem 4.57 that the viewpoint is
on the line, perpendicular to the plane of the perspective drawing, that passes through the
orthocenter of the triangle of vanishing points.

As the linep ∨ v1 is perpendicular to each extended Euclidean line ofp ∨ v2 ∨ v3 it is
perpendicular to the linep ∨ a. After drawing a semicircle on the segment [av1], and a
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F 8.5. Two views, and a development, of a parallelepiped

F 8.6. Locating the viewpoint of a 3-point perspective drawing

perpendicular to the linea∨ v1, both in the plane of the drawing, as in Figure 8.7, we can
measure the distance between the intersection of the semi-circle and the perpendicular and
the pointc. This is the height of the pointp above the perspective drawing plane.
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F 8.7. Construction in the perspective drawing plane

Thus to locate the unique viewpoint, above the page, of a 3-point perspective drawing of a
rectangular box, we carry out the following process.

C 8.8. Locate the Euclidean vanishing points v1, v2, and v3. Draw the ortho-
center c of the triangle v1v2v3. Draw a semicircle on an altitude of the triangle v1v2v3 in
the plane of the drawing. Draw a perpendicular through c to this altitude. Measure the
distance of the intersection of this perpendicular with thesemicircle from c. The correct
viewpoint is this distance above c, on the perpendicular to the page through c.

E 8.9. Using the above method find the viewpoint of the scene in Figure 5.14,
comparing it with the result of your experimentation in Exercise 8.2.

E 8.10. Find the viewpoint of the pinhole camera photograph in Figure 8.8.

4. Distortion in 2-point perspective drawings

Turning our attention to 2-point perspective drawings, we use the methods of the previous
section to locate the possible viewpoints of a perspective drawing of a rectangular box,
using only clues that are contained within the drawing. We again test the usefulness of da
Vinci’s Viewing Advice 8.4 on examples.

T 8.11. Let a box be drawn in2-point perspective. Let p be any Euclidean point
not in the plane of the perspective drawing. Then the scene isalso a2-point perspective
drawing of a box drawn from the viewpoint p.

Suppose that the direction v1 is the ideal vanishing point, and v2 and v3 are the two Eu-
clidean vanishing points, of the scene.
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F 8.8. A pinhole camera photograph

If the direction v1 and the direction of v2 ∨ v3 are not orthogonal, then the scene is not a
perspective drawing of a rectangular box from any viewpoint.

If v1 and the direction of v2 ∨ v3 are orthogonal, then suppose that V is the plane that
contains v2 ∨ v3 and is perpendicular to each line that has direction v1. Further suppose
that p is any point of the circle that is in the plane V, is not inthe plane of the scene, and has
the segment[v2v3] as diameter. Then the scene is a perspective drawing of a rectangular
box drawn from the viewpoint p.
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F 8.9. A 2-point perspective rendition of a box

The first part of the proof is exactly as in Theorem 8.6, using Construction 7.13 and Theo-
rem 7.16. We thus establish that the figure is a 2-point perspective drawing of a box, drawn
from any Euclidean viewpoint.

If the scene is a perspective drawing of a rectangular box from a viewpointp then each pair
of the three linesp∨ v1, p∨ v2 andp∨ v3 is perpendicular. Consequently, the linep∨ v1

is perpendicular to the planep∨ v2 ∨ v3, ensuring that the directionv1 is orthogonal to the
direction of the linev2 ∨ v3.

Conversely, suppose thatv1 is orthogonal to the direction of the linev2∨v3. From Theorem
4.49 we have that there is a lineL throughv3 and perpendicular to the plane of the perspec-
tive drawing. Any line having directionv1 is perpendicular to the planeV = v2 ∨ L. Let
p be a point of the circle that is in the planeV and has [v2v3] as diameter. From Theorem
4.55 we have that the linesp∨ v2 andp∨ v3 are perpendicular, and each is perpendicular
to the linep∨ v1. Theorem 5.26 then ensures that the box drawn from the viewpoint p is a
rectangular box. �

E 8.12. The first scene in Figure 8.10 is a2-point perspective drawing of a box,
drawn from a viewpoint10cm above the+ sign. It is not a perspective drawing of a
rectangular box from any viewpoint. The development of the box is also shown. The
second scene is a2-point perspective drawing of the same box, drawn from a viewpoint
8cm above the∗ sign. This scene is also a perspective drawing of a rectangular box from
some viewpoint.

There is an inherent uncertainty about the location of the viewpoint of any 2-point perspec-
tive drawing of a rectangular box.

C 8.13. Locate the Euclidean vanishing points, v2 and v3. Any point p, of the
semicircle that is on the segment[v2v3] and in the plane perpendicular to the plane of the
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F 8.10. Two views, and a development, of a parallelepiped

scene, is a correct viewpoint of the scene as a2-point perspective drawing of a rectangular
box.

Thus, for example, we cannot say whether Figure 8.11 is the perspective drawing of a
shallow box, or a deeper box, without additional information.

E 8.14. Choose, on the appropiate semi-circle above the page, the viewpoint from
which you think a cubic box was drawn to give the2-point perspective drawing in Figure
8.11

We often unconsciously use extra information to help us interpret drawings. For example,
we may look at a human figure in a scene knowing approximately the relation of height
to width of the person. This information cannot be derived from the scene alone. This
is dramatically illustrated in the famous 1950’s experiment of the American psychologist
Adalbert Ames, Jr. in which a trapezoidal room, shown in planand in a photograph in
Figure 8.12, was built deliberately to mislead the viewer.
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F 8.11. A 2-point perspective drawing of a rectangular box

F 8.12. The Ames room

E 8.15. Locate the possible correct viewpoints of the scene in Figure 8.13. Us-
ing any clues given by the impression that images of familiarobjects make, choose the
viewpoint which you think is the most appropiate.
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F 8.13. An etching of an interior

5. Distortion in 1-point perspective drawings

In this section we concentrate on 1-point perspective drawings, using the methods of the
previous sections to locate the possible viewpoints of a perspective drawing of a rectangu-
lar box, using only clues within the drawing. We again test the usefulness of da Vinci’s
Viewing Advice 8.4 on examples.

T 8.16. Let a box be drawn in1-point perspective. Let p be any Euclidean point
not in the plane of the perspective drawing. Then the scene isalso the perspective drawing
of a box, drawn in1-point perspective from the viewpoint p.
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Suppose that the directions v1 and v2 are the ideal vanishing points and v3 is the Euclidean
vanishing point.

If the directions v1 and v2 are not orthogonal, then the scene is not a perspective drawing
of a rectangular box drawn from any viewpoint.

If the directions v1 and v2 are orthogonal, suppose that L is the line through the point v3

that is perpendicular to the plane of the scene. Suppose further that p is any Euclidean
point of the line L other than v3. Then the scene is a perspective drawing of a rectangular
box drawn from the point p.
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F 8.14. A 1-point perspective rendition of a box

Again we use Construction 7.13 and Theorem 7.16 exactly as inTheorem 8.6 in order to
show that the figure is a perspective drawing of a box, drawn from any Euclidean viewpoint
and using the original viewpoints.

If the scene is the perspective drawing of a rectangular box from some viewpointp then
the linesp ∨ v1, p ∨ v2 and p ∨ v3 are pairwise perpendicular. Thereforev1 andv2 are
orthogonal directions.

Conversely, suppose thatv1 andv2 are orthogonal directions. Thenv1 andv2 are directions
in the plane of the scene. Suppose further thatp is a point on the lineL. Then the lines
p∨ v1, p∨ v2 andp∨ v3 are pairwise perpendicular. From Theorem 5.26 we have that the
box drawn fromp is rectangular. �

E 8.17. The first scene in Figure 8.15 is a1-point perspective drawing of a box,
drawn from a point6cm above the+ sign. It is not a perspective drawing of any rectangular
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box. The development of the box is also shown. The same box is drawn again, from a
viewpoint6cm above the∗ sign. This scene is a perspective drawing of a rectangular box
from some viewpoint.

F 8.15. Two views, and a development, of a parallelepiped
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As in the 2-point perspective case, there is uncertainty about the location of the viewpoint
of any 1-point perspective drawing of a rectangular box.

C 8.18. Locate the Euclidean vanishing point v3. Any point p on the perpen-
dicular to the plane of the perspective drawing through thisvanishing point is a correct
viewpoint of the scene as a perspective1-point perspective drawing of a rectangular box.

Thus, for example, we cannot say whether Figure 8.16 is the image of a shallow box, or a
deeper box from further away, without additional information.

E 8.19. Choose, on the appropiate line perpendicular to the page, the viewpoint
from which a cubic box was drawn to give the1-point perspective drawing in Figure 8.16.

F 8.16. A 1-point perspective drawing of a rectangular box

E 8.20. Locate the possible correct viewpoints of “Adoration of theKings” in Fig-
ure 5.17. Choose the viewpoint which you think is the most appropiate.

E 8.21. Calculate the position of the viewpoint for some “coffee-table art book”
old-master reproduction. Does the representation seem more convincing when viewed, by
one eye, from this point?
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E 8.22. Locate the possible correct viewpoints of the scene in Figure 8.17. Us-
ing any clues given by the impression that images of familiarobjects make, choose the
viewpoint which you think is the most appropiate.

F 8.17. A perspective drawing of a folly

6. Distortion in affine projections

We have investigated scenes drawn from Euclidean viewpoints and seen how important it
is to look at them from their viewpoint in order to avoid falseimpressions.

It is obviously not possible to view an image of an affine projection from its viewpoint.
However the choice of a direction as viewpoint is much more convenient for drawing small
pictures than any Euclidean viewpoint which is conveniently far enough from the page to
allow our eye to focus on the page. We commented earlier that it might be best to view an
affine projection from afar, and again we quote Leonardo da da Vinci in translation:
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“... unless indeed you make your view at least twenty times asfar off as the greatest width
or height of the objects represented, and this will satisfy any spectator placed anywhere
opposite to the picture”.

Many perspective drawings contain images of parallel lines. From Theorem 5.52 we have
that these images are themselves parallel in any affine projection, whereas when drawn
from an Euclidean viewpoint the images are parallel only when the lines themselves are
parallel to the plane of the drawing. We might feel that the distortion observed by the
viewer of an affine projection image would be slight. It is certainly much easier to draw
parallel lines, using a roller and pencil, than it is to draw lines meeting, say, one meter off
the page using the technique of Construction 3.45. The difference between the two images
is slight, and so a small affine projection and a small perspective drawing drawn from a
viewpoint 1 or 2 meters from the page appear very similar.

F 8.18. Two 3-point perspective drawings

However there is one aesthetic disadvantage of an affine projection not shared by a per-
spective drawing drawn from an Euclidean viewpoint — an uncertainty it induces in the
viewer. Even though distortion may be low when viewed from a reasonable distance, the
eye lacks clues as to whether one is looking “up into” or “downonto” the subject. The
reason for this is our inability to associate a direction with any one particular “end” of a
Euclidean line in our construction of extended Euclidean space.

The first scene in Figure 8.18 is the image of a cubic box drawn in 3-point perspective, or
more precisely, it is the image of those three panels of the box visible from the viewpoint.
The second scene is the image of the same box with those three panels removed.

Figure 8.19 contains an affine projection of each subject of the scenes in Figure 8.18. Itis
possible to tell which of the two scenes in Figure 8.18 is which. This is not the case with
the two scenes in Figure 8.19. Each of the two shells shown in Figure 8.20 has the same
affine projection from the directionp. Without external clues, such as a shadow, it is not
possible to distinguish between the two from the projection.
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F 8.19. Uncertainty inherent in affine projections

F 8.20. Two shells sharing the same affine projection

The brain of a viewer is uncertain which interpretation to choose. This results in unex-
pected difficulties when scenes, such as that in Figure 8.21 for example,are viewed without
interruption for a minute or so. Of course, uncertainties are sometimes sought by the artist.
Boring, in his “Mother-in-law” shown in Figure 5.34, wants us to ponder on the flickering
transition between young girl and old woman.

The question of from which direction an affine projection is drawn is, as we might expect
by now, difficult.

T 8.23. Let a box be drawn in affine projection, and suppose that p is any direction
not in the plane of the drawing. Then the scene is also the affine projection of a box drawn
from the viewpoint p.

There exists a direction so that the scene is the affine projection of a rectangular box drawn
from that direction.

P. We vary Construction 7.13 by choosing the vanishing pointsv1, v2, andv3 to
be (necessarily collinear) directions, leading to a variant of Theorem 7.16 in which the
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F 8.21. Looking down on, or looking up to, some boxes?

point p is ideal. Using this result, the first part of the proof follows the first part of the
proof of Theorem 8.6.

In order to complete the proof, in the affine projection we choose an internal vertex image
and label it, without loss of generality, by 0′. We draw an acute-angled triangle 112131,
whose vertexi1 is on the edge 0′ ∨ i′, for eachi = 1, 2, 3.

From Theorem 4.57 we have that there is a point 0 above the pagesuch that 0112131 is
a tetrahedron, right-angled at 0. Suppose that the direction of 0 ∨ 0′ is p. We define
i = (0∨ i1) ∩ (p∨ i′), for eachi = 1, 2, 3. Consequently any box, with corners 1,2 and 3
each adjacent to 0, is rectangular and has the original sceneas its affine projection when
drawn fromp. �

E 8.24. Each figure in Figure 8.23 is an affine projection of a box. Each figure is
also an affine projection of a rectangular box from some direction.
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F 8.22. An affine rendition of a box

7. Summary of Chapter 8

We specified the exact circumstances that allow a perspective drawing of a box to also be
a perspective drawing of a rectangular box.

We proved that each 3-point perspective drawing of a box is also a 3-point perspective
drawing of a box drawn from any Euclidean viewpoint. From information contained within
the perspective drawing we determined whether the image is aperspective drawing of a
rectangular box. If so, the information enabled us to locatethe viewpoint of this particular
rendition of a rectangular box. We were then able to view the drawing from the point
recommended by Leonardo da Vinci, and test his advice.

We performed similar analyzes of 2-point and 1-point perspective drawings. In these cases
additional information is needed in order to locate the desired point from which to view
the drawings.

We discussed the advantages and disadvantages of affine projection, in particular the exis-
tence of an inherent uncertainty in our interpretation of any affine projection.
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F 8.23. Affine projections of three boxes
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CHAPTER 9

PLANAR BAR-AND-JOINT MECHANISMS

Throughout our geometric investigations we have drawn and modeled figures in order to
help us visualize them and understand their properties.

In Chapter 5 we began an analysis of perspective drawings of figures. We examined the
similarities between a figure and its drawings and developedrules for perspective rendition.
In this chapter and in Chapter 10 we pay more attention to models of figures. Our models
are simple examples of the grander works that engineers and builders engage in. This
guarantees us a plentiful supply of examples to engage our attention.

We focus on some properties of the models that make them useful to engineers. In particu-
lar we look at the question of the rigidity [15] of models. The builder of a construction such
as the Tacoma Narrows bridge [2], shown in Figure 9.1 during its last moments, would be
very interested in this question of overall rigidity.

F 9.1. The Tacoma Narrows bridge in a strong wind

The models we make, and man-made constructions in general, fall naturally into two types
— those in which parts may move relative to other parts, and those in which the distance
between any two parts remains unchanged. Amechanismis a model in which the rigid
components (bars or panels, say) are able to move relative toone another. A model in
which no part can move relative to another isrigid.

The model of the cube in Construction 2.55 was designed to have a planar unassembled
format for convenience of storage. As it is folded into its assembled position, the panels
move relative to one another and their corners no longer model a planar set. In its assem-
bled form the corners model the points of the designated cube. Generally, one mechanism
may model a family of distinct figures as the parts move relative to one another.
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We examine models from an engineer’s point of view, using results proved about mecha-
nisms to make practical use of examples. A structural engineer requires a building to be
rigid, but a mechanical engineer wants his engine to be a mechanism.

1. Bar-and-joint models

There are two common engineers’ constructions, those held together by their “skin” and
those in which a “skeleton” plays the main structural role. Acardboard box and a typical
skyscraper of the 1940’s are examples of these differing approaches to structural integrity.
In some ways it is more enlightening to draw the first type of structure, and to model the
second. In this section we examine models of the second type.

Strong leverage forces sometimes make it impractical for the joins of rigid bars of such
“skeletons” to be designed to resist rotational movement ofone bar relative to another. We
examine models that are designed to accept this limitation.

D 9.1. A bar-and-joint model consists of rigid bars, their only interaction being
that members of a subset of bars may each have an end held together. Such a connection
is often called a universal joint.

The adjective “universal” emphasizes the fact that bars areattached as freely as possible,
able to move relative to one another subject only to the condition that the ends remain
together. Even though any two bars may share only a universaljoint, the overall rigidity of
a bar-and-joint model may be difficult to determine.

D 9.2. A bar-and-joint mechanism is a model in which the rigid bars are able to
move relative to one another. A model in which no bar can move relative to another is
rigid.

Designers of structures such as the Tacoma Narrows Bridge shown in Figure 9.1, and the
Forth Railway Bridge re-built in 1890 and shown in Figure 9.2, are interested in the rigidity
of bar-and-joint models.

F 9.2. The Forth Railway Bridge
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Simple bar-and-joint models are widely used in our every-day lives. The simplest inter-
esting bar-and-joint model is shown in Figure 9.3. It is usually called a flail and is a
mechanism. It can be made of two pieces of wood hinged by a leather strip and used to
thresh grain. Unfortunately it also has a manifestation as thenunchukof martial arts no-
toriety. It is also the only successful model of the golf swing, duplicating very closely the
swings of great players. One bar represents the arms, and theother models the club. The
joint models the wrists. The model’s success is due to the fact that at the important part
of a golf swing, at contact with the ball, the wrists hinge freely. In Figure 9.3, taken from
“The Dynamics of the Golf Swing“ by D. Williams [66], the motion of the flail derived
from these assumptions closely resembles stroboscopic photographs of actual swings.

F 9.3. A flail as a golf swing model

Another simple bar-and-joint model is a triangular framework. From Lemma 4.53 we have
that a triangular framework exists exactly if the length of each bar is no greater than the
sum of the other two bar lengths. It is not a mechanism and is the basic shape in most
rigid engineering bar-and-joint frameworks. It is repeatedly present in the Forth Bridge,
in scaffolding, and in the octahedral-tetrahedral trusses that make up space-frames, for
example.

The difficulty of constructing freely movable universal joints in practice makes non-planar
models more of interest to structural engineers than to mechanical engineers. It is easier
to make a non-planar model that stays rigid than a satisfactory long-lasting machine with
moving universal joints.

2. Four-bar linkages

In this section we investigate bar-and-joint models in which the models themselves always
remain planar. Any penknife, or pair of scissors, or pair of pliers serves as a reminder
that joints which allow movement freely in a plane are commonplace and reliable. We can
easily make planar bar-and-joint models by using a 2cm wide strip of stiff cardboard for
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each bar, and punching a hole at each end of the bar. The distance between hole centers is
the lengthof the bar. Bars can be connected by paper fasteners in the holes. Other than a
flail, the simplest bar-and-joint mechanism is the following:

D 9.3. A 4-bar linkage is a planar bar-and-joint model of a4-gon.

L 9.4. Any four bars can be made into a4-bar linkage if and only if the length of
each bar is no greater than the sum of the lengths of the other three bars. The linkage is a
mechanism if no bar has length equal to the sum of the lengths of the other three bars.

F 9.4. Assembling a 4-bar linkage

P. From Theorem 4.53 we have that the separation of the ends of aflail is at most
the sum of the lengths of its two bars. In turn this ensures that the separation of the ends of
a chain of three bars is at most the sum of the lengths of the three. So such a chain could
not be completed to a 4-bar linkage by a fourth bar of length greater than the sum of the
lengths of the members of the chain.

Conversely if we choose a longest bar, assemble the others into a chain where ends are
separated by the length of this largest bar, then the linkagecan be completed. From our
discussion following the Triangle Inequality in Chapter 4,we have that an assembled link-
age remains linear if the length of the longest bar is equal tothe sum of the lengths of the
remaining bars. �

C 9.5. Make a4-bar linkage, composed of bars of length5cm,6cm,7cm, and
7.5cm respectively. Make a second linkage modeling a parallelogram with two8cm bars
and two14cmbars.

Experimenting when assembling the linkages confirms that each of the two models is a
mechanism. Examples of 4-bar linkages are all about us, sometimes well disguised. With
a little practice we will be able to find them in surprising places. Let us examine one such
example.

E 9.6. Water from the hose spins the driving crank of the sprinkler[33] in Figure
9.5 via a little water-wheel connected by gearing to the crank. As the crank turns it moves
the spraying tube and distributes the water in a rectangularpattern. Each setting of the
clamping screw gives a different pattern of coverage as the spraying tube moves back and
forth. The length of one bar of the4-bar linkage underlying this mechanism is determined
by the screw setting, the other lengths not being adjustable.

E 9.7. Locate a4-bar linkage in each of the crane and auto-hood hinge in Figure
9.6.
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F 9.5. A garden sprinkler

F 9.6. A crane and an auto-hood hinge

In order to analyze the behaviour of 4-bar linkages we observe the motion of one bar
relative to another. Observed change in an observed object depends also on any change in
the observer. Thus two observers, one standing and one spinning like a top, would differ
in their descriptions of the sun’s motion. Let us agree, without loss of generality, that we
take clockwise as a direction of positive rotation in the page. We may sum up the situation
in the following lemma:

L 9.8. Let two rigid bodies be confined to a plane. If the first turns through an angle
θ, as seen from the second, then the second turns through an angle −θ, as seen from the
first. In particular, one makes a full turn relative to the second exactly if the second makes
a full turn relative to the first.

F 9.7. Two rigid bodies moving in a plane
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For example, an observer on the Earth sees the Milky Way turn fully in 24 hours — while
an observer in the stars would see the Earth turn once during the same 24 hours, but in the
opposite sense.

E 9.9. Confirm that we can move the bars of the parallelogram model ofConstruc-
tion 9.5 so that the linkage remains a model of a parallelogram, the short sides staying
parallel to each other as they turn fully relative to each of the longer bars. Rephrasing this
in the light of Lemma 9.8, we say that each long bar is able to rotate completely relative to
each short bar.

3. Rocking and rotation in 4-bar linkages

Linkages are typically used to transform one type of input motion (rocking or rotation) into
an output motion (again, rocking or rotation). In this section we classify 4-bar linkages
by the possible transformations they can carry out. The classification reflects the uses to
which they are put. Jacob Leupold, an early 18th century engineer, was perhaps the first to
attempt such a systematic classification and the following theorem, proved in 1883 by F.
Grashof [30], is the key to it.

T 9.10. (Grashof’s Theorem) A bar of a 4-bar linkage can rotate completely,
relative to each of the other bars, exactly when it is a shortest bar and the sum of its length
and the length of a longest bar is no greater than the sum of thelengths of the other two
bars of the linkage.

C

D

A

B

F 9.8. A 4-bar linkage

P. We denote the bars of the linkage byA, B, C andD, and their lengths bya, b,
c andd respectively.

Consider two adjacent barsA andD such that, without loss of generality,d ≤ a. Then the
barD can rotate fully relative toA if and only if the figures in Figure 9.9 exist.

From Lemma 4.53 this requirement is equivalent to the seta+ d ≤ b+ c, b ≤ (a+ d) + c,
c ≤ (a+ d) + b, andc ≤ b+ (a− d), b ≤ c+ (a− d), a− d ≤ b+ c of six conditions.

This set is equivalent to the seta+ d ≤ b+ c, c+ d ≤ a+ b, andb + d ≤ a + c, of three
conditions. This set can be restated as:
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F 9.9. Stages in a full turn ofD relative toA

d+ length of any bar≤ sum of the lengths of the remaining two bars.

Using a similar argument withc in place ofa, we prove that this condition determines also
whetherD is able to rotate fully relative toC.

B

A

D

C

A '

B '

F 9.10. Adding bars to the original linkage

In order to answer the question of whetherD can rotate fully relative toB we need to
consider the modelM in Figure 9.10 whereA′ has lengtha andB′ has lengthb. As we saw
in our experiments with the parallelogram model in Construction 9.5, the parallelogram
linkage A′B′AB allows B′ to rotate fully relative toA, with B remaining parallel toB′

during the motion.

ThusD can rotate fully relative toB in the linkageABCD exactly if it can rotate fully
relative toB in the 6-bar modelM of Figure 9.10. ButD can rotate fully with respect toB
in this model if it can rotate fully relative toB′ in the linkageA′B′CD.

As D andB′ are adjacent in this linkage we can apply the result we have already proved to
the linkageA′B′CD. From this,D can rotate fully relative to each ofB′ andB if and only
if the following inequalities hold in the linkageA′B′CD:

d+ length of any bar≤ sum of the lengths of the remaining two bars.

As the bar lengths area, b, c andd this is the condition we have met twice before, once
enablingD to rotate relative toA and once enablingD to rotate relative toC in the original
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linkage. To finish the proof we need only note that for this condition to hold,D must be a
shortest bar. �

D 9.11. The Grashof condition for a4-bar linkage is the requirement that the sum
of the lengths of a shortest and a longest bar does not exceed the sum of the lengths of the
other two bars. A linkage satisfying this condition is a Grashof linkage.

Thus a bar of a 4-bar linkage is able to turn fully relative to each of the other bars exactly
if it is a shortest bar of a Grashof linkage. It is perhaps surprising that the cyclic order of
the bars plays no role in this condition.

E 9.12. Decide by measurement if the linkage in Example 9.6 is a Grashof linkage.

Decide by measurement if each linkage of Construction 9.5 isa Grashof linkage. Does
this confirm the results of your experimentation with the parallelogram linkage in Exercise
9.9? Test the other linkage by holding each bar in your hand inturn, and attempt to rotate
the others of the model relative to it.

D 9.13. The base, or frame-link, of a4-bar linkage is a selected bar of the linkage.
One bar adjacent to the base is called the input, and the otheris called the output of the
linkage. The remaining bar is the coupler, or connecting-rod, of the linkage.

This nomenclature reflects practical applications in whichthe base of a 4-bar linkage is
fixed, and the input bar moved, thereby giving motion in a convenient form to the output
bar via the coupler. Unless otherwise stated, motion of parts of a linkage is usually taken
to mean relative to the base of the linkage. A standard pictorial notation is shown in Figure
9.11.

input

base

coupler

output

F 9.11. A notation that distinguishes bars of a 4-bar linkage

D 9.14. A double-crank, or drag-link, mechanism is a Grashof linkage in which
the base is a shortest bar of the linkage. Both input and output rods are called cranks of
the mechanism.

A crank/rocker mechanism is a Grashof linkage in which the input is a shortest bar. The
input is the crank, and the output is the rocker, of the mechanism.
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A rocker/crank mechanism is a Grashof linkage in which the output is a shortest bar. The
input is the rocker, and the output is the crank, of this mechanism.

A double-rocker mechanism is either a non-Grashof linkage,or a Grashof linkage in which
the coupler is the shortest bar. Both input and output bars are called rockers.

We sum up the behaviour of these mechanisms in the following lemma:

L 9.15. A crank of any4-bar linkage is free to fully rotate relative to the base of the
linkage, but a rocker is restricted to oscillatory motion relative to the base.

P. An input or an output bar of a Grashof linkage is a crank if either it or the
base is a shortest bar of the linkage. From Theorem 9.10 we have that this is exactly the
condition enabling it to rotate fully relative to the base. �

E 9.16. In which of the4-bar linkage types of Definition 9.14 is the coupler able to
rotate fully relative to the base?

We draw arcs of circles, as in Figure 9.12, to show the possible positions of the coupler
joints relative to the base of a linkage and help us visualizelinkage motion, but this is no
substitute for making models and experimenting with them.

E 9.17. Choose the7cm bar as the base in the first model of Construction 9.5.
Remove the fasteners of the two joints of the base (and the baritself). Place a sheet of
paper between the model and a reasonably soft backing board.Replace the fasteners by
thumb-tacks, pushed into the backing board. You can now conveniently investigate the
motion of the model. Trace, with a pencil through a joint of the coupler, the possible
positions of the joint. Repeat the experiment with the othercoupler joint. Do the results
agree with those expected from Theorem 9.15?

Repeat these experiments with the5cm bar chosen as base. Does this experiment lead
you to doubt the possibility of wide-spread practical use ofthe full range of motions of a
double-crank mechanism?

E 9.18. The lawn sprinkler of Figure 9.5 is a crank/rocker mechanism — the ro-
tary motion of the water-driven crank being transformed into an oscillating motion of the
spraying arm.

E 9.19. A treadle sewing machine uses a rocker/crank mechanism. The operator of
a Spong coffee-grinder is part of a rocker/crank mechanism, the user’s upper arm providing
the input rocker, the forearm the coupler, and the handle being the output crank.

The action of each leg during bicycle riding also is an application of a rocker/crank mecha-
nism. With respect to the bicycle frame as base, the rider’s thigh is the rocker, the lower-leg
is the coupler and the bicycle crank is the linkage crank.

P 9.20. A small child riding an adult’s bicycle seems to bob up and down. Would
this still be necessary if the saddle could be adjusted to a low enough position?
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F 9.12. Possible ranges of coupler joint movements

Solution. We have from Grashof’s Theorem that, while the child is seated, if either the
upper or lower leg is shorter than the bicycle crank then it isphysically impossible to
completely rotate the bicycle crank. This is one reason why very small children have
difficulty riding a bike too large for them — it is not their lack of strength or weight alone
that is the problem. A very small child cannot ride in the saddle if the bicycle’s crank is
longer than either the child’s upper or lower leg. 2

E 9.21. Can you identify a rocker/crank mechanism in a child’s pedal car? Can
you find a4-bar linkage in an automobile windscreen-wiper.

E 9.22. The lifting mechanism of the plow shown in Figure 9.15 is a double-rocker
mechanism.

Rotation is not important in the job for which this linkage isdesigned. On the contrary,
two locking positions of the linkage, where no further rotation is possible, are required.
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F 9.13. Plotting the positions of coupler joints on backing paper

F 9.14. A coffee grinder and a bicycle rider

Each of these supports the plow at a fixed height, the lower forplowing and the higher
for transporting the plow. The coupler can be fixed to the wheel by a clutch as required
enabling the linkage to be moved into one of the two locking positions, each held stable by
the weight of the plow pulling two bars straight.

E 9.23. The double-rocker mechanism[33] of Figure 9.16 joins an engine and a
massive rotating flywheel used to supply energy for startingthe engine. The output crank
is connected, through step-up gearing, to the starter pinion of the engine. The input crank
is connected by a clutch to a shaft turned by the rotating flywheel. To start the engine,
the linkage is placed in its “initial” position with the clutch disengaged. The flywheel is
brought up to speed, either by hand crank or electric motor. The clutch is then engaged,
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F 9.15. A plow

the linkage driven to its “final” position (with the flywheel momentarily at rest), and then
the flywheel is disengaged having transferred all its energyto the engine.

F 9.16. An inertia starter for engines
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Substantially shockless transfer of kinetic energy from the rotating mass to the engine is
accomplished. As the input crank rotates 180◦ from initial to final position, the output
crank also turns 180◦. The key feature of the design is that the 4-bar linkage is so propor-
tioned that the angular velocity ratio of input to output crank varies from infinity to zero
during the operating period. A consequence of this is the failure of the linkage to satisfy
the Grashof condition. In inertia starters that use a friction clutch to directly connect a
flywheel to the engine, a large part of the kinetic energy of the flywheel is dissipated in
friction at the clutch faces. The above design avoids that energy loss.

4. Coupler curves

So far we have thought of each planar 4-bar linkage primarilyas a convenient method of
energy transfer. But as we saw in Example 9.22 they have an alternative use, as devices for
moving a point along a required path. In this section we examine this role of linkages.

In some applications it is a significant over-simplificationto think of each bar of a 4-
bar linkage as a segment. By replacing a bar with a more general rigid body, jointed at
two points, we are able to use the linkages more widely. For example, in the case of the
automobile-hood hinge of Exercise 9.7 we treat a cross-section of the hood as a coupler
body. We are interested in the motion of the rear of the hood, in order to ensure that it
misses the bulging center of the windscreen.

D 9.24. Let a planar rigid body replace the coupler bar of a4-bar linkage. A
coupler point of the linkage is any point of the body. The set of possible positions of any
given coupler point is a coupler curve of the linkage.

C 9.25. Make the model of the mechanism shown in Figure 9.17 and trace
the curve followed by the coupler point that is labeled by x. Make the model using bars
already to hand, a13cm bar, and a slightly over-sized cardboard triangle. Punchholes
the appropriate distance apart in the triangle. Later we will need models of the two other
triangles shown, and you may find it convenient to make all three now. The numbers given
are lengths, measured in centimeters.

F 9.17. A coupler point of a linkage

In the 18th Century, steam was beginning to power the industrial revolution. James Watt’s
rotative engine made in 1784 was the first to rotate a shaft directly without using a water
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wheel fed by a pumping engine. The guiding of the large pistonrequired was difficult — as
accurate milling was not available to make reliable straight sliding guides. Watt’s solution
was to use the linkage shown in Figure 9.18 to guide the pistonrod. This seems to have
been the first use of a 4-bar linkage as a means of moving a coupler-point along a particular
path rather than as an energy transfer device. It created great interest in coupler curves that
contain approximately straight sections.

F 9.18. James Watt’s steam engine

C 9.26. Model the guiding4-bar linkage of Watt’s engine shown in Figure
9.19. Use paper and a soft backing board as in Construction 9.17 to plot the path of the
midpoint of the coupler. It might be helpful to punch a hole through the middle of the
coupler and trace the hole’s motion with a pencil through thehole. Do you think this
linkage is a satisfactory guide for the piston rod of Watt’s engine?

F 9.19. Guiding a piston rod

Some level-luffing cranes use the approximate straight line motion generated by 4-bar link-
ages in order to load and unload containers efficiently. The load is moved a horizontal
distance without un-necessary height change. This saves energy, stress and, above all, time
during loading and un-loading operations.
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F 9.20. A level-luffing crane

The problem of designing a linkage that will duplicate a required motion is difficult and
there are many methods of tackling it. For example, R. Beyer [3] showed that any coupler
curve is specified by polynomial equation of degree at most 6 and much effort has since
gone into choosing polynomial approximations to a requiredmotion.

An alternative approach for design engineers is to choose from a large list of known exam-
ples of coupler curves. Figure 9.21 contains one page (from 730 pages) of the Hrons and
Nelson “Analysis of the Four Bar Linkage” [ 35], showing the paths traced by each of ten
coupler points attached to the couplerD of a linkageABCD, that hasB as its base andA
as its input crank. The lengths of the bars area = 1, b = 2, andc = d = 3, respectively.
We note that this particular linkage is a crank/rocker mechanism. Two of the ten coupler
points shown are the joints ofD, their paths being shown as non-dashed arcs. One of these
two paths, a full circle, is the path of the end of the crank. The other, an arc of a circle, is
that traced out by the end of the rocker. The path of each of theother eight possible coupler
points is a dashed curve. Each dash corresponds to the motionof that coupler point during
10 degrees of crank rotation.
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F 9.21. Hrons and Nelson: Analysis of the Four-Bar Linkage

P 9.27. Let us try our hand at some engineering design work. Choosingfrom the
selection of coupler curves in Figure 9.21, design a mechanism to slowly slide a box of
food through an ionising chamber and quickly return ready for another box.
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Solution. There are many possibilities and a final choice may well depend, among other
considerations, on availability and price of standard components. The example illustrated
below in Figure 9.22 is based on a choice of coupler point thatfollows a coupler curve of
Figure 9.21 having a reasonably straight slow-moving section and a speedier return path.
The mechanism can be arranged to slip the slide below a waiting box, rise and slowly push
the box through the chamber, and then quickly drop and return. 2

F 9.22. An ionising mechanism
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Linkages, such as the following Example 9.28, in which several bars are replaced by more
complicated bodies are in common use.

E 9.28. The web cutter of Figure 9.23 provides a solution to the problem of cutting
a continuously moving web or strip of material (paper, cloth, sheet metal, etc.) into sheets.
The blades of the shears are attached, one to the coupler, theother to the rocker. As the
driving crank A rotates, the relative motion between links Cand D creates the “scissors”
action to cut the web. During the cutting portion of the motion the horizontal speed of the
blades very nearly matches the web speed in order to avoid buckling the moving strip.

F 9.23. A web cutter

5. Parallelogram and kite linkages

In this section we see that the motion of even such a simple example of a linkage as a par-
allelogram model may give rise to unexpectedly complicatedcoupler curves. We noticed
in our experiments with the parallelogram linkage of Construction 9.5 that it is difficult to
keep it moving in the shape of a parallelogram should all barsbecome collinear. We should
not be surprised that parallelogram linkages also move in a “crossed parallelogram” form.
The linkage is certainly a Grashof linkage and Theorem 9.10 tells us that each short bar is
able to rotate relative to every other bar, including the other short bar.

D 9.29. A linkage in which two opposite bars are of equal length and the other
pair of opposite bars are of equal length is a parallelogram linkage. A linkage in which
two adjacent bars are of equal length and the other two bars, also an adjacent pair, are of
equal length is a kite linkage.

In fact the following special case of Grashof’s theorem characterizes both parallelogram
linkages and kite linkages.
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C 9.30. Two bars of a Grashof linkage are each able to rotate fully relative to
all other bars if and only if they are the shortest bars of a parallelogram linkage or a kite
linkage.

P. Let the barsA, B, C, andD of the linkage have lengthsa, b, c, andd respec-
tively.

Suppose first thata = b, c = d anda ≤ c. From applying Theorem 9.10 in turn toA andB
we have that each can rotate fully relative to other bars.

Conversely, suppose thatA andB can each rotate fully. Then botha ≤ b andb ≤ a and
each is a shortest bar. Without loss of generality we may assume thatD is a longest bar.
As A can rotate fully we have thata+ d ≤ b+ c, giving d ≤ c. Thereforec = d. �

E 9.31. Apply the method of Construction 9.26 to the parallelogram linkage of
Construction 9.5, using a longest side as the base and the midpoint of the opposite side
as a coupler point. Trace a coupler curve and compare it with the curve shown in Figure
9.24.

F 9.24. A coupler curve of a parallelogram linkage

E 9.32. Locate a parallelogram linkage in a sewing tidy, in an anglepoise lamp, in
a child’s pop-up book, in a steam locomotive and in a tree pruner.

The uncertainty about whether a parallelogram linkage willswitch to “crossed parallel-
ogram” form as it moves through a linear position makes it sometimes a poor choice of
mechanism if full rotation of an input bar is required. We also noted the difficulty encoun-
tered in the use of a double- crank mechanism in the last experiment of Exercise 9.17. Why
then does a parallelogram linkage give a successful method of linking driving wheels of
steam locomotives?

6. Plagiographs

In this section we examine the behaviour of a parallelogram mechanism, moving in paral-
lelogram form, in which two bars have been replaced by similar triangular panels.
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D 9.33. A plagiograph is a parallelogram linkage in which two adjacent bars are
replaced by similar triangular panels

We notice that any plagiograph may be moved into the first position shown in Figure 9.25.
Engineers refer to this as thedesign positionof the mechanism. We label three points of the
mechanismx, y andz respectively, as shown in the Figure, and have the followinglemma:

L 9.34. In any parallelogram position of a plagiograph, the triangle xyz is similar to
each triangular panel.

F 9.25. Two positions of a plagiograph

P. Any position of the plagiograph is obtained from the designposition by turning
one of the triangular panels relative to the other, as shown second in Figure 9.25. Applying
Theorem 4.54 we see that in the second position of the plagiograph the trianglesxuzand
yvzare similar. Hence the two anglesxẑuandyẑvare equal. But subtractingxẑuand adding
yẑv to the angleyẑxgives an angle equal tovẑu. A similar argument proves that the angle
yx̂zin this position of the mechanism and the anglevûzare equal. As the sum of the angles
of a triangle is constant, the anglexŷzequals the angleuv̂z. From Theorem 4.54 we have
that the trianglexyzis similar to each triangular panel of the model. �

If we pin a plagiograph to a backing board aty, place a pencil atz, and trace out a path
with the pointx then the pencil will trace a path, similarly shaped but turned through the
constant anglezv̂u. Thus any planar figure may be copied on a reduced or enlarged scale
by this plagiograph, invented by J.J.Sylvester [43] in 1875. We are perhaps more familiar
with a special case, the usualpantographin which the vertices of each triangular panel
collapse to three collinear points withxv̂u = π. This invention by a london barrister A.
B.Kempe[43] preceded the more general plagiograph.

C 9.35. Make the adjustable pantograph illustrated in Figure 9.26.Pinning it
to the paper at y, placing a pencil through a hole at z, and tracing the figure to be copied
with a stylus through the hole at x enables the pencil to copy the figure. Re-locating the
pencil and stylus changes the scale of copying.

E 9.36. The level-luffing crane of Figure 9.27 is a disguised pantograph.
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F 9.26. A pantograph

F 9.27. Another level-luffing crane

We earlier met an example of J.J.Sylvester’s work, namely Theorem 3.56, and we will
shortly meet a result of Pafnutij Chebycheff, usually thought of as a mathematical analyst.
The stereoscope discussed in Chapter 6 was invented by the scientist George Wheatstone,
a pioneer in the understanding of electricity. Prior to thiscentury it was not unusual for
engineers and mathematicians to work in many fields — extracting inspiration from one
for use in others. The era of the “universal scientist”, begun by Leonardo da Vinci, was not
then finished. Sadly it may now be over, and perhaps the resultant separation of theory and
practice in dealing with our world is an undesirable consequence.

C 9.37. Make a plagiograph, modeling that shown in Figure 9.25, frombars
and triangular panels that you already have available. Whatis the difference in result
between using it and using the more familiar pantograph, to copy a figure?

7. Cognate linkages

A former English barrister Samuel Roberts in 1875, and independently the St.Petersburg
mathematician Pafnutij Chebycheff in 1878, used plagiographs to produce an existing cou-
pler curve in more than one way. In this section we give a constructive proof of this result.
It guarantees engineers a choice from three 4-bar linkage mechanisms that generate the
same coupler curve. Moreover if it is possible to use a linkage with a crank to reproduce
this curve, it will be one of the three.
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D 9.38. A linkage is cognate to another if a coupler point of the first,and a coupler
point of the second, have the same coupler curve.

The Roberts-Chebycheffmethod combines parallelogram mechanisms in order to construct
related 4-bar linkages. We begin in Lemmas 9.39 and 9.40 by considering the behaviour
of two parallelogram linkages that share a bar. Repeated useof Lemma 9.40 then enables
us to prove the Roberts-Chebycheff Theorem.

F 9.28. Two linked parallelogram linkages

L 9.39. Let two parallelogram linkages share a triangular panel T′ as shown in
Figure 9.28. Then in each position of the mechanism the anglebetween the bars A and B
is equal to the angleθ of the triangle T′.

P. The barA is parallel to one side, and the barB is parallel to another side, of
the triangleT′ in each position of the mechanism. Therefore the angle between the bars is
equal toθ. �

L 9.40. Let the two triangular panels T and T′ of the first mechanism shown in Figure
9.29 be similar. Then in each position of the mechanism the triangle abc is similar to each
of T and T′.

F 9.29. A mechanism

P. We replace one of the two parallelogram linkages by the second linkage of
Figure 9.29 in which the shortest sides have zero length. From Lemma 9.39 we have that
the angle between the barsA andB is still θ. The barB now coincides with a side of the
triangular panelT′. This panel is now attached to the panelT. The barA is able to move
in this mechanism exactly as in the original mechanism. But this new mechanism is a
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plagiograph and so from Lemma 9.34, in all positions the trianglexyzis similar to each of
T andT′. �

T 9.41. (Roberts-Chebycheff Theorem)Each coupler curve of a4-bar linkage is
also a coupler curve of two other4-bar linkages.

P. Suppose that the linkageL has a given coupler curve. We construct a mech-
anism as follows: first we remove the base and “flatten out” thelinkageL as shown in
Figure 9.30.

F 9.30. The linkageL before and after flattening

Then, by drawing parallel lines, we design the mechanismM that can be thought of as
adding a bar and triangleT2 to the remains ofL to form a plagiograph containing triangles
T1 andT2, then adding another bar and triangleT3 to form a second plagiograph containing
the trianglesT1 andT3. Lastly, we add two bars to complete a plagiograph containing T2

andT3 as in Figure 9.31.

We can be sure thatM is a mechanism as the arrangement of each parallelogram linkage
is freely determined by the position of two of the triangularpanels relative to one another.
Thus, for example, the first plagiograph formed can be arranged as required by moving
T2 relative toT1, and the second plagiograph formed can be independently arranged as
required by movingT3 relative toT1.

Starting from the initial design position above, and keeping T1 andT2 fixed relative to
one another, we moveM until the barX is in any desired position relative toT1. From
Lemma 9.34 we know that the plagiograph with triangular panels T1 andT2 is similar to
T1. Applying Lemma 9.40, with this plagiograph in place ofT andT3 in place ofT′, we
see that trianglexyzremains similar toT1 during the motion. During this movement, we
have from Lemma 9.40 that the plagiograph that contains the two panelsT1 andT3 remains
similar toT1, as in the first illustration of Figure 9.32.

From this position, but now keepingT1 andT3 fixed relative to one another, we moveM
until the barY is in any desired position relative toT1 as in the second illustration of Figure
9.32. Again from Lemma 9.40, this time thinking of the rigid plagiograph ofT1 andT3 in
place ofT andT2 in place ofT′, we deduce that the shape of trianglexyzremains unaltered.
Thus in any position ofM the trianglexyzis similar toT1
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F 9.31. Design for a mechanism and the resulting assembled mechanism

In this way we “un-flatten”L , enabling us to reconnect the removed barB. This can be
done in any position ofL that is attainable by movingL as a 4-bar linkage alone. Thus
the coupler point ofL will trace its complete coupler curve as the new mechanism that
contains the barB, and so contains all ofL , moves.

During this motionx andy remain fixed relative toB. As the shape of the trianglexyz
remains unchanged,z is also fixed relative toB during the motion that moves the coupler
point through all its possible positions. We conclude that adding bars [xz] and [yz] to the
mechanism will not hinder its motion. The enlarged mechanism contains three linkages:
the originalL , a second 4-bar linkage with base [yz] and coupler triangleT2, and a third 4-
bar linkage with base [xz] and coupler triangleT3. Each of these linkages share the coupler
pointzand share its coupler curve. �

C 9.42. Construct the linkages cognate to that of Exercise 9.25 by removing
its base and following the design process described in the proof of the Roberts-Chebycheff
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F 9.32. A rotation ofX, followed by a rotation ofY

Theorem. Verify the design position of the mechanism shown in Figure 9.33. Satisfy your-
self, by constructing the mechanism and experimenting, that the shape of the triangle xyz
remains unaltered during motion of the model. Replace fasteners at the joints x, y and z
by thumb-tacks into a soft backing board so that x and y are13cm apart. The joints y and
z should be9.3cm apart, and x and z7.4cm apart. Verify that each of the three linkages
gives the coupler curve obtained earlier in Construction 9.25.

Mechanical motion is most easily available in the form of rotation, by means of electric
motors for example. The following Corollary to Theorem 9.41proves that the above design
process enables us to capture a given coupler curve via a crank-driven linkage if at all
possible.

C 9.43. Each Grashof linkage has a cognate linkage containing a crank. Each
cognate of a double-crank linkage is also a double-crank linkage. Each cognate of a non-
Grashof linkage is also a non-Grashof linkage.

P. We specify lengths as in Figure 9.34.

Without loss of generality, leta ≥ a′ ≥ a′′. Considering the mechanism in any position,
from Theorem 4.54 applied to three similar triangles in Figure 9.34 we have thata/b =
a′/b′ = a′′/b′′ = d(y, z)/d(z, x).

Suppose that the original linkage is a double crank linkage.Therefored(y, z) is less than
or equal to each ofa, a′, anda′′. Then we have thatd(x, z)/b = d(y, z)/a ≤ 1, d(x, z)/b′ =
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F 9.33. A design for cognate linkages

F 9.34. Lengths of cognate linkage components

d(y, z)/a′ ≤ 1, andd(x, z)/b′′ = d(y, z)/a′′ ≤ 1. Consequentlyd(x, z) is less than or equal
to each ofb, b′ andb′′.

From Theorem 9.10 applied to the original linkage we also have thatd(y, z) + a ≤ a′ + a′′.
Therefored(x, z)+b = d(y, z)(b/a)+b= (b/a)(d(y, z)+a) ≤ (b/a)(a′+a′′) = b′ +b′′. The
second linkage is therefore also a double crank linkage.

Similar, but long, arguments prove the other parts of the Corollary. �

E 9.44. In Figure 9.35 we have an example of the application of Theorem 9.41 in
which a coupler curve is produced by each of three linkages.
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F 9.35. Three cognate linkages

8. Approximate and exact linear motion

In this section we give some 4-bar linkages that generate coupler curves with approxi-
mately linear sections and some mechanisms that generate exact linear motion of a point.
As we mentioned above, mechanisms that produce linear motion without accurately ma-
chined linear guides were in demand from the outset of the Industrial Revolution. James
Watt was apparently prouder of the approximately linear motion of his piston guide than
of the steam enginein toto. Sarrus’ non-planar but exact solution to the problem in 1853
is dealt with in Example 10.18. Unfortunately it was little-known, and attention concen-
trated on planar mechanisms. Particular examples of planar4-bar linkages giving coupler
curves with approximately linear sections were invented byChebycheff in 1850 and, a
better example still, by Roberts in 1860.

E 9.45. In Chebycheff ’s linkage A and C have length5, B length4, D length2
and the coupler point is the midpoint of D. In Roberts’ linkage A, C and the sides of the
coupler triangle have the same length, and the coupler length is half the length of the base.
We may trace the coupler curves of these mechanisms using themethod of Construction
9.17.
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F 9.36. Chebycheff’s and Roberts’ mechanisms

It is known[43] that no planar bar-and-joint mechanism containing fewer than six bars has
a point that traces out a linear path. On the other hand the following result, or a simple
variant, is the key to designing mechanisms that do generatelinear motion.

L 9.46. Let p be a point on a circle and k be a number. Then there is a lineLk with
the following property. Corresponding to each point q, different from p, on the circle, there
is a point r on both the line Lk and the line p∨ q that satisfies d(p, q)d(p, r) = k.

p

q

r

r'
diameter

q'

L
k

F 9.37. A circle and the lineLk

P. Suppose that the diameter throughp meets the circle again in the pointq′.
Suppose further thatr ′ is the point of this line that satisfiesd(p, q′)d(p, r ′) = k. We choose
Lk to be the line, throughr ′, that is perpendicular to the linep ∨ q′. The required result
follows from the similarity of the two trianglesprr ′ andpq′q. �

E 9.47. The mechanism shown in Figure 9.38 was invented in1864by the French
army officer Peaucellier and used to control ventilation pumps for the British Houses
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of Parliament. The mechanism contains two kite linkages. Figure 9.38 also shows an
application to a hand rivetting tool.

Use Pythagoras’ Theorem and Lemma 9.46 to prove that the point r of Peaucellier’s mech-
anism traces out a line as the mechanism moves.

F 9.38. Peaucellier’s mechanism

E 9.48. Hart’s mechanism, shown in Figure 9.39, uses only six bars and contains
a kite. It was invented in1874. Using two similar right-angled triangles, prove that the
point r of Hart’s mechanism traces out a line as the mechanismmoves.

F 9.39. Hart’s mechanism
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9. Summary of Chapter 9

We chose the 4-bar linkage as a typical and useful mechanism to investigate in detail. We
found examples in many different contexts and learned how to predict their behaviour from
a simple condition on bar lengths.

Experimentation with models led us directly to some practical difficulties of engineering
design. We overcame some of these by combining plagiographsto give convenient linkages
that generate required motion of a point.
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CHAPTER 10

NON-PLANAR HINGED-PANEL MECHANISMS

We continue the investigation of models that we began in Chapter 9. The practical require-
ments of model-making and the importance of folding objectssuch as knock-down cartons,
folding doors, and stage scenery lead us to define a class of models that complements the
bar-and-joint models of Chapter 9. Those are constructionsin which a “skeleton” plays the
dominant structural role. In this chapter we examine constructions [16] in which the “skin”
is the main structural element. We first define the panels fromwhich they are assembled
and then specify rules governing the way in which panels may be hinged together to form
a hinged-panel model.

We analyze their behavior in some detail. In doing so we are again entering the realms of
the practical engineer and industrial designer. Models that are rigid play a role in structural
engineering, while those that are free to change their shapeare mechanisms. We concen-
trate first on hinged-panel cycles, as they are easy to visualize and occur widely in man’s
activities, often in disguised form. Finally we examine polyhedral models, and see that not
all are rigid.

1. Hinged-panel models

In this section we define hinged-panel models and examine some common examples.

In Definition 1.15 we introduced combinatorialn-gons. If we restrict our discussion [31] to
any planarn-gona1a2 . . .an with each vertex a Euclidean point, then the unionB[a1a2 . . .an] =
[a1a2] ∪ [a2a3] ∪ . . . ∪ [an−1an] ∪ [ana1] of the segments determined by each pair of adja-
cent vertices is a closed path in the Euclidean plane that contains then-gon. If this path has
no self-intersections then we have, either from intuition or a simple version of the Jordan
Curve Theorem [24], that the path divides the Euclidean plane containingB[a1a2 . . .an]
into an interior and an exterior part.

D 10.1. Let a1a2 . . .an be a planar combinatorial n-gon so that each vertex ai is
Euclidean and B[a1a2 . . .an] has no self intersections. Then the polygonal region[a1a2 . . .an]
is the union of the set B[a1a2 . . .an] and its interior. We call the set B[a1a2 . . .an] the bound-
ary of the region, each segment[a1, a2], . . .,[an−1, an], [an, a1] an edge of the region, and
each point a1, a2, . . ., an a vertex of the region.

The first 4-gon in Figure 10.1 is non-planar. The second has anideal vertex. The remaining
examples are planar, with only Euclidean vertices. The third does not have an interior.
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Only the last has an interior and the union of its boundary andshaded interior constitute a
polygonal region.

F 10.1. Four 4-gons, only one of which defines a polygonal region

We call any reasonably flat plate [32] that models a polygonal region apanel. We meet
panels whenever we cut out cardboard shapes, when we cut and fit wall paneling, when
we refloor a room with hardboard underlay, and in many other situations. Panels may be
combined, the reality of practical construction allowing two panels to be freely hinged
along a shared edge. Thus two panelsF andG, both containing the edgeE, may form a
mechanicalhinge, writtenHinge(F,E,G) or Hinge(G,E, F). We say that the panels and edge
are the three components of the hinge. We also say thatF andG arehingedat E and the
line containingE is thehinge-lineof the hinge.

The way in which several panels are combined into one entity by means of hinges is en-
capsulated in the following definition:

D 10.2. A hinged-panel modelM consists of a list of panels, some of which are
hinged and satisfy the following two conditions:

Condition H1: For each two panels F, G ofM there is a sequence, F= F1, Hinge(F1,E1, F2),
F2, Hinge(F2,E2, F3), . . ., Hinge(Fm−1,Em−1, Fm), Fm = G, of panels and hinges.

Condition H2: Any two hinges share at most one common component.

A vertex ofM is a vertex of any of its panels, an edge ofM is an edge of any of its panels,
the shell ofS is the union of its panels, and the skeleton ofM is the union of the edges of
its panels.

ConditionH1 is a convenient way of ensuring that the hinges are the essential “connec-
tions” between panels of a hinged-panel modelM . ConditionH2 reflects the reality of
hinge construction. It guarantees thatHinge(F,E,G1) andHinge(F,E,G2) cannot both be
hinges. It also ensures thatHinge(F,E1,G) andHinge(F,E2,G) are not both hinges, so that
two panels are hinged together by at most one edge. When it will not cause confusion, we
speak of thehinge Erather than thehinge Hinge(F,E,G).

Around us we see many hinged-panel models. The simplest is undoubtedly the common
carpenter’s hinge that consists of two panels that hinge at their shared edge. Most road
maps are hinged-panel models, cardboard boxes (both beforeand after gluing), concertina
doors, and old-fashioned fans are all hinged-panel models.A book is not a hinged-panel
model. An uncreased envelope is not! A folded letter is!
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When it is convenient and unambiguous, we use thicker lines in diagrams to distinguish
edges that are hinges from those that are not, continuing theuse of notation introduced
in Figure 2.13 in Chapter 2. We often make hinged-panel models from cardboard panels,
taping panels of a hinge together at their shared edge, as forexample, in the combinatorial
cube models of Examples 2.55 and 2.56. Each of these two, whenopened out, is a hinged-
panel model in which all four panels are coplanar, adjacent panels hinging at their common
edges. When partially folded each still is a hinged-panel model of four panels and three
hinges, but now no two of the four panels are coplanar. Fully clipped into the assembled
position each is a model of four panels and four hinges. Thus one mechanism may be used
to model different figures.

F 10.2. Three 4-panel models

We are able to make one of the tetrahedron models required forConstruction 2.68, using
the method illustrated in Figure 2.12, and taping the valleyfolds as shown in Figure 10.3.
When opened out it is a hinged-panel model, all of whose panels are coplanar and in which
each of the three shared edges is a hinge. When partially closed up it is a hinged-panel
model having no two panels coplanar. When fully bent up to form the tetrahedron the
model has three edges that are not hinges and three that are hinges. If we then tape the
remaining edges we have another hinged-panel model — the same panels and shell as
before but with each pair of panels forming a hinge with theircommon edge.

F 10.3. Steps in folding a model of a tetrahedron
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E 10.3. Folding a piece of paper into quarters we label the corners asin the
first illustration in Figure 10.4. The paper is then a hinged-panel model with panels
F1 = [0165], F2 = [1276], F3 = [2387]and F4 = [3498], and hinges Hinge(F1, [16], F2),
Hinge(F2, [27], F3) and Hinge(F3, [38], F4).

F 10.4. Folding a sheet of paper to form hinged-panel models

When completely folded the piece of paper contains panels labelled F1 = [0165], F2 =

[0165], F3 = [0165] and F4 = [0165], and hinges Hinge(F1, [16], F2), Hinge(F2, [05], F3)
and Hinge(F3, [16], F4).

In the first case each panel models a separate polygonal region, but in the second example
all four panels model the same polygonal region [0165]. Allowing coplanar panels, and
even repetition in the list of panels, in a hinged-panel model allows us to include collapsed
models such as the second example above. One of the virtues ofhinged-panel mechanisms
is the possibility of their folding flat for ease of storage ortransport.

D 10.4. A hinged-panel model is collapsed if each panel is in the sameplane.
A collapsed hinged-panel model, all of whose panels share a common internal point is
folded. A collapsed hinged-panel model, no two of whose panels share a common internal
point, is unfolded.

The creased paper model of Example 10.3 has two collapsed positions, one folded and one
unfolded.

As in Chapter 9 we may think of models as falling naturally into two types; namely those
in which parts may move relative to other parts, and those in which the distance between
any two parts remains unchanged.

D 10.5. A hinged-panel mechanism is a model in which the panels are able to
move relative to one another. A model in which no panel can move relative to another is
rigid.

D 10.6. The first hinged-panel model in Figure 10.5, with F1 and F2 hinged, and
F2 and F3 hinged, is known as a Hooke universal joint or a Cardan joint[39].
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A Hooke universal joint may be thought of as derived from the 4-panel model of Figure
10.5 by removing one panel, thus allowing the angleα to vary.

F 10.5. A Hooke universal joint

A Hooke universal joint enables a turning shaftA to turn a shaftB at varying inclination
to A as in the third figure in Figure 10.5. Taping a straw alongA and a straw alongB in
a cardboard model enables us to experiment by rotating the first straw and lightly holding
the second free to rotate, but inclined at an angleα to the first. Even as the angleα varies,
a rotation of the shaftA causes a rotation of the shaftB.

This is the case in, for example, the connection of the engineto a front wheel in a front-
wheel driven automobile as the suspension flexes. Straightforward trigonometry gives
tanφ tanψ = − secα. This enables us to quantify a disadvantage of the Hooke univer-
sal joint, namely thatdψdφ is not constant. AsA rotates with constant speed,B does not,
speeding up and slowing down as it rotates. In practice, an automobile engine is designed
to turn its axle at constant speed, and the road wheel would also like to turn at constant
speed! The resulting shudders would rapidly wear out the mechanism.

F 10.6. A constant-velocity joint

One way to overcome this problem is to join two joints that aremirror images of one
another together, as in Figure 10.6. The intermediate shaftnot being very massive, it
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contributes an acceptably small shudder. This combinationis an example of aconstant-
velocity joint[38] — a term only too familiar to those who pay the repair bills for front-
wheel driven vehicles. The double-Cardan joint is not the most widely used universal joint
but has some theoretical advantages over currently more popular types

The familiar folded letter of Example 10.3 is a simple example of a hinged-panel model
obtained by folding (and creasing) a sheet of paper. There isa long history of paper folding,
much of it full of mathematical significance, [1, 37, 34, 28]. Perhaps the oldest and most
carefully recorded examples are the folds of the Japanese art of Origami [49, 55].
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C 10.7. (Some Origami Constructions)The art of Origami[49, 55], or pa-
per folding, provides some delightful examples of hinged-panel models. Let us use two
examples of Origami folds to make a bird’s foot, an animal’s foot, and a human foot. The
first fold illustrated in Figure 10.7 gives an animal’s foot.The second fold gives a bird’s
foot, and the first fold carried out twice gives a human foot.

F 10.7. A bird’s foot, an animal’s foot, and a human’s foot
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We now turn our attention to panel cycles. They are perhaps the simplest, most common,
and most useful hinged-panel models:

D 10.8. An n-panel cycle is a hinged-panel model with a list F1, F2, . . .,Fn of at
least three panels and with{Hinge(Fi ,Ei(i+1), Fi+1) : i = 1, 2, . . . , n−1}∪{Hinge(Fn,En1, F1)}
as its complete set of hinges. A panel cycle is any n-panel cycle. We write Hi(i+1) to mean
the hinge-line of Hinge(Fi ,Ei(i+1), Fi+1).

Each of the two models of cubes in Constructions 2.55 and 2.56, when assembled, is a
4-panel cycle. It is interesting to note that one is rigid, the other not.

E 10.9. Folding a piece of paper into quarters we label the corners asin the first
model in Figure 10.8. The paper is a4-panel cycle with panels F1 = [0145], F2 =

[1234], F3 = [1287], and F4 = [0176], and hinges Hinge(F1, [14], F2), Hinge(F2, [12], F3),
Hinge(F3, [17], F4), and Hinge(F4, [01], F1).

When closed up further as in the second model in Figure 10.8 the paper is the4-panel cycle
with panels F1 = [0143] = F2, and F3 = [0176] = F4, and hinges Hinge(F1, [14], F2),
Hinge(F2, [01], F3), Hinge(F3, [17], F4), and Hinge(F4, [01], F1).

F 10.8. Folding a sheet of paper to form 4-panel cycles

It is appropriate to note some looseness in everyday terminology. We previously noted in
Chapters 1, 5, and 7 that we speak, for example, of a“4-gonabcd”, accompanied by an
illustration labeled bya, b, c andd, rather than a “4-gonabcdpictured here asa′b′c′d′”.
We use the same label for a point and for its image. We are so familiar with perspective
drawings (in fact with diagrams of all kinds) and find them so helpful, that in conversa-
tion we almost always identify objects with their images, and this convention is so well
understood that we are rarely even aware that we are using it.

In Figure 1.7, Figure 9.32, and elsewhere, we frequently carry this convenient identifica-
tion a step further. We are representing models, not figures.The labels are intended to
pinpoint points of the actual model, not of the structure modeled and not of the image of
this structure. Again, we are so used to this convention thatwe are hardly aware of it. As
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our concept of a mechanism is applicable only to models, not to figures, the convention
should not confuse us.

E 10.10. List the panels and hinges of the bird’s foot of Construction10.7 in order
to prove that it is a panel cycle. Are the animal’s foot and thehuman foot also panel cycles?

Different hinged-panel models may share the same hinge-lines. For example, in Figure
10.9, a 5-panel cycle in which each panel is a 4-gon has the same hinge-lines as another
5-panel cycle that has two triangular panels.

F 10.9. Two 5-panel cycles with the same hinge-lines

Provided that panels do not meet or intersect at points otherthan hinges, it is only the
hinge-lines of each panel, not the actual panel, that determine the motion of panels of a
model relative to other panels. Subject to this restrictionwe have the following theorem:

T 10.11. Let two hinged-panel models have the same hinge-lines and let the list of
panels of each model be paired so that corresponding panels share the same hinge-lines.
Then the first model is a mechanism if and only if the second model is also a mechanism.

P. Suppose that one model is a mechanism. Then in each positionof the model
the relative positions of the hinge-lines of one panel are fixed by the rigid panel joining
them. So, without restricting the motion of the model, we canattach the corresponding
panel of the second model. If we do this for each corresponding pair of panels then both
models perform the same motion without hindrance. Thus the second model is also a
mechanism. �

E 10.12. Draw a 4-panel cycle, that contains exactly two triangular panels,on
the hinge-lines of the cycle in Figure 10.10. Draw a4-panel cycle, that has each panel
triangular, on the hinge-lines of the cycle. Label points and list the panels in each case.
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F 10.10. The hinge-lines of a 4-panel cycle

2. Four-panel cycles

Other than a 3-panel cycle and the 2-panel carpenter’s hinge, a 4-panel cycle is the simplest
and most useful hinged-panel model. In this section we determine which 4-panel cycles
are mechanisms.

The behavior of 3-panel cycles is central to our arguments and we first establish that each
is rigid.

T 10.13. Each3-panel cycle is rigid.

P. Each two panels are hinged. There is a point of one panel, anda point of
a second, both on the remaining panel. These two points are a constant distance apart.
Therefore the two hinged panels are fixed relative to one another. Repeating this argument
proves each hinge to be rigid, and the model to be rigid. �

We made two 4-panel cycles in Constructions 2.55 and 2.56, and wondered about the
possibility of making a model of a Vámos cube before provingin Theorem 4.27 that it is
not a figure. With the aid of the following theorem we can better understand the mechanical
behavior of the models that we were able to make.

T 10.14. Let a4-panel cycle have no two of its panels coplanar. Then the cycle is
a mechanism if and only if its four hinge-lines are concurrent.

P. If necessary we replace the cycle by a cycle, in which each panel is a 4-gon,
that has the same hinge-lines.
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Suppose that the cycle has all four hinge-lines concurrent.We may break it into two hinges.
Following our discussion of a model cube after Theorem 4.27 in Chapter 4 we know that
one hinge may be opened to any degree and, provided the other can open wide enough it
may be taped to the first completing the cycle, and proving it to be a mechanism. From
Theorem 10.11 we have that the original 4-panel cycle is alsoa mechanism.

Suppose that two non-consecutive hinge-linesH12 andH34 of a 4-panel cycle are concur-
rent. Then they are coplanar. From Proposition 4.13 appliedto the model of the cube, the
hinge-lineH23 is concurrent withH12 andH34. Similarly H14 is concurrent withH12 and
H34. Thus all four hinge-lines are concurrent.

If no two non-consecutive hinge-lines are concurrent, thenwe replace the cycle by a cycle
containing two triangular opposite panels, but with unchanged hinge-lines, as shown in
Figure 10.11.

F 10.11. An extra hinge

In this model the other pair of opposite panelsF2 andF4 may be hinged without limiting
the model’s motion, as the edge [ab] is common to both in all positions of the model. From
Theorem 10.13 we have that thatF1, F2, andF4 form a rigid 3-panel cycle. SimilarlyF2,
F3 andF4 form a rigid 3-panel cycle. Thus no panel may move relative toany other panel
and the whole model is rigid. From Theorem 10.11 we have that the original cycle is also
rigid. �

C 10.15. Make a4-panel model of each of the two roofs shown in Figure
10.12. The method suggested in Construction 2.69 enables usto re-use panels from earlier
constructions for the models. The above theorem predicts which of the two cycles is rigid
and which is a mechanism. The second example, a hipped roof, is structurally preferable
to a peaked roof which relies on extra framing and support to maintain its shape.

Emptied supermarket cartons are usually flattened and stacked as collapsed cycles to be
transported for re-cycling or destruction. This is easy because each is basically a 4-panel
cycle having all hinge-lines concurrent at an ideal point, and is consequently a mechanism.
The origami bird and animal feet of Construction 10.7 are each 4-panel cycle mechanisms.
This is quite a relief! It means that we are unlikely to tear the paper as we make the creases
and fix the final shape. The piece of paper creased in Construction 10.9 is a mechanism,
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F 10.12. Two 4-panel cycle roof models

as the four creases are concurrent. This is one reason why it is possible to easily unfold a
letter in order to read it.

As we saw in the template that we devised in Figure 4.9, the cube model of Construction
2.56 has concurrent hinge-lines and so is a mechanism. But the cube of Construction 2.55
has only four 4-point circuits and so opposite hinge-lines of any model of it are not coplanar
and therefore do not meet. Thus the hinge-lines cannot be concurrent, forcing the model
to be rigid. At last we are able to understand the reason for the difference in mechanical
behavior of these two cube models.

E 10.16. Part of the central Norman tower of Cambridgeshire’s Ely cathedral col-
lapsed in the14th century and was replaced by an octagonal plane base on which was built
a timber beam structure to carry a magnificent lantern topping the tower. It is the world’s
only surviving true medieval dome. We can think of this beam construction replaced by an
equivalent hinged-panel model, in which each triangular framework of beams is replaced
by a triangular panel. We then have a model containing a cycleof sixteen panels, each
panel being also hinged to a base panel.

F 10.13. The lantern at Ely cathedral

The model has a vertical plane of symmetry and thinking of it as halved by this vertical
plane, we see in Figure 10.14 that the base,F1, F2, andF3 are the panels of a 4-panel
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cycle mechanism. Thus, relative to the base, the position ofF1 determines the position
of F3. Again the position ofF3 determines the position ofF5, and so on. We have a
mechanism with the motion ofF1 determining that ofF9. Any such motion can be mirrored
in the vertical plane of symmetry, giving a symmetric motionto the whole seventeen-panel
model.

F 10.14. A hinged-panel model of the Ely lantern

The 14th century builders made a mechanism, not a framework.The lantern is beauti-
ful, but perhaps an engineering error! It was strengthened in the 18th century, damaged
by storm in 1990, and subsequently repaired [59]. An interesting model in the cathedral
explains how the 400 ton structure was put in place.

3. Panel cycles of at least five panels

In this section we prove that the likelihood of a cycle being rigid decreases as the number
of its panels increases. We begin with a result similar to Theorem 10.14.

T 10.17. Let a5-panel cycle have no two of its panels coplanar. Then the cycle is
a mechanism if and only if its five hinge-lines are concurrent.

P. Suppose that a cycleM has all its hinge-lines concurrent. We replaceF1 and
F2 by a panel in the plane ofH51 and H12, and from Theorem 10.14 we have that this
4-panel cycle, and consequently the original 5-panel cycle, is a mechanism.

Suppose that four, without loss of generality, necessarilyconsecutive hinge-linesH12, H23,
H34 and H45 of the cycleM are concurrent. Then in each position ofM this point of
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concurrence is in the plane of the panelF1 and in the plane of the panelF2. But any point
in the planes of adjacent panels belongs to their hinge-line. ThusH15 is concurrent with
the other four hinge-lines andM is a mechanism.

Next we suppose that exactly three consecutive hinge-linesH12, H23, andH34 of M are
concurrent. If necessary we replaceM by another cycle containing two triangular adjacent
panels, but with unchanged hinge-lines, as shown in the firstdrawing of Figure 10.15.
Then the edge [ab] is common to bothF1 andF4 in each position of the cycle. The hinge
Hinge(F1, [ab], F4) can be added to give a model that is a mechanism if and only if the
original cycleM is a mechanism. With this addition the model now contains a 3-panel
cycle with panel set{F1, F4, F5}. Theorem 10.13 guarantees thatF1 andF4 remain fixed
relative to one another in any motion of the model. So the model can be replaced by
another, in which a panel hinged toF1 with hinge-lineH12 and hinged toF4 with hinge-
line H34 as shown in the second drawing in Figure 10.15 is added. The new model is
a mechanism if and only if the original is a mechanism. But thenew model contains a
4-panel cycle with non-concurrent hinge-lines, and so by Theorem 10.14, is rigid. We
therefore know thatM is rigid.

F 10.15. A model with three concurrent hinge-lines

If no two non-consecutive hinge-lines of the original 5-panel cycleM are concurrent, then
we are able to obtain, if necessary, a second model shown in Figure 10.16. This has
the same hinge-lines asM and has two triangular panels. The freedom of this model
is unchanged by adding a triangular panel [abc] that hinges to each ofF1, F3 and F5.
Theorem 10.13 guarantees the rigidity of the 3-panel cycle containing the panelsF1, [abc],
andF5}. So the linesH12 anda ∨ b are fixed relative to one another, andF1 andF5 are
each fixed relative to these two lines.

We may include a panelF hinged toF2 andF3 with hinge-linesH12 anda∨b respectively,
provided that we first removeF1 and [abc].

In this new model the panelsF2 and F3 are allowed all motion permitted in the second
model and thus also all motion allowed inM . But the 3-panel cycle containingF, F2 and
F3 ensures thatF2 andF3 are fixed relative to one another and to the linesa∨ b andH12.
From a similar argument we have thatF3 andF4 are also each fixed relative to the lines
a∨ b andH12. Thus all five panels ofM are fixed relative to the linesH12 anda∨ b, and
M is rigid. �

We may investigate the rigidity of some 6-panel cycles usingmethods similar to those in
the proofs of Theorems 10.14 and 10.17.
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F 10.16. A model having no two non-consecutive hinge-lines concurrent

F 10.17. A model obtained after removing and adding panels

In this way we are able to deduce that a 6-panel cycle model, notwo of whose panels are
coplanar, is a mechanism if all six hinge-lines are concurrent or if at least four consecutive
hinge-lines are concurrent. It is also a mechanism if three consecutive hinge-lines are
concurrent and the remaining three are also concurrent.

E 10.18. A 6-panel cycle mechanism that has two groups of three consecutive
hinges concurrent, each at an ideal concurrence point, was described by P.F. Sarrus[19]
in 1853as a solution to the problem of providing reliable straight-line motion. This was a
difficult problem at the time as no milling machines were available to make long-wearing
and accurate sliding guides — so pistons and slides frequently jammed and bent. Sarrus’s
mechanism was the first realistic solution, using functional mechanical hinges that were
available at the time.

Four of the panels of Sarrus’ mechanism are rectangular, ensuring that the motion of a point
of one triangular panel is along a line perpendicular to the plane of the second triangular
panel. The American 20th century geometer Michael Goldberg[29] devised a similar
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F 10.18. Sarrus’ hinge and Goldberg’s hinge

mechanism, also illustrated in Figure 10.18, that flattens neatly into an unfolded planar
model. It has Euclidean concurrence points.

E 10.19. Design a version of Sarrus’ mechanism that flattens into an unfolded
model.

The method of Theorem 10.17 enables us to prove that any 6-panel cycle, in which only
three consecutive hinge-lines are concurrent, is rigid.

We now make some models that have no three hinge-lines concurrent in order to understand
the variety of mechanical behavior possible in 6-panel cycles.

C 10.20. Make a6-panel cycle in which all panels[a f b], [ f bd], [bdc], [dce],
[cea], and [ea f] are equilateral triangles. A good way to make it is by the technique of
Construction 2.69. We can even re-use the panels of that construction. We need, in toto,
six panels and six rubber bands.

C 10.21. We make another6-panel cycle as follows. Cut out the panels[a f b],
[ f bd], [bdc], [dce], [cea], and[ea f], using the drawing in Figure 10.19 as a template. It
may be easiest to hinge the faces as shown, then bend the hinges appropriately until the two
panels of the remaining hinge are touching, and tape them together. If you wish to make
a larger and more accurate model, a template may be made by drawing two concentric
circles and choosing points a and d outside both. The tangents from a and d to the larger
circle meet at c and f . The tangents to the smaller circle meetat b and e, as in Figure
10.19.

Details of this 6-panel cycle were published by the French mathematician Rauol Bricard [8]
in 1897. Our model seems to be far from rigid. Do you see a 4-barlinkage contained within
it? Perhaps the fact that the four edges of this “crossed parallelogram” linkage remain
coplanar, and its four joints belong to a circle, during motion of the model provides a clue
to the mobility of the model.
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F 10.19. A Bricard 6-panel cycle model, and template

In the proof of Theorem 10.17 we used the fact that three paneledges joined in the form
of a triangular bar-and-joint model form a rigid framework in order to insert an extra trian-
gular panel. A triangular panel may be interchanged with itsskeleton in a model without
affecting the behavior of the model. We made use of this observation in Example 10.16.
Thus a bar-and-joint model of the skeleton of a hinged-panelmodel, that contains only
triangular panels, is rigid if and only if the hinged-panel model itself is rigid. These bar-
and-joint models often are easier to make and examine than are the panel models. We start
with a model of the skeleton of Construction 10.20.

C 10.22. Thread twelve6 centimeter lengths of drinking straw in a necklace
and tie the string without slack. Tying together joints witha common label gives the re-
quired model. To avoid confusion during construction it is helpful to label each end of
each straw indelibly by the appropriate letter as shown in Figure 10.20. If you have differ-
ent colored straws available, then it might be helpful to usea second color for the hinges.
These are the second,4th, 5th, 6th, 9th, and12th on the list.

This technique is useful even when edges differ in length. Even though the appearance and
mechanical behavior of the models of Constructions 10.20 and 10.21 are quite different
we observe that the labeling of their skeletons is identical. Corresponding edges seem to
differ only in length, so we vary the lengths of straws appropriately and join them as in
Construction 10.22 to give a skeleton of the Bricard cycle.

C 10.23. Thread lengths (measured in centimeters)12, 7, 9, 9, 7, 12, 12, 10,
9, 9, 10, and12, in this order, of drinking straw in a necklace and tie the string without
slack. To avoid confusion during construction, label each end of each straw indelibly by
the appropriate letter. Tying together joints with a commonlabel gives the required model.
Again, if you have different colored straws available it might be helpful to use a second
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F 10.20. Making a model skeleton

color for the hinges. Again these are the second,4th, 5th, 6th, 9th and12th straws on the
list.

It is no accident that the last two models have triangular panels. If no three consecutive
hinge-lines of a 6-panel cycleM are concurrent and no two successive hinge-lines are
parallel, then from Theorem 10.11 we may replace each panel of M , if necessary, by a
triangular panel as shown in Figure 10.21 to give a model thatis a mechanism ifM is a
mechanism. We can consequently also add a panel [abc] hinged to each ofF1, F3 andF5

as shown in Figure 10.21, again without hindering any motionof the model.

F 10.21. A six-panel cycle and an additional panel

We can think of the 4-panel cycle{F1, F2, F3, [abc]} in which the angleφ between [abc]
andF1 determines the angle between [abc] and F3, the 4-panel cycle{F3, F4, F5, [abc]},
then determining the angle between [abc] andF5, and the 4-panel cycle{F5, F6, F1, [abc]}
determining the angleψ between [abc] and F1. If φ = ψ for a range of values ofφ then
the model, and consequently alsoM , would be a mechanism. Bricard showed in a long
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analysis that this occurs in exactly three ways. In the first possibility, made in Construction
10.23, the model has two collapsed positions. The second possible mechanism has an axis
of symmetry. All three mechanisms are shown in Figure 10.22.

F 10.22. Bricard’s three 6-panel cycles

We will understand Bricard’s cycles much better if we make examples of each type. We
use the technique of Construction 10.23 to make two more skeletons, in each case thread-
ing twelve lengths of drinking straw in a necklace, then tying together those ends with a
common label.

C 10.24.We again use the technique of Construction 10.22. To make Bricard’s
second model we thread on the following lengths (measured incentimeters)11, 6, 10, 12,
6, 8, 10, 11.2, 8, 11, 11.2 and12 in the given order. To make Bricard’s third model, the
lengths, in correct order, are12, 13, 11.2, 6, 10.2, 2.4, 10, 9.3, 3.8, 10.6, 6.5 and4.7. If
you have different colored straws available, the hinges of each model arethe second,4th,
5th, 6th, 9th and12th on the respective list of straws.

Bricard’s results complete the proof of the following theorem:
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T 10.25. Let a 6-panel cycleM have no two of its panels coplanar. ThenM is
a mechanism if and only if one of the following is true:M has at least four consecu-
tive concurrent hinge-lines,M has three consecutive hinge-lines concurrent and the other
three consecutive hinge-lines also concurrent, orM has the hinge-lines of one of the three
Bricard cycles.

Panel cycles containing many panels are not of great interest as mechanisms. We might
suspect this if we have had many dealings with bicycle chainsor tank tracks. Experience
suggests that they tangle easily. Why is this? Cycles havingmany panels are very “floppy”
— which is why bicycle chains cannot easily be held rigid in one’s hands. This excessive
freedom of movement would be a handicap in, for example, hinging a door. We outline a
proof for the following theorem:

T 10.26. Each panel cycle that has no two panels coplanar and containsmore than
six panels is a mechanism.

P. Suppose thatM is ann-panel cycle,n ≥ 7. If no three consecutive hinge-lines
are concurrent, then we replaceM by a model with the same hinge-lines and the panels
F1, F2, . . . , Fn−1, Fn as in Figure 10.23.

F 10.23. A choice of panels of ann-panel cycle

OmittingF3 from the cycle model leaves a sequenceF1, F2, F4 . . . , Fn−1, Fn of panels, and
n− 2 hinges. We keepF6∪ . . .∪ Fn rigid, add a panel [abc], and fold the new model about
the linea∨ c as shown in Figure 10.24.

F 10.24. Before and after folding the model about a line
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As we fold, the Hooke universal joint of panelsFn, F2, andF1 determines the position of
F1, and the Hooke universal joint of panelsF6, F5, andF4 determines the position ofF4.
Thus we change the angle betweenH23 andH34 by a small angleθ.

F 10.25. ReplacingF3 after a second folding

Next we remove the panel [abc], keepF8∪ . . .∪Fn∪F1∪F2 rigid, and add a panel [bcd].
If M is a 7-panel cycle, then we keepF1 ∪ F2 rigid. As we fold the Hooke universal joint
of panelsF8, F7, andF6 determines the position ofF6 and the Hooke universal joint of
panelsF6, F5, andF4 determines the position ofF4. By folding the new model about the
line b∨ d in one of the two possible directions, we change the angle betweenH23 andH34

by an angle−θ.

We now re-attachF3 to H23 andH34 in their new positions and remove the panel [bcd] to
give a new arrangement of the original cycleM , as required. �

We have seen that the likelihood of ann-panel cycle being flexible increases withn. A 3-
panel cycle is always rigid, 4-panel and 5-panel cycles are rigid except when all hinge-lines
are concurrent, 6-panel cycles are rigid except for a few special cases, and non-collapsed
cycles that contain more than six panels are never rigid.

4. Polyhedral models

Panel cycles contain few hinges. Polyhedral models, on the other hand, are commonly
occurring hinged-panel models that have as many hinges as possible. In this section we
examine some examples, paying particular attention to their skeletons.

D 10.27. A polyhedral model is a hinged-panel model in which each panel F and
edge E⊆ F, together belong to some hinge.

Definition 10.27 tells us that in a polyhedral model each edgeof a panel binds it to another
panel. Atetrahedral modelis the simplest example of a polyhedral model. Its vertices are
those of a combinatorial tetrahedron, its panels are the triangular panels defined by any
three of the four vertices of the combinatorial tetrahedron, and each pair of panels together
with their common edge make up its six hinges. The ubiquitousliquid container made by
Sweden’s big export earner, TetraPak, is a commonly seen tetrahedral model.
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E 10.28. If [abc] is a triangular region, then the rigid polyhedral model thatcon-
tains four panels F1, F2, F3, and F4, each equal to[abc], and that contains hinges
Hinge(F1, [ac], F2), Hinge(F3, [ac], F4), Hinge(F2, [ab], F3), Hinge(F1, [ab], F4),
Hinge(F1, [bc], F3), and Hinge(F2, [bc], F4) is a folded polyhedral model.

Polyhedra are often classified according to the number of their panels: a tetrahedral model
has four panels, apentahedral modelhas five, ahexahedral modelsix, aheptahedral model
seven, anoctahedral modeleight, and so on.

C 10.29. The octahedral model shown in Figure 10.26 is an example of a
polyhedral model. Each panel is an equilateral triangle. Itmay be modeled by adding two
triangular panels to the6-panel cycle model of Construction 10.20. As well we need six
more rubber bands to ensure that all shared edges model hinges.

F 10.26. An octahedral model

C 10.30. Following the instructions of R. Hughes Jones[36], a heptahedral
model may be made from six copies of the tabbed right-angled triangular panel and eight
copies of the equilateral triangular panel in Figure 10.27,using four colors1, 2, 3 and
4, by gluing the tabs, shown dotted, as indicated. Each of the three triangles colored1
then have a second, same-colored triangle glued to their back, leaving unglued pockets for
the three unglued tabs de, e f and f d. The model can then be folded as indicated by the
lettering, slipping the tabs into appropriate pockets. Thetwo triangles colored2 then form
a square panel intersected by each of the two square panels colored3 and4 respectively.

This particular model, shown assembled in Figure 10.28, hasall its edges hinged, so there
are no “gaps”, but does it have an “outside” and an “inside”? It has the vertices and edges,
and therefore the skeleton, of the octahedral model of Construction 10.29, but alternate
panels of the octahedral model are removed and three squaresthrough the center introduced
in their place, and so it has four triangular panels and threesquare panels.

E 10.31. List the panels and hinges of this heptahedral model and compare its
skeleton with that of the octahedral model of Construction 10.29.
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F 10.27. Plans for a heptahedral model

F 10.28. A heptahedral model that has the skeleton of an octa-
hedral model

E 10.32. We derive another hinged-panel model from this heptahedralmodel as
shown in Figure 10.29. It also has the vertices of the octahedral model modeled in Con-
struction 10.20. List its six panels and its hinges. Is it a polyhedral model? If you can
devise a satisfactory method of constructing this hexahedral model, do so.

In a similar fashion to the construction of an octahedral model from a 6-panel cycle in Con-
struction 10.20, we may add two triangular panels to each Bricard 6-panel cycle pictured
in Figure 10.22 in order to obtain an octahedral model. Thus the skeletons we made in
Constructions 10.23 and 10.24 are also skeletons of octahedral models. The panels of each
Bricard octahedral model intersect and in practice we couldonly add part of each of the
seventh and eighth panels in order to allow the mechanism to move. This is no accident, as
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F 10.29. A hexahedral model

each octahedral mechanism (which must be made in this way) has bad panel intersections.
Just to hint at the beauty and intricacy of Bricard’s octahedral models, we note that each
gives rise to a pair of combinatorial tetrahedra, each vertex of the first being coplanar with
a panel of the second, andvice versa.

Just as the boundary of a panel separates the Euclidean planecontaining it into an interior
and an exterior part, so a polyhedral model with no intersecting panels appears to separate
Euclidean space into a part interior to the shell and a part exterior to the shell. The French
mathematician A.L. Cauchy consideredconvex models. In a convex model no two panels
are coplanar, and for each pair of interior pointsa andb, the segment [ab] is completely
contained in the interior of the model. In 1813 he proved the following theorem:

T 10.33. (Cauchy’s Theorem)Each model of a convex polyhedron is rigid.

It was long thought that this result might also hold for any model without panel intersec-
tions. But in 1977 Robert Connelly[13] constructed a variation of a Bricard octahedral
model in which the panels do not intersect. In 1978 this led Klaus Steffen to the simple
polyhedral mechanism whose development is viewed from the outside of the panels in
Figure 10.30.

The development, shown with some side-length measurements, is symmetrical about its
center line. After folding into a polyhedral model as indicated by the vertex labeling, the
mechanism has 9 vertices, 14 non-intersecting triangular panels, and 21 edges.

C 10.34. Construct Steffen’s mechanism.

5. Summary of Chapter 10

We defined hinged-panel models and observed the wide occurrence of these models in
everyday life, looking at examples, and some of their more common applications. We
distinguished between models that are mechanisms and thosethat are rigid, proving that
panel cycles and polyhedral models are of both types. We characterized those panel cycles
that are mechanisms.
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F 10.30. A development for a polyhedral mechanism
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CHAPTER 11

GRAPHS, MODELS AND GEOMETRIES

In Chapter 9 we became familiar with the practical uses of simple bar-and-joint models.
But many engineering works are quite complicated bar-and-joint models, containing many
hundreds of bars. In order to analyze the rigidity of such a construction we define an
underlying mathematical structure, namely a graph, that ismodeled by the bar-and-joint
model.

A graph is formally a listing of some pairs of objects that belong to a specified set. It is an
important mathematical structure with an associated largebody of theory and we lay the
groundwork for this theory. In particular we introduce the notions of a connected graph
and an acyclic graph.

These ideas enable us to determine the rigidity of a framed building, and define the develop-
ments of hinged-panel models. A development of a hinged-panel model is an intermediate
step of efficient construction for the model itself. Graph theory also plays a fundamental
role in our investigation of spherical polyhedra in Chapter12.

But perhaps of most interest in the overall context of geometries is the last section of the
chapter. There we prove certain graphs to be geometries in their own right.

1. The definition of a graph

A graph formalizes a selection of pairs of objects. Thus, forexample, in a bar-and-joint
model a pair of joints could be singled out for mention if the joints belong to a common bar
of the model. In this section we introduce some basic notation and fundamental properties
of graphs.

D 11.1. A graph G consists of a finite set V(G), of vertices, and a finite list E(G) of
edges. Each edge is an unordered pair of (not necessarily distinct) vertices. Two identical
edges are called multiple, or parallel, edges. An edge{u, u} is called a loop.

E 11.2. The set V(G) = {1, 2, . . . , 5} and the list E(G) = {{1, 2}, {2, 3}, {3, 4},
{1, 4}, {1, 4}, {1, 5}, {2, 5}, {3, 5}, {4,5}, {3, 3}} define a graph G. It has two parallel edges
and one loop.
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In a more restrictive alternative definition of graph repetition is not allowed, neither inE(G)
nor within each edge. However we use the adjectivesimpleto distinguish those graphs that
have neither parallel edges nor loops.

D 11.3. A simple graph is a graph that contains neither parallel edges nor loops.

E 11.4. For each natural number n the set V(Kn) = {1, 2, . . . , n} of vertices, and the
set E(Kn) = {{i, j} : 1 ≤ i < j ≤ n} of edges, define a simple graph, denoted by Kn, and
called the complete graph on n vertices.

The bar-and-joint models of Chapter 9 provided the motivation for Definition 11.1, and
each can be thought of as a physical model of a graph in which each joint represents a
vertex and each bar models an edge.

D 11.5. Let M be a bar-and-joint model. Then the set V(G) = {u : u is the end of
a bar} and the set E(G) = {{u, v} : u and v are the ends of a common bar} define a simple
graph G. We say thatM models G and writeM = M (G) and G= G(M ).

E 11.6. Specify each graph that is modeled by a flail, a triangular framework, or a
4-bar linkage. Are K3 and K4 among these graphs?

Graphs may be presented visually in a way reminiscent of sketches of planar figures.

D 11.7. Let G be a graph. A drawing of G is a collection of points in a Euclidean
plane, each labeled by a different vertex of G, and a collection of arcs in the plane, one arc
being drawn between u and v for each edge{u, v} of G.

F 11.1. A drawing of eachKn, for n = 1, 2, 3, 4, and 5

As each drawing of a graphG contains all the information required for the graph’s defini-
tion, we may blur the distinction betweenG and any drawing of it without ill-effect. There
is no requirement that an arc representing an edge ofG be straight but often we use the
segment [uv] as the arc that represents an edge{u, v}. This is possible for each edge of any
simple graph. Figure 11.1 contains such a drawing of eachKn, for n = 1, 2, 3, 4, and 5.

Road maps, airline route diagrams, and electrical wiring diagrams are some, among many,
documents that have the characteristics of a drawing of a graph, suggesting that graph
theory should find wide application.

We now build on Definition 11.1, deriving various propertiesof graphs that we later use
for our investigation of bar-and-joint models and hinged-panel structures. We start by
examining structures induced on some subsets of vertices and edges of a graph. The result
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F 11.2. An airline route map and a wiring diagram

of erasing some parts of a drawing of a graph is a drawing of a graph provided that any
edge ending in an erased vertex is also erased. More formallywe say:

D 11.8. Let G be a graph. Then a graph H is a subgraph of G if V(H) and E(H)
are subsets of, respectively, V(G) and E(G).

In particular a subgraph is obtained from a graphG by deleting any subsetE′ from E(G).
This subgraph is called anedge deletionand is denoted byG\E′. We also obtain a subgraph
of G by deleting a subsetV′ of vertices fromV(G) provided that each edge ofE(G) that
contains a member ofV′ is deleted fromE(G). This subgraph is avertex deletionand is
denoted byG\ V′.

1

3 2

4

1

3 2

4

1

3 2

F 11.3. A drawing of each ofK4, K4\{4}, andK4\{{2, 4}}

Thus we may obtain a drawing of a subgraphH of G from any drawing of a graphG by
erasing those vertices and edges ofG that are not elements ofH. Any subgraphH may be
obtained by a succession of single-element deletions.

The common way in which we use route maps and wiring diagrams suggests strongly that
subgraphs of the following type will repay study.
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D 11.9. Let G be a graph. A path of G is any subgraph H of G with V(H) =
{v1, v2, . . . , vn} and E(H) = {{v1, v2}, {v2, v3}, . . . , {vn−1, vn}}, the vertices vi being pairwise
distinct. We say that the path joins v1 and vn in G.

E 11.10. Write down the vertices of a path, that joins Stockholm and Singapore, of
the airline route map in Figure 11.2.

2. Connected graphs and acyclic graphs

In this section we analyze a graph in terms of its paths.

D 11.11. A graph is connected if each pair of distinct vertices has a path joining
them. A graph that is not connected is disconnected.

It is useful to study subgraphs of a graphG that are connected, but minimally so. These
subgraphs give us insight into hinged-panel constructionsand they have a more general
importance [44]. The existence of the following graph as a subgraph ensuresa redundancy
among the paths ofG.

D 11.12. Let G be a graph. A cycle of G is any subgraph H of G with V(H) =
{v1, v2, . . . , vn} and E(H) = {{v1, v2}, . . . , {vn−1, vn}, {vn, v1}}, the vertices vi being pairwise
distinct. A graph is acyclic if it contains no cycles. A forest is an acyclic graph, and a tree
is a connected acyclic graph.

The airline route map in Figure 11.2 is connected, the wiringdiagram is disconnected.
Neither is acyclic. A flail models a tree, and a pair of flails model a forest. A 4-bar linkage
models a graph that is a cycle.

E 11.13. List the vertices of each cycle of K3. List the vertices of each cycle of K5

that contains four or five vertices.

L 11.14. Let G be a simple graph. If H is a cycle of G, then|V(H)| = |E(H)| ≥ 3.

P. The inequality is a consequence of the impossibility of repetition within E(H)
and of repetition within any edge ofH. �

We call a subgraph of a graphG a maximal treeof G if it is a tree, and is not a subgraph
of any other tree inG. The graph modeled by a flail is the only example of a tree that we
have seen so far. But it is straightforward to find further examples. If we delete an edge
that belongs to a cycle of a graph, and repeat this process, eventually we obtain an acyclic
subgraph of the original graph. This experiment suggests the following property of trees:

T 11.15. Let G be a connected graph. Then G contains a maximal tree. Anytree of
G is a subgraph of a maximal tree of G and it is a maximal tree if V(T) = V(G).

P. If T is a tree ofG andu ∈ V(G) − V(T), then we choose a path joiningu and
a vertexv of T. There is an edge{u′, v′} of the path so thatu′ is in E(T) andv′ is not in
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E(T). Adding this edge toE(T) and adding the vertexv′ to V(T) gives a graph that is a
tree and hasT as a subgraph. We continue in this way, until we obtain a tree containing all
the vertices ofG. Starting this process from any single vertex proves that each connected
graph contains a subgraph that is a maximal tree.

Suppose that a subgraphT of G is a tree, and further suppose thatV(T) = V(G). If T is a
subgraph of a treeT′ in G, thenV(T) ⊆ V(T′) ⊆ V(G) = V(T). ThusV(T) = V(T′). Also
any edgee in E(T′)−E(T) is e= {u, v} for someu andv in V(T). There is a path joiningu
andv in T, ande is not an edge of this path. The path is also a path inT′. Addinge to the
edge set of this path gives a cycle inT′, contradicting the definition of a tree. SoT′ andT
have the same vertex sets and the same edge sets, and are therefore the same graph andT
is a maximal tree inG. �

E 11.16. By deleting edges of the complete graph K5 obtain a maximal tree of K5.
How many maximal trees does K5 contain?

It is an important task to find all the maximal trees in a graph [7]. The problem is of in-
terest in particular to chemists [44]. For example, each of the many possible carbon-based
molecules with a particular formula can be identified with a tree, each carbon bond repre-
senting an edge of the tree. It is important for a chemist to know whether a molecule can
exist before trying to create it. The problem is also of increasing interest in communica-
tion networks. The links betweenn nodes of a proposed network would model edges of
a graph, and a cheap means of connecting each pair of nodes requires a minimal sets of
links. These are the maximal trees of the complete graphKn.

L 11.17. Let T be a tree and P a path of T so that E(T) is not equal to E(P). Then
there is a vertex of V(T) − V(P) that belongs to exactly one edge of E(T) − E(P).

P. Let Q be a maximal path ofT from a vertexu to a vertexv such thatu is the
only vertex ofQ that lies onP. Thenv belongs to an edge ofQ that is inE(T) − E(P).
Moreover,v belongs to no other edge ofE(T)−E(P) asT is acyclic andQ is maximal. �

L 11.18. If T is a tree, then|V(T)| = |E(T)| + 1.

P. We argue by induction on|V(T)|. The result is true for|V(T)| = 1. Suppose
that the result holds for any treeT satisfying |V(T)| ≤ n. Let T be a tree withn + 1
vertices. From Lemma 11.17 applied to the empty pathP, we have the existence of a
vertex x of T that belongs to only one edge ofT. ThenT\{x} is a treeT′ that satisfies
|V(T′)| = |E(T′)| + 1. Observe that|V(T)| = |V(T′)| + 1 and|E(T)| = |E(T′)| + 1. Thus
|V(T)| = |V(T′)| + 1 = |E(T′)| + 1+ 1 = |E(T)| + 1. Thus the result holds by the Principle
of Mathematical Induction. �

3. The rigidity of a one-story building

In Definition 11.5 we usefully think of any bar-and-joint model M as a modelG(M ) of a
simple graphG in which each universal joint models a vertex, two joints being connected
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by a rigid bar if the set of two vertices that they model is an edge. Thus two bars of the
model are joined together at an end whenever they model edgesthat contain a common
vertex. We examined flails, triangular frameworks, and 4-bar linkages in Chapter 9. In this
section we apply the connectivity of the graphG(M ) in order to determine the physical
behaviour of the bar-and-joint modelM .

The difficulty and expense of constructing freely movable universaljoints has meant that
non-planar models are primarily of interest as rigid structures. We are all familiar with
space frames, building scaffolding, bridge trusses and geodesic domes. In these, and other,
applications rigidity is the desired quality, not mobility. We look at one application[57],
the framing of a one-story building. An example is shown in Figure 11.4.

F 11.4. A typical warehouse frame

P 11.19.We are designing a post-and-beam framed warehouse so that machinery is
able to move through it as freely as possible. Consequently we brace it only with diagonal
braces within roof squares and external wall squares. Whereshould the braces be placed
in order to use fewest possible?

Solution. First we examine possible motion of the roof beams within thehorizontal plane
of the roof. We try to rotate a beam through an angleθ. If we model the warehouse frame
as a bar-and-joint structure, each square being a parallelogram linkage, then each cross-bar
in the same line of squares of the roof grid also turns throughθ. If there is a braced square
in this line, then all bars of this square turn throughθ. Consequently, all cross-bars of the
other line containing the square turn throughθ also. Thus any braced square in a moved
line forces a second line to move. If each bar is forced to turnthroughθ, then no bar has
turned relative to any other and the roof is rigid. As each baris a cross-bar of some line,
this is equivalent to each line being forced to move.

F 11.5. Planar movement of a roof
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We may summarize this information concisely in terms of thebracing graphof the roof.
Each complete line of squares of the roof-grid is a vertex of the bracing graph. Each two
lines form an edge of the bracing graph if the two meet in a braced square. In the light of
Definition 11.11 and Lemma 11.15 we have the following result:

L 11.20. Let the roof be a k byℓ rectangle. Then the roof is rigid within its horizontal
plane if and only if the bracing graph is connected. At least k+ ℓ − 1 braces are required
to make the roof rigid. A set of k+ ℓ − 1 braces suffices if and only if the bracing graph is
a tree.

F 11.6. A roof that is not rigid and one that is rigid

P. First we suppose that the bracing graph is connected. We consider any two
bars of the roof grid, one is a cross-bar of the linei, and the other is a cross-bar of the line
j. If i = j, then any rotation through an angleθ of one bar forces a rotation throughθ of the
second bar as we outlined above. Ifi , j, then there is a path in the bracing graph fromi to
j. For any edge{u, v} in this path the linesu andv of the roof grid meet in a braced square
and so each cross-bar of the lineu turns through the same angle as does each cross-bar of
the linev. Applying this argument sequentially to the edges of the path we deduce that any
two bars of the roof grid turn through the same angle. In otherwords, the grid is rigid.

Conversely, we suppose that the roof grid is rigid. If there is no path from the linei to the
line j of the roof grid, then a rotation of any cross-bar of the linei gives rise to a motion of
the roof grid that does not rotate the cross-bars of the linej, and the grid deforms.

Therefore the roof is rigid if and only if the bracing graph isconnected. We apply Lemmas
11.18 and 11.15 to complete the proof. �
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The roof of the warehouse shown in Figure 11.4 is not rigid. InFigure 11.6 we have
added a brace in two ways. In the first the resulting grid is still not rigid, in the second the
resulting grid is rigid.

Next we suppose that each wall is only permitted to move within its vertical plane. Then a
diagonal brace in a wall prevents movement of the wall withinits plane. Two such braces,
one in each of two intersecting walls as in Figure 11.7, keep both walls rigid.

Consequently, a brace in each of the four external walls willkeep the four corners of the
roof in place, if the roof is rigid within its horizontal plane. These four braces, together
with bracing in the roof sufficient to keep it rigid within its plane, will suffice to keep the
building frame rigid. So we know thatk + ℓ + 3 braces, properly placed, will keep the
building in shape.

F 11.7. Bracing intersecting walls

The bracing shown in Figure 11.4 is not adequate to make the frame of the building rigid.
We can make it rigid by adding one more horizontal brace in, for example, the lower right-
hand square of the roof grid.

4. Hinge graphs and developments

In this section we associate a graph with each hinged-panel modelM . Consequently the
existence and properties of maximal trees enable us to rigorously expand our intuitive
notion of developments of a hinged-panel model.

D 11.21. Let M be a hinged-panel model. The vertices of the hinge graph H(M )
of M are the panels ofM . A pair {F,G} of panels F and G is an edge of H(M ) if F and G
are hinged inM .

From ConditionH1 of Definition 10.2 we also have that each hinge graph is a connected
graph. ConditionH2 tells us that each hinge graph is simple. We further note thata
hinged-panel model is a panel cycle if and only if its hinge graph is a cycle.

E 11.22. The hinge graph of the folded paper of Example 10.3 is drawn first in
Figure 11.8. The hinge graph of the folded paper of Example 10.9 is drawn second. In
each case the graph does not depend on how tightly the paper isfolded, but on the number
and interrelation of the creases alone.
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F 11.8. The hinge graphs of two folded pieces of paper

E 11.23. Figure 10.2 shows the three models obtained in the process ofassembling
a cube. Figure 10.3 gives four models obtained during construction of a tetrahedral model.
We show, in Figure 11.9, the hinge graph of each of these sevenhinged-panel models.

F 11.9. The hinge graphs of seven models
E 11.24. Draw the hinge graph of each of the three polyhedral models ofConstruc-
tions 10.29, 10.30, and 10.32.

Our proofs of the conditions that govern the mechanical freedom of cycles use models
obtained by removing some panels. We now see exactly when this can be done. LetM be
a hinged-panel model. Then any hinged-panel modelM ′, with its list of panels a sub-list
of the panels ofM and with each hinge also a hinge ofM , is contained inM .
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T 11.25. Let M be a hinged-panel model. Then any connected subgraph of H(M )
is the hinge graph of a model contained inM . Conversely, the hinge graph of any model
contained inM is a connected subgraph of H(M ).

P. First we suppose thatK is a connected subgraph ofH(S). We letM ′ consist of
those panels ofM that are vertices ofK, hinged only if they are joined by an edge of the
subgraphK. Then, for each pair of verticesu andv of K, the existence of a path joining
u andv in K guarantees that the vertices of this path and the hinges thatgive rise to the
edges of the path satisfy ConditionH1 of Definition 10.2. As each edge ofK is also an
edge ofH(M ), and so represents a hinge ofM , ConditionH2 is satisfied forM ′ and it is a
hinged-panel model ofK, M ′ = M (K).

Conversely, ifM ′ is contained inM , thenH(M ′) is a subgraph ofH(M ), and, from Condi-
tion H1 applied toM ′, we have thatH(M ′) is connected. �

D 11.26. A hinged-panel modelD is a development if the hinge graph H(D) is a
tree. A development of a hinged-panel modelM is any developmentD so that H(D) is a
maximal tree in H(S).

We have already used the word “development” in the above sense, but without formal
definition, in Exercise 2.57, Construction 10.23, Construction 10.34, and elsewhere. The
most common example of a development is the usual carpenter’s hinge consisting of two
panels hinged together. Some graph theory gives us useful properties of the developments
of a hinged-panel model.

T 11.27. Each hinged-panel modelM has a development. IfM contains exactly n
panels, then each development ofM contains all n panels ofM and exactly n− 1 of the
hinges ofM .

P. The result is an immediate consequence of Theorem 11.15 applied to the trees
of H(M ). �

E 11.28. A set of unfolded developments of the sealed box of Exercise 2.58, and the
hinge graph of the box, are shown in Figure 11.10. Comment on these developments and
their hinge graphs in the light of Theorems 11.15 and 11.27.
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F 11.10. Some unfolded developments of a box

The Hooke universal joint and associated constant-velocity joint of Chapter 10 are devel-
opments, and the mobility they display is characteristic ofevery development.

D 11.29.A flap of a hinged-panel modelM is a panel ofM that belongs to exactly
one hinge.

Practical experience with the lids of cardboard boxes suggests that a flap is free to move
about its one hinge. The freedom of a flap is basic to the extreme flexibility of develop-
ments, as we now prove.

T 11.30. Each hinge of a development is free to move. Consequently anydevelop-
ment of a hinged-panel modelM is a mechanism that has a collapsed position as well as
each position ofM itself.

P. We see directly that any development ofM can take a position ofM itself
by removing those hinges ofM that are not hinges of the development. This gives the
development in the required position.

We complete the proof by arguing inductively on the number ofhinges of the development.
The result is true for the carpenters hinge. Suppose it is true that both each hinge of a
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development containing at mostn hinges moves freely and the development has a collapsed
position. LetD be any development containingn+ 1 hinges. From Lemma 11.17 applied
to the empty path inH(D), we have that the hinge graph ofD contains a vertex belonging
to one edge of the graph. This vertex is a flap ofD. Removing it and its hinge fromD gives
a development in which each hinge moves freely. Clearly a flapof a model may hinge
freely relative to the remainder of the model. Therefore each hinge ofD moves freely
as required. Attaching the flap to the remainder in a collapsed position gives a collapsed
position forD. This completes the proof that each hinge of a development isfree to move
and the development has a collapsed position. �

In fact the way that a development moves through its range of positions mimics the way in
which we usually assemble a modelM , starting with a collapsed development, that is often
unfolded, and adding hinges as the panels are folded into their final positions. Theorem
11.27 guarantees that each hinged-panel model can be made inthis way. An unfolded
development is a convenient starting point, as it may be cut from one sheet of paper or
cardboard that is then creased to form the hinges.

C 11.31. A convenient model dodecahedron can be made by combining two
copies of the development in Figure 11.11. Twisting a rubberband about both as shown
causes the model to pop up to an assembled position. But it canbe flattened easily by
gentle pressure for storage.

F 11.11. A model dodecahedron

5. Graphs that are also geometries

In this section we highlight a common structure that underlies both geometries and graphs.
The key to this structure is the following observation aboutthe union of the edge-sets of
two cycles of a graph.
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L 11.32. Let G be a graph. Suppose further that E1 and E2 are the edge sets of
distinct cycles C1 and C2, respectively, of G, and that e is an edge in both E1 and E2. Then
there is a subset of(E1 ∪ E2) − {e} that is the edge set of a cycle of G.

P. Write e = {u, v}. There is a unique pathPi of Ci whose edge set isEi − e for
i = 1, 2. TraverseP1 from u to v until the first vertexx is reached for which the next edge of
P1 is not inP2. Such a vertexx exists because the cycles are distinct. Continue to traverse
P1 from x towardsv until the next vertexy is met that is inP2. Such a vertex exists because
v is in bothP1 andP2. Then the union of the section ofP1 from x to y and the section of
P2 from y to x is the required subset of (E1 ∪ E2) − {e}. (see Figure 11.12) . �

e

u
v

x

y

C
1

C
2

F 11.12. A cycle avoidinge

We recall that when testing a collectionC of subsets of a setE as the collection of circuits
of a geometry (E,C), the requirement that is often the most troublesome is the Elimination
Condition,C3, of Definition 2.1. The form of Lemma 11.32 suggests the edge set of a
graph as a possible example of the set of points of a geometry,and we see that this is
sometimes the case:

T 11.33. Let G be a simple graph in which each five-element subset of E(G) con-
tains the edge-set of a cycle. Define E= E(G) andC = {C : C is the edge set of a cycle of
G}. Then(E,C) is a geometry.

P. Removing any edge from a cycleC leaves the edge set of an acyclic graph. So
no proper subset of a cycle is a cycle. Thus ConditionC2 is valid. From Lemma 11.14 and
the assumption that each five-element subset ofE contains the edge set of a cycle we have
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that ConditionC1 holds. By assumption, ConditionC4 is valid. From Lemma 11.32 we
have exactly ConditionC3 of Definition 2.1. �

C 11.34. Let G be a simple graph containing at most five vertices. DefineE =
E(G) andC = {C : C is the edge set of a cycle of G}. Then(E,C) is a geometry. �

E 11.35.Let G be the graph given by V(G) = {1, 2, 3, 4}and E(G) = {{1, 2},{2, 3},{3, 4},
{1, 4}}. This is the graph modeled by any4-bar linkage of Chapter 9. Applying Corollary
11.34, we obtain that E={{1, 2}, {2, 3}, {3, 4}, {1, 4} } and C contains just one member,
namely the set{{1, 2},{2, 3},{3, 4},{1, 4}}. For convenience we relabel each member of E by
a single symbol, E= {a, b, c, d} andC = {{a, b, c, d}}. Now we recognize this geometry. It
is the figure of four coplanar points in general position shown in Figure 11.13.

a

d

c
b a

c

b

d

F 11.13. A graph and four points in a plane

E 11.36.Let G be the graph given by V(G) = {1, 2, 3, 4}and E(G) ={{1, 2},{2, 3},{1, 3},
{1, 4}}. Applying Corollary 11.34, we obtain the set E= {{1, 2}, {2, 3}, {1, 3}, {1, 4}} of
points, the setC of circuits containing just one member, namely the set{{1, 2}, {2, 3}, {1, 3}}.
Again relabeling, we have E= {a, b, c, d} andC = {{a, b, c}}. This is the4-point figure con-
taining one3-point line drawn in Figure 11.14.

b

a c

d

d

a b c

F 11.14. Another graph and its associated figure

E 11.37.We have already met a geometry isomorphic to that obtained from K3. It is
the three-point line. We have also met a geometry obtained from K4, it is drawn in Figure
11.15.

We need to be a little careful when drawing graphs and their associated geometries. For
example, the first illustration in Figure 11.16 is a drawing of a graph. The graph defines the
figure in the second illustration. Our usual notation for a triangle, in the third illustration
in Figure 11.16, distinguishes it from a drawing of the graph.

E 11.38. Is a four-point line isomorphic to some geometry(E,C), where G is a
graph, E= E(G) andC = {C : C is the edge set of a cycle of G}?

P 11.39. Here is a beautiful question! Have we previously met the geometry (E,C)
obtained from the complete graph on five vertices, where E= E(K5) andC = {C : C is the
edge set of a cycle of K5}? If so what is it?
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F 11.15. A figure that is isomorphic to the geometry ofK4

(a) A drawing of a graph   (b) The geometry of the graph in (a)  (c) A different geometry

F 11.16. Conventions of graph and figure drawing
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F 11.17. A complete graph with labeled edges

Solution. An answer springs to mind if we compare the three-point circuits listed in Defi-
nition 2.37 with the list of members ofC above, labeled according to the labeling of edges
of K5 shown in Figure 11.17. But caution! We should verify that thelists of all circuits are
identical, not just the lists of three-point members. We conclude that we have a non-planar
Desargues figure. �

We will not pursue these questions further now, but in Chapter 14 we see that geometries,
figures, graphs and even matrices, are particular examples of a common geometric struc-
ture. Consequently, any theorem concerning this structurewill automatically be a theorem
of geometry, of graph theory and of linear algebra.
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6. Summary of Chapter 11

We derived some of the basic properties of graphs. We added tothe understanding of-
fered by bar-and-joint modeling, with which we were alreadyfamiliar, by an application
to decide the rigidity of one-story building frames.

We drew graphs in a Euclidean plane, and used a graph naturally associated with each
hinged-panel model, namely its hinge graph, to define developments of the model.

Finally, we found an intriguing glimpse of an underlying common structure of graphs and
combinatorial geometries.
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CHAPTER 12

SPHERICAL POLYHEDRA

We begin by examining figures that have polyhedral hinged-panel models. We introduce
the notion of a drawing of a polyhedron by using selected drawings of an associated graph.
We examine spherical polyhedra in detail, obtaining information about them by subjecting
some of their drawings, rather than the polyhedra themselves, to scrutiny.

These drawings are planar embeddings of three-connected planar graphs, and enable us to
count the vertices, edges, and faces of any spherical polyhedron.

Finally we apply our results in some detective work on a stoneblock pictured in Albrecht
Dürer’s “Melencolia”.

1. The definition of a polyhedron

We introduced polygonal regions in Definition 10.1. We may think of each hinged-panel
model of Chapter 10 as modeling a figure that consists of a union of polygonal regions.
In this section we single out for attention figures that have polyhedral models. Our main
weapon in this attack is our knowledge of the structure of a graph that we associate with
each figure.

D 12.1. A polyhedronF is a union of pairwise distinct polygonal regions, each
called a face of the polyhedron, satisfying the requirementthat each edge of a face is an
edge of exactly two faces.

We consider only polyhedraF that are connected in the sense that for each two facesF,
G of F there is a sequence,F = F1,E1, F2,E2, F3, . . ., Fm−1,Em−1, Fm = G, of faces and
hinges so thatEi is the edge common toFi andFi+1, for eachi in {1, 2, . . . ,m− 1}.

A vertex of a polyhedronF is a vertex of any of its faces, and anedge of F is an edge of
any of its faces. Theskeletonof F is the union of the edges ofF.

Clearly polyhedra are figures that are modeled by the polyhedral models of Chapter 10,
and we writeM (F) to mean any model ofF. PanelsF andG of M (F) stand for the faces
that are the polygonal regions modeled byF andG respectively, and a hingeHinge(F,E,G)
corresponds to the edge contained in both these faces. Thus,for example, the results
of Constructions 10.29, 10.30, and Exercise 10.32 model polyhedra. Every polyhedron
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has a model but a polyhedral mechanism in a position, perhapscollapsed, such that two
hinges coincide, or two panels coincide, is not modeling a polyhedron at that moment of
coincidence. Moreover, there are other examples of polyhedral models that do not model
polyhedra as we see in Example 12.2.

E 12.2. The polyhedral model defined in Example 10.28 does not model apolyhe-
dron.

Let two tetrahedral models touch along a common edge E. Suppose that Hinge(F1,E, F2) is
a hinge of the first and Hinge(F′1,E, F

′
2) a hinge of the second model. Then the collection of

the panels of both, together with the hinges of both — with theexception that the two above
are replaced by Hinge(F1,E, F′1) and Hinge(F′2,E, F2) — is a polyhedral model as shown in
Figure 12.1. This polyhedral mechanism does not model a polyhedron.

F 12.1. A model of the union of two tetrahedra

Our discussion of perspective drawings and scene analysis has shown us both the advan-
tages and difficulties of using planar information to analyze non-planar figures. We use the
previously defined notion of a drawing of a graph in order to pictorially represent polyhedra
by associating the following simple connected graph with a polyhedronF.

D 12.3. Let F be a polyhedron. The vertices of the graph ofF, denoted by G(F),
are the vertices ofF. A pair {u, v} of vertices is an edge of G(F) if [uv] is an edge ofF.

The skeleton of any hinged-panel modelM (F) may be thought of as a bar-and-joint model
of the graphG(F). The result of applying Constructions 10.22, 10.23, and 10.24 is in
each case a skeleton of an octahedral model of an octahedron.The common labeling of
the vertices in Figures 10.20 and Figure 10.22 demonstratesthat in each case the graph
modeled is the same.

We already conveniently represent any graph by a drawing as specified in Definition 11.7.
We could use a drawing ofG(F) in order to represent the polyhedronF, bearing in mind
that ideally we would like the representation to be a perspective drawing of the skeleton
of F. We explore the possibilities of this in Chapter 13. Howeverperspective rendition is
neither quick nor easy in practice. Letp be a general viewpoint of the set of vertices of
a polyhedronF. Then, in any perspective drawing ofF that is drawn fromp, the image
of each face is a polygonal region. This suggests that we onlyallow drawings ofG(F) in
which the boundary of a face appears as the boundary of a polygonal region.

D 12.4. Let F be a polyhedron. Then any drawing of G(F), in which each arc
is a segment and in which the boundary of each face ofF is drawn as a boundary of a
polygonal region, is a drawing of the polyhedron. We say thatthe face has the polygonal
region as its image.
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F 12.2. Three attempts, one successful, at drawing a polyhedron

Even a drawing that fails to be a perspective drawing of the skeleton of a polyhedronF
may efficiently convey information aboutF to the viewer. However we must be cautious.
As we discovered in examining the Penrose “triangle” in Problem 7.9, a convincing planar
figure may not be the scene it purports to be. To be sure of a polyhedron we need to verify
its existence, perhaps by identifying it as the subject of a perspective drawing, perhaps in
some other way.

Unfortunately a drawing may be of two “different” polyhedra. For example, we saw in Ex-
ercise 10.31 that the octahedron and the heptahedron modeled in Constructions 10.29 and
10.30, respectively, have the same graph. Therefore a drawing of one may be a drawing
of the other. But no matter how the vertices of the octahedronand heptahedron are la-
beled the two cannot have identical lists of faces, as one contains eight faces and the other
contains only seven. This raises the question of the meaningof “different” in the context
of polyhedra and we examine it further during our later investigation of the existence of
polyhedra.

2. Planar graphs and three-connected graphs

In this section we characterize those graphs that have drawings appropriate to an elegant
class of polyhedra that has long engaged the attention of geometers. The drawings are
traditionally called planar embeddings, their arcs meeting only at ends, thereby giving a
convenient partition of the Euclidean plane into regions that correspond to faces of poly-
hedra.

D 12.5. A planar embedding of a graph G is a drawing of G so that, for each pair
{{u, v}, {u′, v′}} of edges, the intersection of the arc representing the edge{u, v} and the arc
representing{u′, v′} is the set of points labeled by the set{u, v} ∩ {u′, v′}. A graph is said to
be planar if it has a planar embedding

By an inductive method I. Fáry [23] proved the following theorem, showing that when
drawing simple planar graphs we lose nothing by limiting ourselves to drawings in which
each arc is a segment.
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T 12.6. Let G be a simple planar graph. Then G has a planar embedding inwhich
each arc is straight.

L 12.7. In a planar embedding of a simple graph G each cycle is drawn asthe bound-
ary of a polygonal region.

P. Suppose thatv1, v2, . . ., vn are the vertices, in cyclic order, of a cycle ofG.
From the definition of planar embedding we have that no two segments touch or cross,
and so [v1v2] ∪ [v2v3] ∪ . . . ∪ [vn−1vn] ∪ [vnv1] is the boundary of one polygonal region
[v1v2 . . . vn]. �

Consequently any planar embedding of the graphG(F) of a polyhedronF is also a drawing
of the polyhedron, as each cycle has a polygonal region boundary as its image.

We see from Figure 11.1 that each graphKn is planar forn = 1, 2, 3, and 4. Each subgraph
of a planar graph is planar, and it is straightforward to prove inductively that each tree is
planar. Each planar embedding of the graph of a polyhedronF is automatically a drawing
of the polyhedron. But not every graph is planar, as we now prove:

L 12.8. The graph K5 is not planar.

P. Suppose thatK5 had a planar embedding. Then, in this embedding, one of the
triangular regions [123], [124], and [125] would have a vertex in the interior and a vertex
in the exterior. The arc joining these two vertices would contradict the requirements of a
planar embedding. So no such planar embedding ofK5 exists. �

E 12.9. Make two drawings of the graph of a tetrahedron, one a planar embedding
and the other not. Make three drawings of the graph of a cube, one not a drawing of the
cube, one a drawing of the cube but not a planar embedding of the graph, and the last a
planar embedding of the graph. Verify, by experimenting, that the graph of the nonahedron
of Figure 12.3 has a planar embedding.

Any planar embedding of a graphG partitions the points, not belonging to any arc, of the
Euclidean plane of the embedding as follows. We call two points of the plane that are not
on an arc equivalent if they are the same point or if there is anarc joining one to the other, in
the Euclidean plane, that does not intersect any arc of the embedding. It is straightforward
to prove that this is an equivalence relation, and thereforepartitions the points that are
not on any arc into disjoint subsets of equivalent points. Exactly one of these subsets is
unbounded. By a slight misuse of terminology we call the union of any bounded subset
and its boundary afaceof G. We also call the set of all those Euclidean points not in the
unbounded subset afaceof G.

D 12.10. Let a simple graph G have at least n+1 vertices. Then G is n-connected
if each deletion of at most n− 1 vertices from G leaves a connected subgraph.

A graph is 1-connected if and only if it is connected. Ann-connected graph is also (n− 1)-
connected. Each tree is connected but not 2-connected. IfG is a cycle and|V(G)| ≥ 3, then
G is 2-connected. Each complete graphKn, with n > 1, is (n− 1)-connected.
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F 12.3. A nine-faced polyhedron

E 12.11. The graph G of a polyhedron is drawn twice in Figure 12.4. The first
drawing is not a planar embedding of G, but the second is. We see, from either drawing,
that deleting a single vertex leaves a connected graph. Deleting a pair of vertices leaves
one of the four graphs shown, and as these are also connected we deduce that G is3-
connected.

F 12.4. A graph and some subgraphs

E 12.12. Use a common vertex labeling for each of the four drawings in Figure
12.5 and so verify that each is a drawing of the same graph G. Prove that this graph is
both planar and3-connected.
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F 12.5. Drawings of a graph

3. The definition of a spherical polyhedron

In this section we specify spherical polyhedra by means of their graphs. The definition
uses only graphs that are three-connected in order to ensurethat the class contains only
polyhedra, exactly those that have traditionally been the subject of study by geometers.

D 12.13. Let the graph of a polyhedronF be3-connected. Suppose that G(F) has
a planar embedding in which the faces of G(F) are exactly the images of the faces ofF.
Then we callF a spherical polyhedron.

From Definition 11.7, the vertices of the image of any cycle ofG(F) in an embedding of the
graph have the same labels as the vertices of the cycle. Therefore the boundary of any face
[v1v2 . . . vn] is drawn as the boundary of a face of the embedding if and onlyif [ v1v2 . . . vn]
is a face of the embedding. In testing that a polyhedronF is a spherical polyhedron we
therefore check a suitable planar embedding ofG(F) in order to verify that a list of the
faces ofG(F) is also a list of the faces ofF.

We examined four octahedral models in Chapter 10, a convex model and three Bricard
models. From their skeletons, given by Constructions 10.22, 10.23, and 10.24, and labeled
in Figures 10.20 and 10.22, we saw that each of the four octahedra modeled has the same
graphG. A planar embedding ofG is drawn in Figure 12.6. An exhaustive test by deleting
pairs of vertices reveals only connected subgraphs, proving thatG is 3-connected. A list
of faces of the embedding is [ace], [abc], [ed f], [ae f], [ab f], [bd f], [bcd] and [cde]. As
this is also a list of faces of each of the four octahedra we conclude that each is a spherical
polyhedron.
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F 12.6. The graph of four octahedra

In Exercise 10.31 we proved that the heptahedron modeled in Exercise 10.30, and pictured
in Figure 10.28, has the same graph as the octahedra above. Therefore it has a 3-connected
planar graph. But the faces of the heptahedron are [de f], [bcd], [ab f], [ace], [abde],
[acd f], and [bce f]. Not all the faces in this list are in the list of eight faces that arise
from the embedding ofG in Figure 12.6. Therefore we are unable to deduce from this
embedding that the heptahedron is a spherical polyhedron.

Figure 12.7 contains a planar embedding of the graphG1 of the hexahedron modeled in
Exercise 10.32. The list of faces of the embedding ofG is exactly the list of faces of
the hexahedron, not forgetting the face [abde]. But deleting verticesa andd produces a
disconnected subgraph ofG1, proving thatG1 is not 3-connected. We conclude that this
hexahedron is not a spherical polyhedron.

F 12.7. A hexahedron and its graph

4. Vertices, edges, and faces of a spherical polyhedron

In this section we obtain relations between the numbers of vertices, edges and faces of
each spherical polyhedron by counting the vertices, arcs and faces of a planar embedding
of its graph. The 18th Century Prussian mathematician, Leonhard Euler, first proved the
following result:
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T 12.14. (Euler’s Formula) LetF be a spherical polyhedron that contains exactly
v vertices, e edges, and f faces. Then v+ f = e+ 2.

P. Consider any planar embedding of the graph of the sphericalpolyhedron. This
drawing of a planar 3-connected graph hasv vertices,e arcs and divides its plane intof
regions. If any bounded face is non-triangular we add an arc joining two non-adjacent
vertices as shown in Figure 12.8.

F 12.8. Changes to the embedding of the graph of a spherical polyhedron

This increases the number of regions by one, increases the number of arcs by one, and does
not change the number of vertices. Repeating this process ifnecessary we obtain a drawing
in which each bounded region is bounded by three arcs. The value ofv+ f − e+ 2 is the
same for the new drawing as it was for the original.

If the drawing contains more than one triangle, then we delete an arc bounding the un-
bounded region, decreasingf by one and decreasinge by one. If the drawing contains
a vertex that belongs to exactly one arc, then we delete it andthe arc, reducing each
of v ande by one. We continue with a sequence of these two processes, giving prece-
dence to the second, until we are left with a triangular drawing. Each deletion leaves
v+ f − e− 2 unchanged. Thus for the original drawing, and also for the spherical polyhe-
dron,v+ f − e− 2 = 3+ 2− 3− 2 = 0. �

E 12.15. There is no spherical polyhedron with11 vertices,16 edges, and8 faces
as11− 16+ 8 , 2. However there may be one having11 vertices,17 edges, and8 faces,
but we cannot yet be sure.

The numbers of vertices, edges, and faces of the octahedron modeled by Construction
10.29 satisfy Euler’s Formula, but those of the heptahedronmodeled in Construction 10.30
do not. Consequently it is not a spherical polyhedron — resolving a question that we were
unable to answer with certainty above. Interestingly, the hexahedron modeled in Exercise
10.32, although not a spherical polyhedron, does satisfy Euler’s Formula.

D 12.16. The number of edges containing a vertex of a graph is the degree of the
vertex in the graph and in any polyhedron having that graph.

Clearly each vertex of a 3-connected graph has degree at least three. We call a vertex of
degree threetrivalent.
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P 12.17. Let F be a spherical polyhedron. Suppose thatF has v vertices, e
edges, and f faces. Then2e≥ 3v, and2e≥ 3 f .

Suppose also thatF has fi i-gonal faces and vi vertices of degree i. Then
∑

i(6− i) fi ≥ 12,
∑

i(6− i)vi ≥ 12, and
∑

i(4− i)(vi + fi) = 8.

P. We mark each edge twice, once at each end. We will count the 2e marks in
another way. Each vertex has degree at least 3, giving at least 3v marks. Next we again
mark each edge twice, but in a different way, near its center and once in each bordering
face. Again there are 2e marks. As each face is bordered by at least 3 edges, there are at
least 3f marks.

As each edge borders two faces,
∑

i i f i = 2e. Also
∑

i fi = f . Hence
∑

i(6 − i) fi =
6(
∑

i fi) −
∑

i i f i = 6 f − 2e = 12− 6v + 4e ≥ 12. A similar argument gives the second
inequality. Now

∑

i(4 − i) fi = 4 f − 2e and
∑

i(4 − i)vi = 4v − 2e, and adding we obtain
∑

i(4− i)( fi + vi) = 4v− 4e+ 4 f = 8. �

C 12.18. Each spherical polyhedron contains at least one face that has at most
five sides. If it contains neither a triangular nor a four-sided face, then it contains at least
twelve pentagonal faces. Each spherical polyhedron contains either a triangular face or a
trivalent vertex.

P. The first two claims follow immediately from the observations that
∑

i(6 −
i) fi contains at least one positive term and totals 12. The last claim follows from the
requirement that

∑

i(4− i)( fi + vi) has a positive term. �

E 12.19. Any spherical polyhedron that contains exactly seven edges. would satisfy
the conditions3 f ≤ 14 and3v ≤ 14, giving f ≤ 4 and v≤ 4, and v− e+ f ≤ 1. This
contradicts Euler’s Formula, forcing the conclusion that there is no spherical polyhedron
containing exactly seven edges.

E 12.20. Let m and n be positive integers. We call a spherical polyhedron in which
each face has an m-gonal boundary and each vertex has degree ncombinatorially regular.
Prove that there are at most five possible pairs of m and n for which combinatorially regular
spherical polyhedra exist.

The five Platonic polyhedra [19], namely theregular tetrahedron, cube, regular octahe-
dron, regular dodecahedron, andregular icosahedronare shown in affine projection, to-
gether with planar embeddings of their respective graphs, in Figure 12.9. With some diffi-
culty, and the possibility of experimental error, we could verify their existence by applying
the techniques of Chapter 7 to these affine projections.

5. The existence of spherical polyhedra

The question of the existence of the Platonic polyhedra suggests that the question of the
existence of certain polyhedra, in general, may be complex.
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F 12.9. The platonic polyhedra

It is easy to see thatpyramidalpolyhedra exist. Let [a1a2 . . .an] be any polygonal region
and p be a Euclidean point not in the plane of the region. Then the union of the regions
[a1a2 . . .an], [a1pa2], [a2pa3], . . ., [an−1pan], and [anpa1] is a polyhedron.

However it is not so easy to be sure that more complicated proposals do exist. We meet
again the problem of the existence of a proposed non-planar figure. Fortunately in 1922
Ernst Steinitz proved the following remarkable theorem. The proof is long and difficult
[68] and we do not give it here.

T 12.21. (Steinitz’ Theorem) Let G be a simple three-connected planar graph.
Then a spherical polyhedronF exists such that G= G(F), and the faces in each planar
embedding of G are exactly the images of the faces ofF.

For each integer exceeding two, the graphWn, whose drawing is given in Figure 12.10 is
called then−spoked wheel. Thus the existence of pyramids can be proved byverifying
that eachn-spoked wheel[50] Wn is both three-connected and planar.

E 12.22. Prove, by examining the drawings of Exercise 12.9, that the cube and
tetrahedron exist and are spherical polyhedra.

From Euler’s Formula we have that any two of the numbers of vertices, edges, and faces of
a polyhdedron determine the third. If a spherical polyhedron containing exactlyv vertices
and f faces exists then we call the ordered pair (v, f ) a polyhedral pair. A polyhedral pair
satisfies the following inequality.
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F 12.10. Then-spoked wheel graph

L 12.23. If (v, f ) is a polyhedral pair, then12v+ 2 ≤ f ≤ 2v− 4.

P. The lemma follows from Euler’s Formula and the inequalities of Proposition
12.17. �

Consequently, points of a Euclidean plane representing polyhedral pairs must lie in the
shaded portion shown in Figure 12.11.

F 12.11. Possible polyhedral pairs

But which points in the shaded area that have integral coordinates do represent polyhe-
dral pairs? The existence of pyramids with three-sided, four-sided, and five-sided bases
guarantee that (4, 4), (5, 5), and (6, 6) are polyhedral pairs.

There are two simple ways of obtaining new spherical polyhedra from old. The first is
by capping a triangular face, that is, adding a vertex and three edges to give a spherical
polyhedron with the original triangular face replaced by three new triangular faces. The
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new vertex is trivalent, andv is increased by 1,e by 3, and f by 2. A second way of
obtaining a new spherical polyhedron from an old is by truncating at a trivalent vertex,
that is, replacing a trivalent vertex by a triangular face, giving a spherical polyhedron in
which the original trivalent vertex is replaced by three newtrivalent vertices. The number
v is increased by 2,e by 3, and f by 1. The following proposition in combination with
Steinitz’ Theorem proves that these two processes do give spherical polyhedra.

P 12.24. Let G be a three-connected graph. Suppose that u, v, and w are the
vertices of a cycleC of G, and further that G has a planar embedding in which the image
of the cycle bounds a triangular region. Then the graph obtained by adding a vertex x to
V(G) and edges{u, x}, {v, x}, and{w, x} to E(G) is three-connected and planar.

Suppose that x′ is a vertex of G. Then the graph obtained by replacing each edge {x′, ui}
of G by an edge{xi , ui}, removing x′ from V(G), and adding ui to V(G) is three-connected
and planar.

P. Consider the embedding ofC. Choosing any point in the region bounded
by the image ofC to be labeled byx, we draw the required three arcs, giving a planar
embedding of the new graph. In order to verify that the new graph is three-connected we
need only note that the deletion of two vertices cannot disconnectx from G.

Next we consider the image of the vertexx′ in any planar embedding ofG. We may
choose a small enough circle, centered at this image, that cuts each arc representing an
edge containingx once, and no other edge. These three points of intersection will suffice
as images of the pointsui , u2, andu3. We erase that part of the drawing inside the circle
and draw three segments to complete the required embedding.Again the question of the
three-connectedness of this newly drawn graph is answered by noting that deletion of any
subset of the added vertices leaves a path between two vertices if there is a path between
the two inG/{x′}. �

Capping a triangular face gives a polyhedral pair (v+1, f +2) from a pair (v, f ). Truncating
at a trivalent vertex gives the pair (v + 2, f + 1) from the pair (v, f ). By combinations of
truncating and capping, as in Figure 12.12, starting with each of the three pyramids above
we see that each pair (u, v) of integers represented in the shaded area of Figure 12.11 is a
polyhedral pair. We have proved the following theorem:

T 12.25. Let v and f be positive integers, each at least four and satisfying 1
2v+2 ≤

f ≤ 2v − 4. Then there is a spherical polyhedron containing exactly v vertices, f faces,
and v+ f − 2 edges. These are the only spherical polyhedra.

E 12.26. Obtain the first spherical hexahedron drawn in Figure 12.13 from a tetra-
hedron by some combination of capping triangular faces and truncating at trivalent ver-
tices.

Prove that the cube cannot be obtained from a pyramid by truncating at trivalent vertices
and capping triangular faces.
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F 12.12. Sequences of spherical polyhedra

F 12.13. Two spherical hexahedra

We described two polyhedra above as “different” because one contained only seven faces
and the other contained eight faces. Even though the two polyhedra in Figure 12.13 each
contain the same number of vertices, of edges, and of faces weprobably feel that they are
not “the same”. We clarify this question, by first asking whatwe mean by saying that two
graphs are isomorphic.

D 12.27. Two graphs are isomorphic if the vertices of the first can be paired with
the vertices of the second, and paired vertices given the same label, so that a list of edges
of the first graph is identical to a list of edges of the second graph.

L 12.28. Two graphs are isomorphic if and only if the two share a commondrawing.

P. If the two are isomorphic, then each vertex set can use the same set of labels
so that a drawing of one is automatically a drawing of the other. Conversely, any common
drawing induces a pairing between vertex sets that is the required isomorphism. �

D 12.29. Two spherical polyhedra that have isomorphic graphs are combinatori-
ally isomorphic.

We note, in passing, that the name “spherical polyhedron” isused because each spherical
polyhedron is isomorphic to a spherical polyhedron that is homeomorphic to a sphere. Thus
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the four octahedra modeled in Chapter 10 are pairwise isomorphic, but the two hexahedra
of Figure 12.13 are not. The notion encompasses a qualitative similarity, as for example,
models of the octahedra differ markedly in appearance and mechanical behavior but the
same order of connecting edges gave skeletons of all four

E 12.30. Prove that the two spherical octahedra drawn in Figure 12.14are not
isomorphic.

F 12.14. Two non-isomorphic spherical octahedra

Figure 12.15 contains a list of planar embeddings of pairwise non-isomorphic spherical
polyhedra, each having at most seven faces.

276



F 12.15. All spherical polyhedra that each contain at most seven faces
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E 12.31. Locate the spherical polyhedra of Figure 12.13 and those modeled by a
polyhedral model of each of the roofs of Figure 10.12 in the above list.

E 12.32. In Exercise 12.26 we proved that not every spherical polyhedron can be
obtained from a pyramid by truncating at trivalent verticesand capping triangular faces.
You might like to see how many of the ten spherical polyhedra that each have at most
six faces are obtainable from pyramids by truncating at trivalent vertices and capping
triangular faces.

Euler’s Formula expresses the number of edges of a sphericalpolyhedron as a function of
the numberv of its vertices and the numberf of its faces. Below is a list of the numbers of
pairwise non-isomorphic spherical polyhedra with small values ofv and f . The symmetry
of the numbers on diagonals of this list cannot be accidental! There must surely be some
interesting reason for it.

Number Number of vertices
of faces 4 5 6 7 8 9 10 11 12 13 14 Total

14 50
13 219
12 14 558 >> 106

11 38 768 6134 > 425, 000
10 5 76 633 2635 6134 > 31, 000
9 8 74 296 633 768 558 219 50 2606
8 2 11 42 74 76 38 14 257
7 2 8 11 8 5 34
6 1 2 2 2 7
5 1 1 2
4 1 1

The right hand column contains information about the numberof non-isomorphic spherical
polyhedra having the same number of faces. Hermes calculated the number of spherical
heptahedra and octahedra in 1899, and Frederico obtained the number of spherical nona-
hedra [25, 26] in 1969.

6. Dürer’s melancholy octahedron

In this section we examine the large stone block pictured by Dürer in his etching “Melen-
colia”, and reproduced below in Figure 12.16. Let us assume that the style of the part that
we see is representative of the whole block and investigate the simplest possibilities for the
remainder.

P 12.33. Is the surface of the stone block that Dürer drew in “Melencolia” a spher-
ical polyhedral model?
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F 12.16. Part of a stone block in“Melencolia”

Solution. We can see ten vertices, thirteen edges, and four faces. Let us suppose that the
surface of the block is a model of a spherical polyhedron thatcontainsf faces,eedges, and
v vertices. We label the visible vertices of Figure 12.16, andfrom Lemma 12.23 it follows
that f ≥ 1

2v+ 2 ≥ 7.

Thus the simplest possibility would be for the block to be a heptahedral model. Then
the unique possible value forv is ten, and from Euler’s Formula the polyhedron contains
exactly fifteen edges. As the vertices 4, 6, 7, and 9 are at least trivalent the only possibility
for the two hidden edges would be the first in Figure 12.17. On practical grounds we reject
this possibility as, resting on an edge, the block would be unstable!

F 12.17. An unstable heptahedral, and a stable octahedral, stone block

The next simplest possibility would be for the block to be octahedral. Then, from Lemma
12.23, we have that 8≥ 1

2v+2. It follows from this inequality thatv = 10, 11, or 12. But if
the polyhedron had only ten vertices, as in the heptahedral case, there would be no hidden
vertices and the block, resting on an edge, would again be unstable.

If the model has eleven vertices, then, from Euler’s Formula, we deduce that it contains
seventeen edges. One vertex is hidden, and four edges are hidden, from our view. As each
vertex of a spherical polyhedron is at least trivalent, thenat least three of these hidden
edges meet at the hidden vertex. The same reasoning leads us to the conclusion that a
hidden edge meets each of 4, 6, 7, and 9 ensuring that the eleventh vertex has degree at
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most four. If it has degree four, then the only possibility isthe second shown in Figure
12.17. If the eleventh vertex is trivalent then there are edges from the hidden vertex to
three of the vertices 4, 6, 7, and 9. In the interests of stability, the base on which the
octahedral block rests must be triangular containing 6, 7, and the hidden vertex. There
are six possibilities, but each is, to within combinatorialisomorphism, one of the three
possibilities shown in Figure 12.18.

F 12.18. Three possible octahedral blocks

If the model has twelve vertices, then it contains eighteen edges, giving two hidden vertices
and five hidden edges. The necessary inequality in Proposition 12.17 is satisfied only if
each vertex is trivalent. If the base is triangular we have only the first possibility shown in
Figure 12.19. If the base is 4-gonal, then Proposition 12.17rules out all other possibilities
than the second in Figure 12.19, .

F 12.19. Two more possibilities

The second possibility in Figure 12.17 and the two in Figure 12.19 can be thought of as
being cut from a cube, as shown in Figure 12.20.

The second of these has some nice features, having two triangular and six pentagonal
panels symmetrically arranged. It can be obtained simply, from a cube, by truncating at
two of the vertices. In fact the preliminary sketch by Dürerin Figure 12.21 suggests that
this is exactly what he had in mind for the stone.

The lines in this preliminary study, within experimental error, satisfy the requirements
of Construction 7.13. Thus from Theorem 7.16 we have that Dürer’s preliminary sketch
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F 12.20. Truncations of three cubes

F 12.21. A preliminary sketch for “Melencolia”

contains a perspective drawing of a box. From Theorem 7.2, ormore easily from Theo-
rem 13.1, we may verify that the sketch is a correct perspective drawing of an octahedral
spherical polyhedron.

The evidence is overwhelmingly in favor of the truncated cube: the shape is simple, it is in
keeping with the appearance of the front, it is based on a Platonic solid, and finally Dürer’s
correct sketch. �

7. Summary of Chapter 12

We have defined spherical polyhedra, shown how to obtain information about them by
studying drawings and perspective drawings of them, and looked in particular at cubes.

This description of the derivation of the heptahedral modelan octahedral model shows
clearly that it would not have been enough to ask that combinatorial isomorphism pairs
edges, it must pair panels of structures.
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CHAPTER 13

SCENE ANALYSIS AND SPHERICAL POLYHEDRA

Spherical polyhedra, apart from being traditional objectsof study, repay attention as their
models are among the most common “shapes” built in man’s various civilizations. Here we
apply the scene analysis methods of Chapter 7 to any drawing of a spherical polyhedron,
and characterize those drawings [63] that are perspective drawings of the polyhedron.

1. Perspective drawings of a spherical polyhedron

Two major difficulties in applying the scene analysis techniques of Chapter 7 in general are
that, first, the appropriate labeling of the lines of the supposed scene is not always apparent,
and, second, an application of Theorem 7.2 requires many verifications. The application
to spherical polyhedra both makes the labeling automatic and significantly reduces the
number of checks that need to be performed.

We consider the following problem: Is a given drawing of a simple graph a perspective
drawing of a spherical polyhedron?

We can think of the problem in four parts. In the first part of the problem we decide if the
graphG is planar, most easily by constructing a planar embedding ofG. In the second part
of the problem we verify that deleting each set of at most two vertices leaves a connected
subgraph ofG. If both these tests are successful, then, from Steinitz’ Theorem, we have
that there is a spherical polyhedronF so thatG = G(F) and a planar embedding ofG in
which the faces ofF have faces ofG as images. In the third part of the problem we check
that each face ofF also has a polygonal region as image in the original drawing.If this
is so, then we are certain that the drawing is the drawing of a spherical polyhedron. With
this information in hand we use Theorem 13.1 in order to complete the investigation and
determine whether the drawing is a perspective drawing.

T 13.1. Let F′ be a drawing of a spherical polyhedron. Then the following two
conditions are equivalent:

1. The drawingF′ is a perspective drawing, drawn from any given point p as viewpoint, of
the skeleton of a spherical polyhedronF. The point p is a general viewpoint of the set of
vertices ofF.

2. Let a listing of the face images inF′ be given. Then, for each{i, j} ⊆ {1, 2, . . . , f } with
i , 1, if the ith and jth images share an edge, then the line containing the edge is labeled
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by both i j and ji. If the first and ith images do not share an edge, then a line labeled by1i
may be drawn in the plane of the drawing so that, for each{i, j} ⊆ {2, 3, . . . , f }, the three
lines labeled1i, i j, and 1 j are concurrent.

P. First suppose that Condition 1 is true. We write the faces ofthe spherical
polyhedronF asF1, F2, . . ., F f . For eachi and j we label the image of the intersection of
the plane that containsFi and the plane that containsF j by i j and by ji . Lemma 5.21 then
gives the required concurrences in the drawing.

Conversely, suppose that labeled lines as required by Condition 2 exist. We associate a
graphH(F′) with the drawingF′. The definition is analogous to that of the hinge graphs
of Chapter 11. The vertices ofH(F′) are the face images in the drawing. A pair{F′,G′}
of face imagesF′ andG′ is an edge ofH(F′) if F′ andG′ share a common edge. It
follows from the comment immediately after Definition 12.1 that this simple graphH(F′)
is connected.

The remainder of the proof depends on the following two lemmas .

L 13.2. Let T be a tree. Suppose that v1, v2, . . ., vr are the vertices, in order along the
path, of a path P of T. Then all the vertices of T can be listed sothat vi is the ith element
of the list, for each i in{1, 2, . . . , r}, and so that each vertex of the list, after the first, shares
an edge with exactly one earlier vertex in the list.

P. We prove the lemma by induction on the number of vertices ofT. The result
is true for the tree consisting of an isolated vertex. Let us suppose that it is true for all trees
containing at mostn vertices. Suppose thatT is a tree withn + 1 vertices. From Lemma
11.17 we have that there is a vertexx of V(T) − V(P) that belongs to exactly one edge of
E(T). ThenT\{x} is a tree that containsn vertices. We list the vertices of this tree so that
each vertex, after the first, shares an edge with exactly one earlier vertex of the list, and
with the vertices ofP heading the list. Then we add the vertexx to the end of the list. �

L 13.3. Let G be a connected graph and suppose that T is a maximal tree in G. Then
each edge{u, v} of E(G) is in exactly one cycle C of G such that E(C) ⊆ E(T) ∪ {{u, v}}.

P. Suppose that{u, v} ∈ E(G). As T is maximal,u andv are both inV(T) andT
contains a pathP joining them. The addition of the edge{u, v} to E(P) gives a cycle ofG.
If C′ were a second cycle ofG containing{u, v} and such thatE(C′) ⊆ {u, v}, then, from
Lemma 11.32, we would have thatT contains a cycle, and this not so. �

From Theorem 11.15 and Lemma 13.2 we have the existence of a maximal treeT of the
graphH(F′) that satisfies the requirement that each face imageF′j , other than the first,
shares a common edge ofH(F′) with exactly one earlier face imageF′i j

in the list.

We choose an arbitrary viewpointp not in the plane of the drawingand we chooseP1 to
be the plane of the drawing. AsP2 we choose a plane that contains the line labeled 12
but not the pointp. We then proceed inductively, supposing that, for the natural number
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m− 1, distinct planesP1, . . . ,Pm−1 have been defined so that, for eachj < m the plane
P j contains the line 1j, and so that the linePi j ∩ P j is in the planep ∨ i j . Lemma 7.1,
with the planePim in place of the planeP2, the line labeled by 1m replacingM and the line
labeled byimm replacingN, enables us to define a planePm that contains both the lines 1m
and (p∨ imm) ∩ Pim. As in Theorem 7.2 it may be helpful to think of each planePm being
“hinged” at the line labeled by 1mand swung about this hinge out of the planeP1 until its
intersection withPim has an image, viewed fromp, of the line labeled byimm. Thus we
define a set{P1,P2, . . . ,Pf } of planes.

For eachj we select a polygonal region that is the image of the face imageF′j , in a perspec-
tive drawing drawn from the general viewpointp in the planeP j . These are thef polygonal
regions that we hope will be the faces of a polyhedron that hasF′ as a perspective drawing.

For this to be the case, each pair of face cycle imagesF′r and F′s that share an edgeE′

must give rise to a pair,Pr andPs, of planes so that the image ofPi ∩ P j in a perspective
drawing, drawn fromp, is the liners. We can be certain that this is true wheneverF′r and
F′s form an edge in the maximal treeT of H(F′).

We call an edge{F′r , F′s} of H(F′) flawedif the line rs is not the image ofPr ∩ Ps in a
perspective drawing fromp. Each cycle ofH(F′) that contains exactly one flawed edge is
aflawed cycle. Let us suppose that a flawed edge{F′r , F′s} exists. Then, from Lemma 13.3,
we have that{F′r , F′s} is an edge in at least one flawed cycle ofH(F′).

Let F′′ be a planar embedding of the graph of any polyhedron that has the drawingF′.
Then we may pair each face image in the drawingF′ with the corresponding face ofF′′.
The union of the faces ofF′′ that correspond to the faces of any cycleC1 of H(F′) has a
well-defined interior. With each cycleC1 we associate the number of faces in this interior
in F′′. One of the vertices ofC1 may to correspond to the face that has the perimeter of
the embeddingF′′ as its boundary. In this case we consider the number of those faces
that are on the right side during one traverse of the path inF′′ that is obtained by deleting
this vertex fromC1. The number of these faces is then associated withC1. In this way
we associate a number with each flawed cycle ofH(F′), and we choose a flawed cycle in
H(F′) that is associated with a minimum number. There are two possibilities: either the
number is zero or it is positive. We first prove that it cannot be zero.

Suppose that the flawed edge of the flawed cycleC1 is {F′r , F′s} and the vertices of the cycle
in cyclic order areF′r = F′i1, F′i2, . . ., F′im = F′s. Then each three adjacent planesPit−1, Pit ,
Pit+1 in the cycle share one point that is on the line containingp and the intersection of
the linesit−i it and it it+1. Therefore every plane of the listPr , Pi2, . . ., Pim−1, Ps contains
the same pointv, say, and in particularv is in bothPr andPs. Also from their definition
we have that the planesPr andPs intersectP1 in the point of concurrence of the lines 1r,
1s, andrs. Therefore the image of the intersectionPr ∩ Ps in a perspective drawing from
viewpointp in P1 is the liners, contradicting the choice of{F′r , F′s} as a flawed edge.

Now suppose that{F′r , F′s} is the flawed edge, andF′r , F′i2, . . ., F′im−1
, F′s are the vertices in

cyclic order, of a flawed cycleC1 associated with a smallest, necessarily non-zero, number.
Suppose further thatv′ is the vertex ofF′r ∩ F′s that belongs to a region in the interior of
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the flawed cycleC1. Then the cycle ofH(F′) whose vertices are those regions that contain
the vertexv′ is associated with the number zero. Therefore it is not flawedand so contains
a second flawed edge that is interior toC1. From Lemma 13.3, again applied toH(D′),
we have that this flawed edge{F′j1, F

′
jn
} belongs to a flawed cycleC2 of H(F′). We may

write the vertices ofC2 in cyclic order, asF′j1, F′j2, . . ., F′jn−1
, F′jn. Consider the listF′r , F

′
i2
,

. . ., F′s, F
′
j1
, F′j2, . . ., F′s, F

′
j1
, F′j2, . . ., F′jn of vertices ofH(F′). Suppose thatF′ja is the first

repeated member of the list,F′ja = F′ib say. Suppose thatF′ja+k
is the last repeated member

of the list,F′ja+k
= F′ic say. Then, without loss of generality assuming that 1< c, the cycle

C of H(F′) with vertices, in cyclic order,F′j1, F′j2, . . ., F′ja, F′ib+1
, . . ., F′ja, F′ib+1

, . . ., F′ic,
F′ja+k+1

, . . ., F′jn is a flawed cycle contradicting the initial choice ofC1.

Therefore there is no flawed edge and, for each pair of face imagesF′i andF′j that share an
edge, the image ofPi ∩ P j in a perspective drawing, drawn fromp, is the linei j . We note
that for any pointx′ ∈ F′i ∩ F′j we have that (p∨ x′) ∩ Pi = (p ∨ x′) ∩ P j , ensuring that
the intersectionFi ∩ F j is a common edge that has imageF′i ∩ F′j in a perspective drawing
from the viewpointp. Therefore the union of the polygonal regionsF1, F2, . . ., Fp is the
required spherical polyhedronF. �

2. Some applications of the theorem

In this section we begin with simple applications of Theorem13.1, eventually applying it
to the question of the viability of an architectural proposal.

E 13.4. Let us test our newly acquired technique on the drawing of thegraph K4 in
Figure 13.1 and determine if it is a perspective drawing of a spherical polyhedron.

F 13.1. A drawing of the graphK4

We proceed by first deciding if the graph is planar and second deciding if it is three-
connected. From any planar embedding that proves the graph planar we are able to list
the faces, third we check whether each of these faces has a polygonal region as image in
the original drawing. If the answer is affirmative in all three tests, then we apply Theorem
13.1.

From the common labeling of the vertices of the two drawings in Figure 13.2 we deduce
easily that each is a drawing of the same graphK4, provingK4 to be planar. Simple testing
verifies thatK4 is three-connected. Therefore, from Steinitz’ Theorem it is the graph of
a spherical polyhedron. The faces of the polyhedron are the faces of the second drawing.
The corresponding face images in the original drawing are triangular and therefore auto-
matically polygonal regions, ensuring that the drawing is adrawing of the polyhedron. We
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F 13.2. Drawings with vertices labeled

now turn to Theorem 13.1, labeling the faces and edges of the embedding as in Figure 13.3.
This gives the labeling of edges of the original drawing thatis in Figure 13.3.

3 4

1 2

1 2

1 3

1 4

2 3
1

3

4
2

1 4

3 4

2 4
1 2

1 3
2 3

c

b a

d
a

c b
d

F 13.3. Labeled edges of a planar embedding and of a drawing

There are no new lines to be drawn and labeled, as each line 12,13, and 14 is determined
by an edge. The labeling satisfies the requirements of Condition 2 of Theorem 13.1. As
no special property of this drawing was needed in the above argument we have established
the following lemma.

L 13.5. Any drawing of K4 is a perspective drawing of a tetrahedron.

Consequently, for example, the illustrations of figures in Figures 1.19 and 8.6 are perspec-
tive drawings.

E 13.6. We test the two drawings of a graph G in Figure 13.4 and determine whether
either is a perspective drawing of a spherical polyhedron.

e
a

c

b

d

f

a

c

b

d

f

e

F 13.4. Two drawings of a simple graphG

The graphG may be embedded as in Figure 13.5, the vertex labeling proving that the
three drawings are of the same graphG, whereV(G) = {a, b, c, d, e, f , g} and E(G) =
{{a, b}, {b, c}, {c, a}, {d, e}, {e, f }, { f , d}, {a, d}, {b, e}, {c, f }}. Verifying thatG is three-connected
is again a straightforward matter. Then from Steinitz’ Theorem we have thatG is the graph
of a spherical polyhedron.
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F 13.5. An embedding of the same graphG

Labeling the faces of the embedding as shown in Figure 13.5 enables us to conclude that
the first fails the test for a drawing of a polyhedron, as for example the face cycle image
with vertex set{a, b, e, d} is not a polygonal boundary. The second drawing satisfies the
definition of a drawing of a polyhedron.

1 5

4 5

3 5

2 5 1 2

2 3

1 3 1 4

3 4

1 2

2 3

2 5

4 5
3 4

1 41 5

1 3

3 5
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d

f

e

F 13.6. Two drawings with edges labeled

The labeling of edges of the embedding induces a corresponding labeling of edges of the
original drawing of a spherical polyhedron to which we applyTheorem 13.1. All required
lines are already determined by edges. We need only check that {12, 23, 13}∗, {12, 25, 15}∗,
{13, 34, 14}∗, {13, 35, 15}, and{14, 45, 15}∗, are concurrent triples. We notice the reduced
number of checks required compared to those required for an application of Theorem 7.2
directly to planes. Those triples marked with an asterisk are clearly concurrent. Therefore
the second drawing is a perspective drawing of a triangular column, but unsurprisingly the
first drawing is not. From our argument we obtain the following lemma:

L 13.7. A drawing of a triangular column is a perspective drawing exactly when the
lines containing the side edges of the column are concurrent.

E 13.8. Find necessary and sufficient conditions for a drawing of an n-spoked wheel
Wn to be a perspective drawing of an n-sided pyramid.

E 13.9. The common labeling of vertices shown below in Figure 13.7 indicates that
each drawing in Figure 12.5 is of the same graph G. In Exercise12.12 we proved G to be
both planar and three-connected. We test the four drawings to determine whether any are
perspective drawings of a spherical hexahedron.

We label the six faces of the third of the drawings, a planar embedding. The proposed face
images, for example the cycle with vertex set{a, b, c, d}, in the fourth drawing are not all
polygonal boundaries. Consequently, this is not a drawing of a spherical polyhedron. The
common vertex labeling of the remaining three drawings enables us to label corresponding
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F 13.7. Four drawings of a planar three-connected graph

edges of each. To see if any is a perspective drawing of a spherical polyhedron we need
only define a line 16 that is concurrent with 12 and 26, with 14 and 46; and with 15 and
56. The other concurrences occur at the vertices. In other words we need only check that
12∩ 26, 14∩ 46 and 15∩ 56 are collinear in each case. This is so in the first and the third,
but not in the second.

We may choose the order in the listing of embedded regions as we like. It is a good general
rule to select a region with a large number of edges to be first,as this is likely to reduce the
number of lines to be constructed in applying Theorem 13.1. All listings will give the same
final answer, the equivalence of differing sets of conditions following from applications of
Desargues’ Theorem.

Figure 13.8 contains the line constructed in each of three applications of Theorem 13.1
to the first drawing in Figure 13.7, each with a different selection of a face as the first
listed. Each dotted line represents the collinearity requirement of Theorem 13.1 following
a choice of the region to be labeled by 1. Some applications ofDesargues’ theorem would
verify the equivalence of all three conditions.

E 13.10. Decide which, if any, of the drawings of a graph in Figure 13.9are per-
spective drawings of a spherical polyhedron.

P 13.11. An architect has given me two sets of house-plans. I am havingdiffi-
culty visualizing each proposal, particularly the plans ofalternative roofs shown in Figure
13.10. Is this just my lack of skill, or is there something wrong with either of the two?
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F 13.8. Three conditions for the existence of a scene

F 13.9. Four drawings of a graph

Solution. Consider the spherical polyhedron modeled by the roof and the underlying plane
ceiling in each case. The first drawing has a vertex that belongs to only two edges, pre-
venting it from being a drawing of a three-connected graph. There is clearly an error in the
plans.
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F 13.10. Possible affine projections of roofs

The second drawing is a planar embedding. Labeling it as in Figure 13.11 we see that the
only concurrences, other than those automatically valid atvertices, are{{1i, i j, 1 j} : i j ∈
{24, 2(10), 2(13),49, 4(10),59, 69, 79,9(12), (10)(13)}. Each of the lines seems to have,
to within experimental error, one of only four directions and by inspection the ten concur-
rences seem to occur. We conclude that the second drawing is probably an affine projection
of a roof, suitable for use in an architectural plan. I shouldpersevere with my attempts to
visualze the roof. �

F 13.11. A labeled drawing of a roof

E 13.12. Do you think that each drawing of a spherical polyhedron in the list of
Figure 12.15 is a perspective drawing? We could test each butit would be tedious. Choose
one of the heptahedra drawn in the list and prove that it is a perspective drawing.
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E 13.13. Each of the six drawings in Figure 13.12 purports to be an affine projec-
tion of a Platonic cube with a part sliced away by a plane cut. Which of the drawings are
in fact affine projections?

F 13.12. Six figures that may be affine projections

3. Perspective drawings of a wider class of unions of polygonal regions

In some cases we may more easily know that an attempt is a perspective drawing. For
example, it is straightforward to extend our definition of polyhedron to all figures modeled
by hinged-panel models. The definition of the graph of such a figure is the natural general-
ization of the graph of a polyhedron. Then it is true that eachdrawing of a development is
a perspective drawing of a development; that a drawing of a three-panel cycle is a perspec-
tive drawing if and only if the hinge-line images are concurrent; and that each drawing of
a panel cycle that has at least four panels is a perspective drawing of a panel cycle.

As an example of the range of results possible we give the following theorem. It illustrates
the special role that triangular faces play and, although weonly state and prove it for
polyhedra, it easily extends to a wider class of figures.

T 13.14. Let F′ be a drawing of a polyhedronF1that contains at most two non-
triangular faces. ThenF′ is a perspective drawing of a polyhedronF2 that is combinatori-
ally isomorphic toF1, drawn from a general viewpoint of the set of vertices ofF2. No two
panels ofF2 are coplanar.

P. Let the set{F′1, F
′
r } include all the face images ofF′ that are not triangular. We

recall the graphH(F′) introduced during the proof of Theorem 13.1. Choose any path P of
least possible lengthr joining F′1 andF′r in the graphH(F′).
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From Theorem 11.15 we have that the pathP is contained in a maximal treeT of the graph
H(F′). Lemma 13.2 guarantees that we are able to complete a list ofall the face images of
F′ in which F′1 is the first member andF′r is therth member. Each memberF′j , after the
first, of the list shares a common edge inT with exactly one earlier memberF′i j

of the list.
We label the line that contains this common edge byi j j and by ji j .

We now attach labels of the form 1j to lines, by induction onj. The face imageF′j may
share as well at most one additional vertexv with an earlier member of the list. If it does
so, then we define, without ambiguity, the line labeled by 1j to be (1i j ∩ i j j)∨v. Otherwise
we define the line labeled by 1j to be any line that contains the point 1i j ∩ i j j.

We choose an arbitrary viewpointp not in the plane of the drawing and chooseP1 to be
the plane of the drawing. AsP2 we select a plane that contains the line labeled 12 but not
the pointp. We define further planes inductively, supposing that for the natural number
m− 1 distinct planesP1,P2, . . . ,Pm−1 have been defined so that, for eachj < m, the plane
P j contains the line 1j and so that the linePi j ∩ P j is in the planep∨ i j j.

As the lines 1m, 1im, and imm are concurrent we are able to apply Lemma 7.1, with the
planePim in place of the planeP2, the line labeled by 1m replacingM, and the line labeled
by imm replacingN, in order to define a planePm that contains both the lines 1m and
(p ∨ imm) ∩ Pim. As in Theorem 7.2 it may be helpful to think of each planePm being
“hinged” at the line labeled by 1mand swung about this hinge out of the planeP1 until its
intersection withPim has an image, viewed fromp, of the line labeled byimm. Thus we
define a set{P1,P2, . . . ,Pf } of planes.

For eachj in {1, 2, . . . , f } the faceF j is chosen to be the image ofF′j in the planeP j , in
the perspective drawing that is drawn from viewpointp. It follows that each pairFi j and
F j share an edge that has the required image when drawn fromp; and that all edges ofF1

andFr are included in this set; and further that if triangular faceimagesF′i andF′j share
an edgeE′, thenFi andF j share an edge that hasE′ as image when drawn fromp. �

Consequently we can be sure, without further ado, that Figure 10.14, Figure 10.22, and
Figure 10.30 each contain scenes.

4. Summary of Chapter 13

We applied the scene analysis methods of Chapter 7 to drawings of spherical polyhedra,
giving necessary and sufficient conditions for a drawing to be a perspective drawing. Fi-
nally, we gave an example showing how these methods generalize.
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CHAPTER 14

MATROIDS

Combinatorial geometries and graphs have been central to the description of our world.
By weakening the requirements of Definition 2.1, and restricting its application to finite
sets, we define a structure that appears in every finite geometry and in every graph. It
is also present in other, seemingly different, mathematical systems. Thus everything we
learn about this structure contributes to our knowledge in these disparate areas. Hassler
Whitney, in his seminal paper [64] published in 1935, called this structure a “matroid”.
His approach remains unsurpassed for clarity and insight, and we follow his treatment of
independent sets, circuits, and the rank function. We then introduce minors, the natural
sub-structures of matroids, and use them in a range of examples from graph theory, linear
algebra, and geometry.

1. The definition of a matroid

We asked four requirements of a combinatorial geometry in Definition 2.1 of Chapter 2.
The first requirement of Definition 2.1 is concerned merely with the size of circuits. If we
relax this condition in order to allow any non-empty set to bea circuit, and if we remove
the fourth condition entirely, then we are left with the following three requirements of a
finite setE and a collectionC of its subsets:

MC1: The empty set is not a member ofC.

MC2: If C1 andC2 are members ofC andC1 ⊆ C2, thenC1 = C2.

MC3: If C1 andC2 are distinct members ofC ande∈ C1 ∩C2, then there is a memberC3

of C such thate < C3 ⊆ C1 ∪C2.

Clearly each finite geometry satisfies these requirements. Moreover, from Definition 11.12
and Lemma 11.32, we have that, for each graphG containing only finitely many edges, the
pair E = E(G) andC = {C : C is the edge set of a cycle ofG} also satisfies Conditions
MC1, MC2, andMC3.

It has been customary to initially focus attention on subsets of E that contain no member
of C rather than on the members ofC directly. The following lemma gives three properties
of this collection of subsets ofE.
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L 14.1. Let C be a collection of subsets of a finite set E that satisfies Conditions
MC1, MC2, andMC3. Suppose thatI = {I ⊆ E : no subset of I is inC}. ThenI satisfies
the following three conditions:

MI1 : The empty set is a member ofI .

MI2 : If I is a member ofI and J⊆ I, then J is a member ofI .

MI3 : If I and J are members ofI and |I | > |J|, then there is an element e of I− J so that
J ∪ {e} is a member ofI .

P. FromMC1, the empty set is not inC and so is inI . HenceI satisfiesMI1 . If
I ∈ I andJ ⊆ I , then I contains no member ofC, ensuring thatJ contains no member of
C, giving MI2 .

We now prove that ConditionMI3 holds for any two members,I andJ, of I that satisfy
|J| < |I |. Let I ′ be a subset ofI ∪ J that belongs toI , that satisfies|I ′| > |J|, and of all such
sets has|J − I ′|minimal.

First we suppose thatJ − I ′ contains an elementx. For eachy ∈ I ′ − J, we have both
(I ′∪{x})−{y} ⊆ J∪ I and|J− ((I ′∪{x})−{y})| < |J− I ′|. Thus (I ′∪{x})−{y} is not inI and
contains a subsetCy ∈ C. But I ′ ∈ I , ensuring thatx ∈ Cy. Hencex ∈ Cy ⊆ (I ′ ∪ {x}) − {y}.

As J ∈ I , thenCy is not contained inI ′∩J, and we have that there is somez in Cy∩(I ′−J).
Repeating this argument, withz in place ofy, proves the existence ofCz ∈ C such that
x ∈ Cz ⊆ (I ′ ∪ {x})− {z}. Fromz ∈ Cy −Cz andy not inCy we have thatCy , Cz. Applying
ConditionMC1 we have the existence ofC ∈ C so thatC ⊆ (Cy ∪ Cz) − {x} ⊆ I ′, a
contradiction to our choice ofI ′. ThusJ − I ′ = ∅ andJ is a proper subset ofI ′.

For any elemente of I ′ − J we have thatJ ∪ {e} ∈ I as required forMI3 to hold. �

The requirementsMI1 , MI2 , andMI3 are properties of linearly independent sets of columns
of any matrix, and Whitney [64] took these properties as essential features of geometric
structure. But as he pointed out, many equivalent definitions give the same structure. From
the motivating example of matrix columns he coined the name “matroid” for such a struc-
ture.

D 14.2. A matroid M is an ordered pair(E, I ) consisting of a finite set E and a
collectionI of subsets of E that satisfy the following three conditions.

MI1 : The empty set is a member ofI .

MI2 : If I is a member ofI and J⊆ I, then J is a member ofI .

MI3 : (Augmentation Condition) If I and J are members ofI and |I | > |J|, then there is an
element e of I− J so that J∪ {e} is a member ofI .
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From this characterization it is immediate that the linear algebra of the columns of a matrix
has an underlying matroid structure.

T 14.3. Let A be any matrix with entries from a field F. Then the orderedpair
(E, I ), where E is the set of columns of A and each member ofI is a linearly independent
set of columns of A, is a matroid M.

P. A set of columns ofA is linearly independent exactly when none of its mem-
bers is a linear combination of the others. Thus the linearlyindependent sets satisfy Con-
ditionsMI1 andMI2 . They will also satisfy ConditionMI3 unless there are two linearly
independent setsI and J, such that|I | > |J| and J ∪ {ai} is linearly dependent for every
elementai ∈ I − J = {a1, a2, . . . , am}. If this were the case, thenJ and{a1} would each
be linearly independent, andJ ∪ {a1} would not. Thusa1 would be a linear combination
of some columns ofJ, with not all the coefficients zero. Thus for somex1 ∈ J, x1 would
be a linear combination of columns of (J − {x1}) ∪ {a1}. Hence any linear combination of
columns ofJ would also be a linear combination of (J − {x1}) ∪ {a1}. Thus, in particular,
a2 would be a linear combination of (J − {x1}) ∪ {a1}. Also {a1, a2} would be linearly in-
dependent and so there would be a memberx2 of J − {x1} that was a linear combination of
columns of (J − {x1, x2}) ∪ {a1, a2}.

Proceeding in this way, we see that eachar would be a linear combination of columns of
(J − {x1, x2, . . . xr−1}) ∪ {a1, a2, . . . , ar−1}, but for somer ≤ m, J − {x1, x2, . . . , xr−1} = ∅,
andar would be a linear combination of other members of I, which would contradict the
choice ofI as a linearly independent set. �

Let M be the matroid obtained from a matrixA with entries in a fieldF as in the statement
of Theorem 14.3. We say thatM is a vector matroid overF and writeM = M[A].

E 14.4. Label the columns of the matrix A by the integers1 through7 from left to
right. Each single column and each pair of columns of the realmatrix

A =





















1 0 0 1 0 1 1
1 0 1 1 1 0 0
0 1 0 1 1 1 0





















is linearly independent. Each set of three columns except{1, 3, 7}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6},
{4, 5, 7}, and{2, 6, 7} is linearly independent. As A has only three rows, no set of more than
three columns is linearly independent. Therefore the set E= {1, 2, 3, 4, 5, 6, 7}and the col-
lection I = {X ⊆ {1, 2, 3, 4, 5, 6, 7} : |X| ≤ 3 and X is not one of{1, 3, 7}, {1, 2, 4}, {2, 3, 5},
{3, 4, 6}, {4, 5, 7}, {2, 6, 7}} of subsets of E is the vector matroid M[A].

D 14.5. Let M = (E, I ) be a matroid. Each member ofI is an independent set
of M. Each subset of E that is not independent is called dependent. A circuit of M is a
dependent set all of whose proper subsets are independent.

If M is the matroid (E, I ), then we say thatM is amatroid on Eand we often writeE(M)
for E, I (M) for I , andC(M) or C for the collection of circuits ofM.
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2. Geometries, graphs, and matroids

In this section we characterize each matroid by its set of circuits. It follows that each finite
geometry is a matroid, and that each graph that has only finitely many edges defines a
matroid.

The next theorem proves the equivalence of Definition 14.2 and an alternative definition
given in terms of circuits.

T 14.6. Let C be a collection of subsets of a finite set E that satisfies the following
three conditions:

MC1: The empty set is not a member ofC.

MC2: If C1 and C2 are members ofC and C1 ⊆ C2, then C1 = C2.

MC3: (Elimination Condition) If C1 and C2 are distinct members ofC and e∈ C1 ∩ C2,
then there is a member C3 of C such that e< C3 ⊆ C1 ∪C2.

Then the ordered pair E andI = {I ⊆ E : I contains no member ofC} is a matroid M. The
members ofC are the circuits of M.

Conversely, the collectionC of circuits of a matroid M on E satisfies ConditionsMC1,
MC2, andMC3.

P. Suppose thatI is defined as above. It follows from Lemma 14.1 that Condi-
tionsMI1 , MI2 , andMI3 hold. Therefore (E, I ) is a matroidM.

From Definition 14.5 we have that the setC(M) of circuits of M is {C ∈ E : C is not in I
but every proper subset ofC is in I }. Suppose thatC ∈ C(M). ThenC is not a member
of I and so contains a subsetC′ ∈ C. It follows from C′ not being inI thatC = C′ ∈ C
andC(M) ⊆ C. Suppose next thatC′′ ∈ C. ThenC′′ is not a subset of any member ofI .
In particularC′′ is not inI and consequently contains a memberC of C(M). ThenC = C′′

andC = C(M).

Conversely, the setC of circuits of a matroidM on E does not contain the empty set, and
so satisfiesMC1. If C1 andC2 are circuits andC1 ⊆ C2, then the fact thatC2 is a minimal
dependent set implies thatC1 = C2 andC satisfiesMC2.

Suppose thatC1 andC2 are distinct circuits, both containing the elemente. We need only
eliminate the possibility that (C1∪C2)−{e} is in I to prove the validity ofMC3. Supposing
that f is any element ofC2−C1, we know thatC2− { f } ∈ I . Let J be any subset ofC1∪C2

that is maximal with respect to both containingC2 − { f } and belonging toI . Clearly f < J
and there is an elementg of C1 that is not inJ. Thus|J| ≤ |(C1∪C2)−{ f , g}| = |C1∪C2|−2 <
|(C1 ∪ C2) − {e}|. If (C1 ∪ C2) − {e} were inI , then applying the Augmentation Condition
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MI3 to J andI = (C1 ∪C2) − {e} would give a contradiction to the maximality ofJ. Thus
(C1 ∪C2) − {e} < I and ConditionMC3 holds for the collection of circuits ofM. �

Consequently, a matroidM on a setE may be thought of as a collection of independent sets
that satisfiesMI1 , MI2 , andMI3 , or equivalently as a collection of circuits that satisfies
MC1, MC2, andMC3. The matroid is completely specified either byI (M) or byC(M).

C 14.7. Let M be a matroid. Then
I (M) = {I ⊆ E : I contains no member ofC(M)}, and
C(M) = {C ⊆ E : C is not inI (M) but every proper subset of C is inI (M)}.

There are four other common characterizations of a matroid.Two of these other common
characterizations are given in this chapter. These are the characterizations of a matroid by
its bases and by its rank function. The remaining two other common characterizations of
a matroid are by its hyperplanes and by its closure function.Other useful equivalent char-
acterizations of matroids are given in [9], [10], [17], and [50, Chapter 1]. Thus a matroid
consists of an underlying set with several associated structures — any one of which suffices
to determine the others. We take advantage of this freedom tospecify matroids in ways
appropriate to the occasion. Until now we have leaned towards circuits as our descriptive
medium. In Chapters 1 and 2 we showed that the simplest point-sets that non-trivially
exhibit properties of collinearity and coplanarity are circuits of matroids. These were the
building blocks of our treatment of geometry. For obvious reasons, those who approach
matroids from a graph-theory background also find circuits aparticularly appropriate way
to describe a matroid. For example, the edge set of a three-edge cycle of a graph is called a
“triangle” of the graph. Likewise, a three-element circuitof a matroid is called a “triangle”
of the matroid. This use of the word “triangle” for matroids doesn’t agree with its use for
combinatorial geometries where it represents a figure of three non-collinear points. So the
concept of a circuit is quite natural when considering matroids in the context of graphs and
combinatorial geometries even though we have to be careful when borrowing our termi-
nology from these areas. If we think of a matroid in the context of linear algebra, then
independent sets may be more natural to consider than circuits.

The many faces, and underlying simplicity, of matroid theory are an attractive and unusual
combination. We now verify that Definition 2.3 and Definition14.5 agree in the context of
finite geometries.

T 14.8. If (E,C) is a finite geometry, thenC is the set of circuits of a matroid on
the set E.

P. From Definition 2.1 we have thatC satisfies ConditionsMC1, MC2, and
MC3. From Theorem 14.6 we have thatC is therefore the set of circuits of a matroid
on E. �

E 14.9. Let M[A] be the real vector matroid of Example 14.4. This matroid is
called the non-Fano matroid (see Definition 2.36). ThenC(M[A]) consists of the members
of {{1, 3, 7}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {2, 6, 7}} as well as each four-element subset
of E that does not contain one of the above three-element subsets.
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Since the non-Fano matroid is a combinatorial geometry, it can be sketched (use arcs that
are straight or curved) similar to the sketches given in Chapter 2. Such a sketch for a
matroid is called a geometric representation (see [47] or [50, Section 1.5]). A geometric
representation for the non-Fano matroid is given in Figure 14.1.

F 14.1. Non-Fano Matroid

E 14.10. Label the points of Figure 14.1 so that each set of three collinear points
of the figure is one of the six three-element subsets mentioned in Example 14.9.

L 14.11. The independent sets of a finite planar geometry are: the empty set, each
singleton, each two-point set, and each non-collinear three-point set. The independent sets
of a finite non-planar geometry include also the non-coplanar four-point sets.

P. The sets listed in the statement are exactly those sets thatdo not contain a
circuit. �

E 14.12. The independent sets of the Vámos cube of Definition 2.44 areall the
subsets of{0, 1, 2, 3, 4, 5, 6, 7} that contain at most four points, except the sets{0, 1, 3, 5},
{0, 2, 3, 6}, {1, 4, 5, 7}, {2, 4, 6, 7}, and{0, 3, 4, 7} . (see Figure 2.15 for an attempted drawing
of the Vámos geometry - in Chapter 4 we showed that the Vámoscube is not a figure and
so does not have a drawing)

T 14.13. Let G be a graph that has only finitely many edges. ThenC = {C : C is
the edge set of a cycle of G} is the set of circuits of a matroid M on the set E(G). We call
M the cycle matroid of G and we denote it by M(G).

P. From Lemma 11.32 and Theorem 14.6 we have that the collection of edge-sets
of cycles ofG satisfies ConditionsMC1, MC2, andMC3. �

E 14.14. Let M(G) be the cycle matroid defined by the graph G of Figure 14.2.
ThenI (M(G)) = {∅, each single edge other than5, each set of two edges not containing5
and not equal to{3, 4}, each set of three edges that includes6 but not5 and is not equal to
{3, 4, 6}}, andC(M(G)) = {{5}, {3, 4}, {1, 2, 3}, {1, 2, 4}}.

L 14.15. The independent sets of the cycle matroid of the graph G are the edge-sets
of forests of G.
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F 14.2. A non-simple graph

P. The edge-set of a forest does not contain the edge-set of anycycle and by
Corollary 14.7 is independent inM(G). Conversely, an independent setI of M(G) is the
edge-set of the forestF given byE(F) = I andV(F) = {u : {u, v} ∈ I }. �

3. Bases of a matroid

As we mentioned in the previous section, there are several useful and equivalent character-
izations of a matroid. We have used two — one via independent sets, and one via circuits.
As each subset of an independent set of a matroidM is also independent, the maximal
members ofI (M) suffice to uniquely determineI (M). In this section we examine these
maximal independent sets and characterize them.

L 14.16. Let M be a matroid. Then any two maximal independent subsets of any
A ⊆ E(M) are equicardinal. In particular any two maximal independent subsets of E are
equicardinal.

P. Suppose thatI andJ are maximal independent subsets ofA and|J| < |I |. Then
ConditionMI3 guarantees the existence of an independent setI ′ ⊆ I ∪ J ⊆ A, so that
|J| < |I ′|, contradicting the choice ofJ. Therefore|J| ≥ |I |, and repeating the argument
above with the roles ofI andJ interchanged gives|I | = |J| as the only possibility. �

D 14.17. We call each maximal independent subset of a matroid M a basisof M.

Lemma 14.16 gives enough information to nicely characterize the setB(M) of bases of a
matroidM.

L 14.18. The collection of bases of any matroid M satisfies the two conditions:

MB1: B(M) , ∅.

MB2: If B1 and B2 are two bases of M and e∈ B1 − B2, then there is an element f of
B2 − B1 such that(B1 − {e}) ∪ { f } is a basis of M.

P. The first requirement follows fromMI1 directly. In order to prove the second
condition we observe thatB1 − {e} andB2 are independent, and from Lemma 14.16|B1 −
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{e}| < |B2|. Therefore, from ConditionMI3 there is an elementf of B2 − (B1 − {e}) so that
(B1− {e}) ∪ { f } is independent. From|(B1− {e}) ∪ { f }| = |B1| we have that (B1 − {e}) ∪ { f }
is a maximal independent set, as required. �

L 14.19. LetB be a collection of subsets of a finite set E that satisfies the two condi-
tions:

MB1: Th matroid M has at least one basis.

MB2: If B1 and B2 are members ofB and e∈ B1−B2, then there is an element f of B2−B1

such that(B1 − {e}) ∪ { f } is in B.

Then the members ofB are equicardinal.

P. Suppose thatB1 andB2 are distinct members ofB for which |B1| > |B2|, such
that, among all such pairs,|B1 − B2| is minimal. Clearly,B1 − B2 is not empty. Choosing
e ∈ B1 − B2, we can find an elementf of B2 − B1 so that (B1 − {e}) ∪ { f } ∈ B. But
|(B1− {e}) ∪ { f }| = |B1| > |B2| and|((B1− {e}) ∪ { f }) − B2| < |B1− B2|. This contradicts the
choice ofB1 andB2. �

T 14.20. LetB be a collection of subsets of a finite set E that satisfies the following
two conditions:

MB1: B , ∅.

MB2: If B1 and B2 are two members ofB and e∈ B1 − B2, then there is an element f of
B2 − B1 such that(B1 − {e}) ∪ { f } is a member ofB.

Then the ordered pair E andI = {I ⊆ E : I is a subset of a member ofB} is a matroid M.
The members ofB are the bases of M.

Conversely, the collectionB of bases of a matroid M satisfies ConditionsMB1 andMB2.

P. Clearly the setI satisfies ConditionsMI1 andMI2

Suppose thatI andJ belong toI and that|J| < |I |. If MI3 fails for these two sets, then, for
all e in I − J, J ∪ {e} is not inI . ThereforeI − B1 = I − J.

From the definition ofI , it follows that the setB has two membersB1 andB2 such that
J ⊆ B1 andI ⊆ B2. We suppose thatB2 is chosen such that|B2 − (I ∪ B1)| is minimal. If
there is anx ∈ B2 − (I ∪ B1), then ConditionMB2 implies that there is somey ∈ B1 − B2

such that (B1−{x})∪{y} is in B. This contradicts the minimality of|B2−(I ∪B1)|. Therefore
B2 − (I ∪ B1) = ∅ andB2 − B1 = I − B1. Furthermore,B2 − B1 = I − J.

Next suppose thatx ∈ B1 − (I − B2). FromMB2 there is an elementy of B2 − B1 such that
(B1 − {x}) ∪ {y} ∈ B. ThenJ ∪ {y} is in I , and asy ∈ B2 − B1 = I − J, this contradicts our
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choice ofJ andI . ThusB1 − (I − B2) = ∅ and soB1 − B2 = I − B2 ⊆ I − J. From Lemma
14.19|B1| = |B2|. Thus|B1 − B2| = |B2 − B1|

Therefore|I − J| ≥ |J − I | and consequently|J| ≥ |I |. This contradicts the possibility of
choosing a pairI andJ for whichMI3 fails. Therefore the ordered pair (E, I ) is a matroid
M.

Each member ofB is independent and therefore a subset of a basis. Each basis is inde-
pendent and therefore a subset of a member ofB. It follows from the members ofB being
equicardinal and the bases being equicardinal thatB = B(M).

The converse is Lemma 14.18. �

C 14.21. Let M be a matroid. Then
I (M) = {I ⊆ E : I is a subset of a member ofB(M)}, and
B(M) = {B ⊆ E : B is in I (M) but no set containing B is inI (M)}.

E 14.22.Let A be the matrix of Example 14.4. ThenB(M[A]) = {X ⊆ {1, 2, 3, 4, 5, 6, 7} :
|X| = 3 and X is not one of{1, 3, 7}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {2, 6, 7}}.

L 14.23. Let (E,C) be a finite geometry. If E is a point, then the point is a basis of
the geometry. If E is a line, then each two-point subset of E isa basis. If E is a plane, then
each set of three non-collinear points is a basis. If(E,C) is non-planar, then each set of
four non-coplanar points is a basis.

P. In each case the set above consists of exactly the maximal members of the
corresponding set given in Lemma 14.11. �

From Chapter 11 we have that each basis of the cycle matroidM(G) of a graphG is the
edge set of a maximal forest ofG. Therefore we have the following corollary of Lemma
14.16.

E 14.24. Let G be a connected graph containing only finitely many edges. Prove
that the bases of M(G) are the edge-sets of maximal forests of G, and each basis has
|V(G)| − 1 members. Draw each maximal forest of the graph drawn in Figure 14.2.

4. The rank function of a matroid

In this section we continue our discussion of equivalent definitions of matroids. Lemma
14.16 enables us to associate a well-defined number with eachset of points of a matroid.
In this way we introduce the notion of a dimension, or rank, function of a matroid.

D 14.25. Let M be a matroid on E. With each subset A of E we associate the
number of elements in any maximal independent subset of A. Wecall this number, rkM(A),
the rank of A. The function, rkM, defined in this way for all subsets of E is the rank function
of M. The value the rank function takes on E, rkM(E), is called the rank of M.
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L 14.26. Let M be a matroid and suppose that A and B are subsets of E(M) and that
a is an element of E(M). Then the rank function, rkM, of M satisfies the three conditions:

MR1: rkM(∅) = 0.

MR2: rkM(A) ≤ rkM(A∪ a) ≤ rkM(A) + 1.

MR3: rkM(A) + rkM(B) ≥ rkM(A∪ B) + rkM(A∩ B).

P. The first condition follows from|∅| = 0. The second condition follows from
the observation that ifI is a maximal independent subset ofA, then eitherI or I ∪ {a} is
maximally independent inA∪ a.

For any subsetsA and B of E, we choose a maximal independent subsetJ of A ∩ B,
and a maximal independent subsetI of A ∪ B that containsJ. Then |I ∩ A| + |I ∩ B| =
|(I∩A)∩(I∩B)|+|(I∩A)∪(I∩B)| = |I∩(A∩B)|+|I∩(A∪B)| = |J|+|I |. FromrkM(A) ≥ |I∩A|
andrkM(B) ≥ |I ∩ B|, we haverkM(A) + rkM(B) ≥ rkM(A∩ B) + rkM(A∪ B). �

L 14.27. Let r be a function defined on the power set of a finite set E, taking integer
values, and satisfying the following three conditions:

MR1: r (∅) = 0.

MR2: If A ⊆ E and a∈ E, then r(A) ≤ r(A∪ a) ≤ r(A) + 1.

MR3: (Submodularity Condition) If A and B are subsets of E, then r(A) + r(B) ≥ r(A ∪
B) + r(A∩ B).

If A ⊆ E, then r(A) ≤ |A|. If B ⊆ A ⊆ E and r(B∪ {a}) = r(B) for each element a of A− B,
then r(A) = r(B).

P. A simple induction argument, starting withr(∅) = 0 and usingr(A′ ∪ {a}) ≤
r(A′) + 1, proves the first result.

Now suppose thatB ⊆ A ⊆ E andr(B∪ {a}) = r(B). We writeA − B = {a1, a2, . . . , am}.
It follows from r(B∪ {ai}) = r(B), for all i, that by applying the inequalityMR3, we have
r(B ∪ {a1, a2, . . . , ai−1) + r(B ∪ {ai}) ≥ r(B ∪ {a1, a2, . . . , ai}) + r(B). From this we have
thatr(B∪ {a1, a2, . . . , ai−1) ≥ r(B∪ {a1, a2, . . . , ai}), and from the first result, we have that
r(B∪ {a1, a2, . . . , ai−1) = r(B∪ {a1, a2, . . . , ai}). Applying this resultm− 1 times we have
thatr(B) = r(A). �

T 14.28.Let r be a function defined on the power set of a finite set E, taking integer
values, and satisfying the following three conditions:

MR1: r (∅) = 0.
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MR2: If A ⊆ E and a∈ E, then r(A) ≤ r(A∪ a) ≤ r(A) + 1.

MR3: (Submodularity Condition) If A and B are subsets of E, then r(A) + r(B) ≥ r(A ∪
B) + r(A∩ B).

Then the ordered pair E andI = {I ⊂ E : r(I ) = |I |} is a matroid M. The function r is the
rank function of M.

Conversely, the rank function r of a matroid M satisfies ConditionsMR1, MR2, andMR3.

P. That the setI satisfies ConditionMI1 is a direct consequence ofMR1 and the
definition ofI .

Suppose thatI ∈ I andJ ⊆ I . FromMR3 we have thatr(J) + r(I − J) ≥ r(I ) + r(∅). This
together with Lemma 14.27 givesr(J) + |I − J| ≥ |I |, and thereforer(J) ≥ |J|. But from
Lemma 14.27 we have thatr(J) = |J|, giving J in I and ConditionMI2 holds forI .

Now suppose thatI andJ are inI with |J| < |I |. We writeI − J = {a1, a2, . . . , am}. If r(J ∪
{ai}) = r(J)+ 1 for someai , thenJ∪ {ai} ∈ I andMI3 holds forI andJ. On the other hand
if r(J∪ {ai}) = r(J), for all i, then fromMR3 we would haver(J∪ {a1, a2, . . . , ai−1)+ r(J∪
{ai}) ≥ r(J∪ {a1, a2, . . . , ai})+ r(J). From this we would have thatr(J∪ {a1, a2, . . . , ai−1) >
r(J ∪ {a1, a2, . . . , ai}), and thusr(J ∪ {a1, a2, . . . , ai−1) = r(J ∪ {a1, a2, . . . , ai}). Applying
this resultm− i times we would have thatr(J) = r(I ) = |I | > |J|, which is false. Therefore
MI3 holds forI .

Consequently,I is the collection of independent sets of a matroidM on E. Suppose that
A ⊆ E. Suppose further thatI is a maximal independent subset ofA. From the definition
of the rank function ofM, the definition ofI , and by applying Lemma 14.27 we have
rkM(A) = |I | = r(I ) = r(A). Thusr = rkM.

The converse is Lemma 14.26. �

C 14.29. Let M be a matroid. Then
I (M) = {I ⊂ E : rkM(I ) = |I |}, and for each A⊆ E(M),
rkM(A) =max{|I | : I ⊆ A, and I ∈ I (M)}.

L 14.30. Let A be a matrix. Then the rank of M[A] is equal to the row rank and
column rank of A.

L 14.31. Let (E,C) be a finite geometry. The rank of a point of E is1, the rank of a
line is 2, and the rank of a plane is3. If the geometry is planar, then its rank is at most3.
If it is non-planar, then it has rank4.

P. This a consequence of the characterization of bases given in Lemma 14.23. �

E 14.32.Let G be the graph drawn in Figure 14.2. Then rkM(G){5} = 0, rkM(G){3, 4} =
1, and rkM(G){1, 2, 6} = rkM(G){1, 2, 3, 4, 5, 6} = 3.
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E 14.33.Prove that, for each finite set E of n points and non-negative integer k≤ n,
r(A) = min{|A|, k}, ∀A ⊆ E, is the rank function of a matroid Uk,n. CalculateC(Uk,n),
I (Uk,n) andB(Uk,n).

D 14.34. The matroid Uk,n is a uniform matroid. If k= n, thenC(Uk,n) = ∅ and
Un,n is the free matroid on E.

5. Isomorphism and representable matroids

Just as we did in Definition 2.63 for geometries, we explore the meaning of the phrase “the
same” in relation to matroids. This enables us to pursue a goal that we have previously
alluded to in Chapters 3 and 4, namely replacing geometric questions by routine arithmetic
questions.

D 14.35. Two matroids are isomorphic if the points of the first can be paired with
the points of the second, and paired points given the same label, so that a list of independent
sets of the first matroid is identical to a list of independentsets of the second.

As we would hope, each of the four ways that characterize matroids in this chapter lead to
a characterization of isomorphic matroids (we used independent sets in the definition).

L 14.36. Two matroids are isomorphic if the points of the first can be paired with the
points of the second, and paired points given the same label,so that

(i) a list of circuits of the first matroid is identical to a list of circuits of the second, or

(ii) a list of bases of the first matroid is identical to a list of bases of the second, or

(iii) the two rank functions act identically on the set of labels.

P. Corollary 14.7 guarantees that identical lists of circuits lead to identical lists
of independent sets. Therefore Condition (i) ensures the existence of the required isomor-
phism. Similarly Corollaries 14.21 and 14.29 enable us to complete the proof. �

D 14.37. A matroid is representable over the field F if it is isomorphicto a vector
matroid over F. A matroid is graphic if it is isomorphic to thecycle matroid of a graph G.

E 14.38.By relabelling the point0of the non-Fano geometry by7and then verifying
that a list of its circuits is identical to the list of circuits in Example 14.9, we prove that the
non-Fano geometry is representable over the real number field.

The fieldF of Definition 14.37 plays a crucial role in the notion of a representable matroid.
We see this by allowing the entries of the matrixA of Example 14.4 to come from a field
other than the field of real numbers.

T 14.39. The Fano geometry is representable over a field F if and only if1+ 1 = 0
in F. The non-Fano geometry is representable over a field F if and only if1+ 1 , 0 in F.
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P. Let A =





















1 0 0 1 0 1 1
1 0 1 1 1 0 0
0 1 0 1 1 1 0





















. Label the columns of the matrix by 1

through 7 from left to right. If the entries ofA are from a fieldF in which 1+ 1 = 0, then
the set{1, 5, 6} is a circuit and we obtain the Fano geometry sketched in Figure 2.10. If
on the other hand 1+ 1 , 0, then{1, 5, 6} is not a dependent set and the matroidM[A] is
isomorphic to the non-Fano geometry.

Conversely, let us suppose that the Fano geometry is isomorphic to a vector matroidM[A].
We write 0 to stand for a zero column, andi , 0 to mean theith column. Any column inA
may be replaced by a non-zero scalar multiple of the column, so without loss of generality
the following dependencies occur in the columns ofA: 4+ 5+ 7 = 0, 1= 3+ 7, 6= 3+ 4.
Therefore 1+ 5+ 6 = (3+ 7)+ 5+ (3+ 4) = (3+ 3)+ (4+ 5+ 7) = 3+ 3. Therefore the
first, fifth, and sixth columns are linearly dependent if and only if 1 + 1 = 0 in F. �

We saw in Chapter 11 that a geometry and a graphic matroid may be isomorphic. The fol-
lowing Example proves that each may also be representable and illustrates the desirability
of further investigation into the relations between geometries, representable matroids, and
graphic matroids.

E 14.40. By relabelling the edge0 of the drawing of K5 in Figure 11.17 by10 and
then verifying that a list of the circuits of the cycle matroid M(K5) is identical to a list
of the minimally linearly dependent sets of columns of the matrix A below we prove that
M(K5) is representable over the real number field. From the solution to Problem 11.39 we
have that the the non-planar Desargues geometry is also isomorphic to M[A], for the real
matrix

A =





























1 0 0 0 1 1 0 1 1 1
0 1 0 1 0 1 1 0 -1 1
0 0 1 1 1 0 -1 -1 0 1
0 0 0 1 1 1 0 0 0 1.





























.

We may go further:

T 14.41. Each graphic matroid is representable over every field.

P. Let G be a graph. We construct a|V(G)| × |E(G)|matrix A with entries from a
field F as follows. Each row ofA is indexed by a vertex ofG and each column ofA by an
edge ofG.

We order the vertices within each edge ofG, calling the first vertex the tail, and the second
the head. Then the entryav,e in thevth row andeth column ofA is −1 if v is the tail ofe
ande is not a loop, it is 1 ifv is the head ofeande is not a loop, and it is 0 otherwise.

A single column ofA is a circuit of M[A] if and only if it is a zero column. This is so
if and only if the edge indexing the column is a loop inG. Suppose thatm > 1 and
{{v1, v2}, {v2, v3}, . . . , {vm−1, vm}, {vm, v1}} = C is a member ofC(M(G)).
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For eachi ∈ {1, 2, . . . ,m− 1} we multiply the column that has index{vi , vi+1} by 1 if vi is
the tail of {vi , vi+1}, and by−1 if vi is the head of{vi , vi+1}. Adding the resulting columns
gives a zero column. ThusC is linearly dependent andC contains a member ofC(M[A]).

Conversely, we suppose thatC is a circuit of M[A]. Then there is a linear combination
of the members ofC, in which each column has a non-zero coefficient, that sums to zero.
Consequently, each row ofA contains non-zero entries in at least two columns ofC. Two
such entries represent a vertex belonging to two edges ofG. Proceeding from one vertex
to another in this way gives the vertices of a circuit ofG. ThereforeC contains a circuit of
M(G).

Therefore each matroid has an identical set of circuits and the two are isomorphic. �

E 14.42. Let G be the graph drawn in Figure 14.2. Find a real matrix A so that
M[A] is isomorphic to M(G).

E 14.43.Prove that a figure of four collinear points is not graphic. Give an example
of a graphic matroid that is not a geometry.

E 14.44. Specify the values of k and n for which the uniform matroid Uk,n is a
geometry.

E 14.45. Prove that the geometry sketched in Figure 14.3 is representable over the
complex number field but not over the real number field.

F 14.3. An eight-point planar geometry that is not a figure

6. Projective and affine geometry

In this section we generalize our notion of a figure, in order to allow figures that have a
rank greater than 4 and also to allow coordinates from fields other than the real number
field. The notion of a figure containing only Euclidean pointsis carried over to this more
general setting for affine and projective geometry.

Let A be a 3× n matrix in which thei-th column is the transpose of (a1i, a2i , a3i). If no
column ofA is a scalar multiple of another, then we may consider the setE containing
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each point of an extended Euclidean plane that has the transpose of a column as a set of
homogeneous coordinates, distinct columns giving distinct points. Then, from Proposition
3.51 and Theorem 14.3, we have that the figureE is isomorphic to the vector matroidM[A].
This isomorphism motivates the following definition of a projective geometry.

D 14.46. Let F be a field and r a natural number. Suppose that A is an(r + 1)× n
matrix with entries from F. Suppose further that no column ofA is a scalar multiple of
another column. Then M[A] is a projective geometry over the field F. The elements of the
projective geometry are commonly called points of projective r-space over F.

E 14.47. The matrix A=





















1 0 0 1 0 1 1
0 1 0 1 1 1 0
0 0 1 0 1 1 1





















defines a vector matroid

M[A] that is a projective geometry. As we saw in Theorem 14.39, if the entries in A are
from a field for which1+ 1 , 0, then M[A] is the non-Fano geometry. If they are from a
field for which1+ 1 = 0, then M[A] is the Fano geometry.

If we had not allowed ourselves the pleasure of removing the special nature of parallel lines
in Chapters 3 and 4, then figures that we discuss would containonly Euclidean points and
be the subjects of the Cartesian coordinate geometry that isfamiliar to us from college.
We recall from plane Cartesian coordinate geometry that a point (x1, y1) belongs to the
Euclidean line containing (x2, y2) and (x3, y3) if α andβ exist such thatx1 = αx2 + βx3 and
y1 = αy2 + βy3; equivalently if (1− α − β)(x1, y1) + α(x2, y2) + β(x3, y3) = (0, 0).

The triple (1, x, y) is a set of homogeneous coordinates of each Euclidean point(x, y)
whereas the first member of each triple that labels any ideal point is 0. Thus insisting
that a finite planar figureE contain only Euclidean points is equivalent to asking thatthe
figure is isomorphic to a vector matroidM[A], for which A is a real matrix in which each
column has a transpose of the form (1, x, y). We make use of the fact that each entry of the
first row of this matrix is 1 in order to extend our notions of affine and projective geometry.

D 14.48. Let F be a field and r a natural number. Suppose that A is an(r +
1) × n matrix with entries from F and in which, for each i∈ {1, 2, . . . , n}, the transpose
of (1, a1i, a2i, . . . , ari ) is the i-th column. Suppose further that no two columns of A are the
same. Then the matroid M[A] is an affine geometry over the field F. The elements of the
affine geometry are commonly called points of affine r-space over F.

A routine verification shows that the calculations in an affine geometry generalize those
in the Cartesian coordinate calculations of the usual college geometry course gives the
following lemma:

L 14.49. It is usual to write(a1i, a2i , . . . , ari ) rather than(1, a1i, a2i, . . . , ari )T as no-
tation for the i-th point of an affine geometry. Let M be an affine geometry over the
field F. Then a subset A= {(a1i , a2i, . . . , ari ) : i ∈ { j(1), j(2), . . . , j(m)} of E(M) is
dependent in the geometry if there exist m membersαi of F, not all zero, so that both
∑m

i=1α j(i)(a1 j(i), a2 j(i), . . . , ar j (i)) = (0, 0, . . . , 0) and
∑m

i=1 α j(i) = 0.
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P. We have that
∑m

i=1 α j(i)(1, a1 j(i), a2 j(i), . . . , ar j (i))T = (0, 0, 0, . . . , 0)T if and only
if both conditions

∑m
i=1α j(i)(a1 j(i), a2 j(i), . . . , ar j (i)) = (0, 0, . . . , 0) and

∑m
i=1α j(i) = 0 are

met. �

L 14.50. Each affine geometry over a field F is representable over F.

P. Each affine geometry overF is by definition a vector matroid. �

L 14.51. No affine matroid over the field GF(2) contains a3-point circuit.

P. Suppose that{(a1i( j), a2i( j), . . . , ari ( j)) : j = 1, 2, 3} was a circuit of an affine
matroid overGF(2). Then there would exist three membersα1, α2 andα3 of F, not all
zero, so that both

∑3
j=1α j(a1i( j), a2i( j), . . . , ari ( j)) = (0, 0, . . . , 0) andα1 + α2 + α3 = 0. No

α j is zero, as that would imply a subset of the circuit was dependent. Thereforeα1 = α2 =

α3 = 1. But 1+ 1+ 1 , 0 in GF(2). �

We referred earlier, in Chapters 3 and 4, to the fact that eachfinite real representable
geometry is also an affine figure. The above lemma shows that this is not true in general,
for example the three-point line is representable overGF(2), but it is not an affine matroid
overGF(2).

7. Dual matroids

In this section we introduce a notion of duality for matroids. We could, with more dif-
ficulty, have developed a theory of matroids on not-necessarily-finite sets. This is done
in [17]. Possibly the extra structures included in such a treatment, for exampleEE2 and
EE3, justify the increased complexity of the proofs. But as matroid duality provides such
a powerful tool, and is easily available only for matroids onfinite sets, we restrict our
investigations to matroids on finite sets.

L 14.52. Let B be a basis of a matroid M. Suppose that e is an element of E(M) − B.
Then e belongs to exactly one circuit that is contained in B∪ {e}.

P. As B is a maximal independent set it follows thatB∪{e} contains a circuit that
is not contained inB. Suppose thatC1 andC2 are two such circuits. Then ConditionMC3
would ensure the existence of a circuitC such thatC ⊆ (C1 ∪C2) − {e} ⊆ B, contradicting
the independence ofB. �

L 14.53. The setB(M) of bases of a matroid M satisfies the following condition:

MB ∗2: If B1 and B2 are two members ofB(M) and e is an element of B2 − B1, then there
is an element f of B1 − B2 such that(B1 − { f }) ∪ {e} is a member ofB(M).

P. From Lemma 14.52,B1 ∪ {e} contains exactly one circuitC. There is an ele-
ment f of C − B2. As e ∈ B2, then f , e and f is in B1. The set (B1 − { f }) ∪ {e} does not
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containC and is therefore independent. SinceB1 and (B1 − { f }) ∪ {e} each have the same
number of elements, the latter is a basis. �

We are now able to associate with each matroidM a matroid, called the dual ofM, on the
same set of elements asM.

T 14.54. Let M be a matroid and letB∗ = {E(M) − B : B ∈ B(M)}. ThenB∗ is the
set of bases of a matroid.

P. As B(M) is non-empty,B∗ is non-empty and satisfies ConditionMB1.

Suppose that bothB∗1 = E(M) − B1 and B∗2 = E(M) − B2 are inB∗ and thate ∈ B∗1 −
B∗2 = B2 − B1. Then bothB1 andB2 are inB(M) and byMB ∗2 there is an elementf of
B1 − B2 such that (B1 − { f }) ∪ {e} is a member ofB(M). Consequently,f ∈ B∗2 − B∗1 and
E(M)− ((B1− { f })∪ {e}) ∈ B∗. But E(M)− ((B1− { f })∪ {e}) = ((E(M)−B1)− {e})∪ { f } =
(B∗1− {e}) ∪ { f }. ThereforeB∗ satisfies ConditionMB2 and is the set of bases of a matroid
on E(M). �

D 14.55. The matroid M∗ defined byB(M∗) = {E(M) − B : B ∈ B(M)} is the dual
matroid of M.

L 14.56. The dual matroid of the dual matroid of a matroid M is M, that is, (M∗)∗ =
M.

P. We haveB(M∗) = {E − B : B ∈ B(M)}, and again,B((M∗)∗) = {E − (E − B) =
B : E − B ∈ B(M∗). �

L 14.57. Let M be a matroid on E. Then for each subset A of E, rkM∗ (A) = |A| +
rkM(E − A) − rkM(E).

P. Let A be a subset ofE. Suppose thatB is a basis ofM that has a smallest
possible intersection withA. ThenE − B is a cobasis ofM that has a largest possible
intersection withA, andrkM∗ (A) = |A ∩ (E − B)|. Similarly rkM(E − A) = |(E − A) ∩ B|.
Thinking ofB as the union of two disjoint subsets we obtain (|A| − rkM∗(A))+ rkM(E−A) =
|B|. �

E 14.58. Let M be a combinatorial cube. Prove that the matroid dual of Mis also
a combinatorial cube.

It would be interesting to know exactly when the matroid dualof a geometry (or figure) is
a geometry (or figure).

E 14.59. Prove that the dual of any uniform matroid is also a uniform matroid.

The following exercise provides another example of the interrelationships between the
various aspects of the geometry that we have pursued.
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E 14.60. Prove that the cycle matroid of the hinge-graph of the octahedral models
of Chapter 10 is dual to the cycle matroid of the graph of the octahedra. Prove also that
the cycle matroid of the hinge-graph of the model of a sealed cube is dual to cycle matroid
of the graph of the cube.

8. Restrictions and contractions of a matroid

In Theorem 2.60 we were delighted to find that every subset of the point-set of a geometry
has an induced geometric structure on it. This carries over immediately to matroids. In this
section we use the results of the previous section to prove that there are two structures on
each subset of elements of a matroid. One is the obvious generalization of a sub-geometry
and the other has its origins in perspective drawings.

D 14.61. Let M be a matroid and T be a subset of E(M). The ordered pair T and
the collectionI ∩ 2E of subsets of T is called the restriction of M to T, or the deletion of
E − T from M, and is written either as M|T or as M\(E − T).

The details of the proof that the restriction ofM to T is indeed a matroid are exactly as in
the proof of Theorem 2.60.

L 14.62. Let M be a matroid on E and T be a subset of E. Then the restriction M|T
is a matroid.

L 14.63. Let M|T be a restriction of the matroid M. Then;

(i) I (M|T) = {I ⊆ T : I ∈ I (M)},

(ii) C(M|T) = {C ⊆ T : C ∈ C(M)},

(iii) for each A⊆ T, rkM|T (A) = rkM(A).

P. The first statement is the definition ofI (M|T). The specification ofC(M|T) in
(ii) follows from Corollary 14.7,C(M|T) = {C ⊆ T : C is not in I (M|T) but every proper
subset ofC is in I (M|T)} = {C ⊆ T : C is not in I (M) but every proper subset ofC is in
I (M)} = {C ⊆ T : C ∈ C(M)}. The specification of the rank function ofM|T follows from
the observation that anyI ⊆ A is in I (M|T) if and only if it is in I (M). �

In the case that a matroidM is also a finite geometry it is clear that any restrictionM|T is a
sub-geometry ofM. It is also straightforward to see that any restrictionM|T of a matroid
M that is representable over a fieldF is also representable overF. If M = M[A], then
M|T = M[A′], whereA′ is obtained fromA by deleting the columns not inT. In particular
if A′ is the matrix obtained by deleting thei-th column ofA, then the vector matroidM[A′]
is M[A]\{i}.

E 14.64. Prove that the deletion of a point from the Fano geometry gives a matroid
that is isomorphic to M(K4).
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E 14.65. Prove that matroid obtained by the deletion of a point from a uniform
matroid is also a uniform matroid.

E 14.66. The fourteen-point planar geometry drawn in Figure 14.4 cannot be rep-
resentable over any field as the sub-geometry on{1, 2, 3, 4, 5, 6, 7} is representable over a
field only if1+1 = 0, whereas the sub-geometry on{8, 9, 10, 11, 12, 13, 14} is representable
over a field only if1+ 1 , 0.

1
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4

5
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F 14.4. A fourteen-point planar geometry that is not representable

We are now begin to see the relationships between some important classes of matroids. For
example; representable matroids encompass exactly those matroids whose structure can be
analyzed with the convenience of linear algebra, graphic matroids have the advantage of
a clear pictorial representation, and geometries are by nowfamiliar to us. From Example
14.40 we have that all three classes have common members. From Theorem 14.41 we
have that each graphic matroid is representable over every field. The results of Exercise
14.43 ensure that neither the class of geometries nor the class of graphic matroids is a sub-
class of the other. The fourteen-point planar geometry of Figure 14.4 demonstrates that not
every geometry is representable. A matrix consisting of onecolumn of zeros provides an
example of a representable matroid that is not a geometry.

D 14.67. Let M be a matroid and T be a subset of E(M). The matroid(M∗|T)∗ is
the contraction of M to T or the contraction of E−T from M, and is written either as M.T
or as M/(E − T).

L 14.68. Let M.T be a contraction of the matroid M. Then:

(i) I (M.T) = {I ⊆ T : M|T has a basis B′ such that B′ ∪ I ∈ I (M)},

(ii) C(M.T) consists of the minimal non-empty members of{C ∩ T : C ∈ C(M)},

(iii) for each A⊆ T, rkM.T(A) = rkM(A∪ (E − T)) − rkM(E − T).

P. We suppose thatI ∈ I (M.T) andX ⊆ E − T is in I (M). Then if I ∪ X were not
in I (M), for some circuitC of M, we would haveC ⊆ I ∪ X. But if C ∩ I , ∅, thenC ∩ T
would contain a circuit ofM.T, contradicting the choice ofI . SoC ⊆ X, contradicting the
choice ofX. HenceI ∪ X ∈ I (M).
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Conversely, we suppose thatI ⊆ T, X is a maximal subset ofE − T that is in I (M) and
I ∪ X ∈ I (M). If there were a circuit ofM that is contained inI ∪ (E − T), then we choose
such a circuitC1 so that|C1 − X| is minimal.

Either each elementa ∈ C1 − X is in I , contradicting the independence ofI ∪ X, or there is
an elementa ∈ (C1 − X) ∩ (E − T). In this caseX ∪ {a} is dependent, asX is maximally
independent inE − T, and there is a memberC2 of C(M) so thata ∈ C2 ⊆ X ∪ {a}.

If C1 ∩ I , ∅, thenC1 , C2 and the Elimination Condition M
¯

C3 applied toC1 andC2

would give the existence of a circuitC of M so thata < C ⊆ C1 ∪ C2. Then|C − X| <
|(C1 ∪C2) − X| = |C1 − X|, contradicting the choice ofC1.

ThereforeC1 ∩ I = ∅ and soI ∈ I (M|T). Thus condition (ii) is correct.

Suppose thatA ⊆ T andX is a maximal independent subset ofE − T, andI ⊆ A so that
I ∪X is a maximal independent subset ofA∪ (E−T). ThenrkM.T (A) = |I | = |I ∪X| − |X| =
rkM(A∪ (E − T)) − rkM(E − T). �

E 14.69. Let M be the Fano geometry sketched in Figure 2.10. ThenC(M/{0}) =
{{1, 3}, {2, 6}, {4, 5}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {1, 5, 6}, {1, 2, 5}, {1, 4, 6}, {2, 3, 4}, {3, 5, 6}}.
Each of the first three circuits is the remainder of a3-point Fano circuit containing0,
the next four are3-point Fano circuits not containing0, and each of the last four is the
remainder of a4-point Fano circuit that contains0. Each4-point Fano circuit, that does
not contain0, properly contains one of the sets inC(M/{0}).

This list of circuits proves that M/{0} is isomorphic to M(G), where G is the graph drawn
in Figure 14.5.

1

23

4

5

6

F 14.5. A graphic minor of the planar Fano geometry

One of the motivations for matroid contraction came from theprocess of contracting an
edge from a graph.

D 14.70. Let G be a graph and suppose that e= {u1, u2} is an edge of G. The
graph G/{e} is defined by V(G/{e}) = (V(G)−{u1, u2})∪{u} and the list E(G/{e}) is obtained
from E(G) by deleting e and replacing each appearance of u1 and u2 in the remaining list
by u. We call G/{e} the contraction of e from G.
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We easily visualize contraction ofe from G in any drawing ofG by identifyingu1 with u2

and erasing the arc representinge to give a drawing ofG/{e}. Each of matroid restriction
and matroid contraction is motivated by the corresponding construction for graphs, giving
the following lemma.

L 14.71.Let G be a graph and e an edge of G. Then the cycle matroid M(G/{e}) of the
graph G/{e} is the restriction M(G)/{e} of the cycle matroid M(G). Also, the cycle matroid
M(G\{e}) of the graph G\{e} is the contraction M(G)\{e} of the cycle matroid M(G).

E 14.72. Prove that the matroid obtained by the contraction of an element from a
uniform matroid is also a uniform matroid.

Our experience of the world relies not only on examining figures, but also picturing them
via the perspective rendition discussed in Chapter 5. Therewe hinted at a role for “perspec-
tive drawings” in any geometry in Theorem 5.14 and we can now formalize the situation.

T 14.73. Let M be a finite figure. Suppose that p is any point of the figure that
does not belong to a3-point circuit of M. Then the contraction, M/{p} is isomorphic to the
perspective drawing of the restriction M\{p} drawn from the general viewpoint p.

P. From the condition onp it follows that perspective rendition from the view-
point p pairs the points ofM\{p} with their images in the perspective drawing. If we label
each point ofE(M)− {p} by its image, then the result follows from a comparison of thelist
of circuits ofM/{p} given by Lemma 14.68 and a list of circuits of the perspectivedrawing
given by Proposition 5.7 and Lemma 5.9. �

We notice that unfortunately the concept of matroid dualityis not the same as that specified
in Definition 3.11 for a matroid that is a projective plane. Similarly the concept differs from
that of Definition 4.9 for those matroids that are projectivespaces.

9. Minors of a matroid

As any restriction or contraction of a matroid is itself a matroid we may construct a restric-
tion or contraction of this matroid. In this section we provethat matroids resulting from
any sequence of restrictions and contractions are the natural “sub-objects” of a matroid.

E 14.74. Suppose that M is the figure drawn in Figure 14.6. Then first deleting the
point 1 and then contracting2 leaves a three-point line. On the other hand contracting2
and then deleting1 from the figure gives the same three-point line.

The following Proposition shows that Example 14.74 is not anisolated case and enables
us to give well-defined meaning to the term “sub-object of a matroid”.

P 14.75. Let M be a matroid on E. Then, for any distinct elements e and f of E,
(M\{e})\{ f }) = M\{e, f }), (M/{e})/{ f }) = M/{e, f }, and
(M\{e})/{ f }) = (M/{ f })\{e}.
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the matroid M

after contraction of 2
after deletion of 1

after contraction of 2 and deletion of 1

F 14.6. A figure and three minors

P. First, for anyA ⊆ E − {e, f } we haverk(M\{e})\{ f }(A) = rkM\{e}(A) = rkM(A) =
rkM\{ f }(A) = rkM\{e, f }(A). Second, (M/{e})/{ f } = ((M/{e})∗\{ f })∗ = (((M∗\{e})∗)∗\{ f })∗ =
((M∗\{e})\{ f })∗ = (M∗\{e, f })∗ = M/{e, f }.

Third,rk(M\{e})/ f (A) = rkM\{e}(A∪{ f }) = rkM(A∪{ f }) - rkM({ f }) = rkM/{ f }(A) = rk(M/{ f })\{e}(A).
�

Let M be a matroid onE. By Proposition 14.75 any matroid obtained fromM by a se-
quence of deletions and contractions may also be constructed by, for example, a single
deletion followed by a single contraction — or equally well —by a single contraction fol-
lowed by a single deletion. Or we could construct it by a sequence of 1-point deletions and
1-point contractions made in any order. The resultant matroid depends only on the subset
of deleted elements and the subset of contracted elements. Finally, we have arrived at our
“sub-objects”.

D 14.76. Let M be a matroid. Suppose that A and B are two disjoint subsets of
E(M). Then(M\A)/B is a minor of M.

L 14.77. The minor(M\A)/B is the result of successively deleting points of A and
contracting points of B in any order.

P. By Proposition 14.75, the result of any two sequences of deletion and contrac-
tion is the same matroid. �

E 14.78. Figure 14.7 displays two sequences that result in the same minor of the
planar Fano geometry.

Minors have two important roles. Many calculations within amatroid can be carried out
recursively using its minors [11]. As well we describe any class of matroids, that with each
memberM also contains each minor ofM, in terms of minimal non-members of the class.

D 14.79. Any class of matroids, that with each member M also contains each
matroid isomorphic to M and each minor of M, is hereditary.
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F 14.7. Minors of the planar Fano geometry

We have seen that graphic matroids have deletions and contractions which are graphic.
Consequently all their minors are graphic, and graphic matroids form an hereditary class.
It follows from Exercises 14.65, 14.72 and Proposition 14.75 that uniform matroids form
an hereditary class.

E 14.80. Prove that free matroids form an hereditary class.

D 14.81. Let H be an hereditary class of matroids. Suppose that a matroid M is
not inH, but all of the minors of M are inH. Then M is a forbidden, or excluded, minor of
H.

T 14.82. The members of any hereditary classH are characterized by having no
minor isomorphic to a member of a maximal set S of pairwise non-isomorphic excluded
minors.

P. If M ∈ H, then so are all its minors, and no excluded minor is a minor ofM.
Conversely, ifM is not inH, then one of its minors is minimally not in the class and so is
isomorphic to an excluded minor. �

It follows from the fact that each two-dimensional vector space overGF(2) contains only
three distinct non-zero elements that a four-point lineU2,4 is not representable over the

317



field GF(2). But the more difficult converse was proved in 1958 by the great graph- and
matroid-theorist W.T. Tutte.

T 14.83. (Tutte’s Theorem) The class of matroids representable over GF(2) is
hereditary and has the single excluded minor U2,4.

E 14.84. Inspection verifies that U2,4 is not among the minors of the Fano geometry,
providing another proof of the representability of this geometry over GF(2).

Construct a U2,4 minor of the non-Fano geometry, thus providing an alternative proof of
the non-representability of the non-Fano geometry over GF(2).

Let us investigate the hereditary class of free matroids. Ifa matroidM is not free, then it
has a circuitC. The minorM|C also hasC as a circuit. If|C| > 1, then, for any element
e of C, we have that (M|C).{e} has the set{e} as a circuit. Conversely, ifM is free, then
C(M) = ∅. Thus (to within isomorphism) the one-element matroidU0,1 is the unique
minimal excluded minor of this class and we have proved the following:

T 14.85. The class of free matroids has the single excluded minor U0,1.

E 14.86. Verify that a matroid M is not uniform exactly if E(M) has two equicardi-
nal subsets I and C, with I∈ I (M) and C∈ C(M). Hence deduce that the class of uniform
matroids is Ex{M}, where E(M) = {1, 2} andI (M) = {∅, {1}}.

Ralph Reid (unpublished result), R.E. Bixby [4], and P.D. Seymour [58] obtained the fol-
lowing result in the 1970s. We denote byF7 andF∗7, respectively, the matroid of the Fano
geometry and its dual.

T 14.87. The class of matroids that are representable over G(3), the field of three
elements, is hereditary and has U2,5, U3,5, F7 , and F∗7 as a maximal set of pairwise non-
isomorphic excluded minors.

The characterization of the quaternary matroids (those matroids that are representable over
GF(4)) is due to Geelen, Gerards, and Kapoor [27] from 2000. Geometric representations
of the matroids listed in this theorem are given in Figure 14.8. The matroidP′′8 is obtained
from P8 by relaxing the two complementary circuit-hyperplanes.

T 14.88. The class of matroids that are representable over G(4), the field of four
elements, is hereditary and has U2,6, U4,6, P6, F−7 , (F−7 )∗, P8, and P′′8 as a maximal set of
pairwise non-isomorphic excluded minors.

In general it is not known whether the hereditary class of matroids representable over a
finite field is characterized by a finite maximal set of pairwise non-isomorphic excluded
minors.

In 1959 W. Tutte also demonstrated exactly what stops a matroid from being graphic. Let
us writeK3,3 for the graph with vertex setV = {1, 2, 3, 4, 5, 6} and edge setE = {{i, j} : i ∈
{1, 2, 3} and j ∈ {4, 5, 6}}.
T 14.89. The class of graphic matroids is editary and has U2,4, F7, F∗7, M∗(K5),
and M∗(K3,3) as a maximal set of pairwise non-isomorphic excluded minors.
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F 14.8. Some excluded minors forGF(4)−representability

10. Paving matroids

In this section we test our understanding of the aspects of matroid theory that we have
canvassed by applying them to matroids that arise in the following way.

D 14.90. Suppose thatT = {T1,T2, . . . ,Tk} is a set of subsets of a finite set E so
that each member ofT contains at least m members and each m-element subset of E is in
exactly one member ofT. We callT an m-partition of E and each member ofT a block of
the partition.

E 14.91. LetT be an m-partition of E. WritingBT = {B ⊆ E : |B| = m+ 1, B is not
a subset of any block}, prove thatBT is the set of bases of a matroid M on E.

D 14.92. Let T be an m-partition of E. We call the matroid M defined byB(M) =
BT a paving matroid.

We have already met examples of paving matroids. The lines ofany planar geometry are
the blocks of a 2-partition on the set of points of the geometry, and the geometry itself
is the paving matroid associated with this partition. The planes of a combinatorial cube
are the blocks of a 3-partition on the set of eight points of the cube, and the cube is the
associated paving matroid.

E 14.93. Prove that each uniform matroid is a paving matroid.
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E 14.94. Suppose that M is a paving matroid. SpecifyI (M), C(M), and the value
of rkM on each subset of E(M), in terms of the blocks of the m-partition that gives rise to
M.

We conclude by examining the minors of paving matroids.

E 14.95. Let M be a paving matroid defined by the m-partitionT on the set E.
Suppose that e is any element of E. By examining the collection {T − {e} : T ∈ T} prove
that M\{e} is a paving matroid.

By examining the collection{T ∈ T : e is not in T} prove that M/{e} is a paving matroid.

From Definition 14.79, Lemma 14.77 and the above Exercise 14.95 we deduce that paving
matroids form an hereditary class.

E 14.96. As a final test of our grasp of matroid techniques, find a maximal set of
pairwise non-isomorphic excluded minors of the hereditaryclass of paving matroids.

The reader is referred to Oxley’s “Matroid Theory” book [50, Section 3.2 Exercise 8] for
a hint to the solution of this exercise. That book is also an excellent source for the reader
whose interest in matroids was stimulated by this book.

11. Summary of Chapter 14

We proved several definitions of matroids equivalent, and used these alternative definitions
to find many examples of matroids. In particular we investigated graphic matroids and used
vector matroids to convert geometric problems to arithmetic problems via homogeneous
coordinates. Finally we defined minors, the natural sub-objects of matroids, and obtained
some of the properties that give them their important place in the theory of matroids.

In this book we have taken a journey through the lands of combinatorial geometries, projec-
tive planes, projective spaces, extended Euclidean space,perspective drawings, art, mech-
anisms, graphs, and polyhedra and managed to come out of the other side of the “looking
glass” in the land of matroids. We hope that the readers imagination and geometric intu-
ition have been stimulated, and that their appreciation of the beautiful geometric world that
we live in has been enhanced.

1. Geometer’s Sketchpad

320



Bibliography

[1] David Auckly and John Cleveland,Totally real origami and impossible paper folding, Amer. Math. Monthly
102(1995), no. 3, 215–226. MR 1317844 (95m:12001)

[2] D. Beckett,Bridges, Paul Hamlyn, 1969.
[3] R. Beyer,Technische kinematik, Johann Ambrosius Barth, Leipzig, 1931.
[4] Robert E. Bixby,On Reid’s characterization of the ternary matroids, J. Combin. Theory Ser. B26 (1979),

no. 2, 174–204. MR 532587 (80k:05030)
[5] John E. Blackburn, Henry H. Crapo, and Denis A. Higgs,A catalogue of combinatorial geometries,

Math. Comp.27 (1973), 155–166; addendum, ibid. 27 (1973), no. 121, loose microfiche suppl. A12–G12.
MR 0419270 (54 #7293)

[6] Kenneth P. Bogart,Introductory combinatorics, third ed., Harcourt/Academic Press, San Diego, CA, 2000.
MR 1740477

[7] J. A. Bondy and U. S. R. Murty,Graph theory with applications, American Elsevier Publishing Co., Inc.,
New York, 1976. MR 0411988 (54 #117)
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[28] Robert Geretschläger,Euclidean constructions and the geometry of origami, Math. Mag.68 (1995), no. 5,
357–371. MR 1365647 (96m:51024)

[29] Michael Goldberg,Polyhedral linkages, Nat. Math. Mag.16 (1942), 323–332. MR 0006057 (3,252a)
[30] F. Grashof,Theoretische maschinenlehre, Verlag L. Voss, Leipzig, 1883.
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1-point perspective,123, 187
2-point perspective,123, 178
3-panel cycle, 232
3-point perspective,123, 176
4-bar linkage,196
4-panel cycle, 232
5-panel cycle, 235
6-panel cycle, 242
n-connected graph,268
n-gon

circumscribed,36
combinatorial,11, 223
inscribed,36

n-panel cycle,230

acute angle, 95
acute-angled triangle, 95
affine geometry, 59
affine projection,127
affine geometry,311
altitude of a triangle, 97
Ames room, 181
anamorphic art,173
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angle of a triangle, 95
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arc, 28
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anamorphic,173
art book, 173, 185
art gallery, 173
asse’s bridge, 152
Augmentation Condition, 298
auto random-dot

stereogram, 142
auto-hood, 197

backing board, 201, 212
bar-and-joint model,194, 250
base, 200
bases,303

basis,303
bicycle, 201
binocular vision, 133, 137, 173
boundary

of a polygonal region, 223
box, 118, 156, 175

cubic,175
development of, 177, 181, 184
edge of, 156
existence of, 154
of sweets, 166
perspective drawing of, 157
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brace, 254
bracing graphtextbf, 255
Bricard cycle, 238
Bricard octahedral model, 245
builders’ practice, 42, 93

calisson, 166
camera obscura, 102, 126
capping, 275
Cartesian coordinates, 56, 63, 87
Cartesian plane, 56
Cauchy’s Theorem, 246
Chebycheff’s mechanism, 219
cinema, 127
circle, 96
circuit, 19, 299

of a figure,14, 19
relaxing, 26, 27

cliff, 159
closed figure, 6, 11
closed geometry,55
cognate linkage, 214
coloured stereogram, 136, 140
combinatorial,1, 18
combinatorial figure, 1,59, 82
combinatorially isomorphic polyhedra,277
complete graph,250
component of a hinge, 224
connected graph,252
connecting rod, 200
constant-velocity joint, 228
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construction
pencil and roller,61

construction of a model,5
contraction of a matroid,315
convex model, 246
coordinates

Cartesian, 56, 63, 87
real homogeneous,63, 88

coupler, 200
coupler curve,205
crane, 197
crank,200
crank/rocker mechanism,200
cube

combinatorial,28
regular, 273
Vamos,28, 75, 82

cubic box,175
curve

coupler,205
cycle

3-panel, 232
4-panel, 232
5-panel, 235
6-panel, 242
Bricard, 238
flawed, 287
of a graph,252
panel,230

cycle matroid,302

degree, 95
deletion, 314
dependent set,299
Desargues figure, 7, 110, 150
Desargues geometry, 26, 49, 86
Desargues’ Theorem, 8,49, 65, 76, 91
desarguesian, 85
design position, 212
development, 177, 181, 184,258

of a box, 181
of a box, 177, 184
of a cube, 33

diameter of a circle, 96
direction,58, 79, 188
directions

orthogonal,92
distance, 94
distortion, 173
dodecahedron

regular, 273
double-crank mechanism,200
double-rocker mechanism,201
drag-link mechanism,200
drawing, 1–5, 61, 101

artistic, 101
computer aided, 8–10, 14, 157, 158
freehand, 30

of a graph,250
of a planar geometry,29
perspective,102
practical, 108
styles of, 121

drawing of a polyhedron,266
drinking straw, 239
dual matroid,313
dual statement,48
duality, 317

edge
flawed, 287
of a box, 156
of a graph,249
of a polygonal region,223

edge deletion, 251
edges

multiple,249
parallel,249

Egyptian surveying, 13
elementary map,52, 74
elevation, 129
Elimination Condition, 17
Ely cathedral, 234
embedding

planar,267
engine

starter, 203
Watt’s, 205

Euclidean geometry, 56
Euclidean plane, 56
Euclidean space, 78
Euler’s Formula, 272
excluded minor,319
extended Euclidean plane,59
extended Euclidean space, 78,81
exterior, 223, 246

face, 268
image of, 266
of a box, 156

face of a box, 156
Fano plane,25
figure

closed, 6, 11
combinatorial, 1,59, 82
Desargues, 7
Pappus, 12
planar, 2,59

flail, 195
flap,259
flawed cycle, 287
flawed edge, 287
fold, 32, 33

ridge, 32
valley, 32

folded, 226
folding object, 223
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folly, 186
foot

animal’s, 229
bird’s, 229
human, 229

four dimensions, 145, 157
frame-link, 200
framework

warped, 163
free completion,55
free matroid,307

general viewpoint,104, 135
geometric representation ,301
geometric structure, 298
geometries

isomorphic,36
number of, 39

geometry
affine, 59,311
closed,55
combinatorial,17
Desargues, 86
finite, 19
linear,24
non-Desargues, 26, 86
non-Pappus,31
non-planar,24
non-planar Desargues, 49, 86
Pappus,31
planar,24
planar Desargues,26, 49, 86
planar Fano,25
planar non-Desargues,26, 86
planar non-Fano,26
projective, 59,311

Goldberg’s mechanism, 238
golf swing, 195
graph,249

n-connected,268
acyclic,252
bracing,255
complete,250
connected,252
hinge,256
planar,267
simple,250

graph of a polyhedron,266
graphic matroid,308
Grashof Condition, 200
Grashof’s Theorem, 198

Hart’s mechanism, 221
heptahedral model, 244
hereditary class,318
hexagon

combinatorial,11
hexahedral model, 244
hinge, 32, 82, 224

component of, 224
Goldberg’s, 238
Sarrus’, 237

hinge graph,256
hinge-line, 224
hinged-panel mechanism, 226
hinged-panel model, 223,224

collapsed,226
folded,226
shell of,224
skeleton of,224
vertex of,224

Hooke universal joint, 227, 259
horizon line, 117

icosahedron
regular, 273

ideal line,58, 79
ideal plane,80
image of a face, 266
independent set,299
input, 200
interior, 223, 246
isomorphic

perspective drawings, 136
isomorphic geometries,36
isomorphic graphs,277
isomorphic matroids,308

joint
constant-velocity, 228

Jordan Curve Theorem, 223

kite linkage,210

label, 5
length, 94

of a bar, 196
level-luffing crane, 206, 212
line, 19,19

extended Euclidean,58
horizon, 117
ideal,58, 79
non-trivial, 19
of a figure,19
straight, 1

line at infinity,58
linear motion, 219
linear perspective, 108
lines

concurrent straight, 5
parallel,59, 83
perpendicular,92
skew,24

linkage, 196
Chebycheff’s, 219
cognate, 214
Grashof,200
Hart’s, 221
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kite, 210
parallelogram,210
Peaucellier’s, 220
Roberts’, 219

loop, 249
lunch club, 53

Maple, 45
Mathematica, 45, 122, 138
matroid, 297,298

dual,313
free,307
graphic,308
minor of,318
paving,321
representable,308
uniform,307
vector,299

matroids
isomorphic,308

measuring an angle, 95
mechanism, 193, 223

Chebycheff’s, 219
crank/rocker,200
double-crank,200
double-rocker,201
drag-link,200
Hart’s, 221
hinged-panel,226
Peaucellier’s, 220
Roberts’, 219
rocker/crank,201
Sarrus’, 219
Steffen’s, 246

melancholy polyhedron, 280
minor,318

excluded,319
model, 1, 4

bar-and-joint,194, 250
construction of,5, 32–33, 38, 82
convex, 246
dodecahedron, 260
hinged-panel, 223, 224
rigid, 4, 193, 226

monocular
vision, 137

motion
linear, 219

naming points
plane, 21

non-Desargues geometry, 26, 49, 86
non-Fano plane,26
non-planar Desargues geometry, 49, 86
numchuk, 195

obtuse angle, 95
octahedral model, 244

Bricard, 245

octahedron
regular, 273

opposite sides
of ann-gon, 11

order
of a projective plane, 52

Origami, 229
orthocenter, 97
orthogonal directions,92
orthographic projection, 129
output, 200

panel,224
panel cycle,230
pantograph, 212
Pappus figure, 12
Pappus geometry,31
Pappus’ Theorem,50, 65
parallel lines, 56,59, 83
parallelapiped, 156
parallelogram linkage,210
partial scene, 158
partition, 268,321
party, 54
path, 223,252
paving matroid,321
Peaucellier’s mechanism, 220
pencil and roller construction,61
Penrose triangle,151
pentagon

combinatorial,11
pentrahedral model, 244
perpendicular line and plane,92
perpendicular lines,92
perspective

linear, 108
perspective drawing,102

1-point,123, 187
2-point,123, 178
3-point,123, 176

perspective drawing in a geometry, 107
perspective drawing of a box, 157
perspective rendition,102
pinhole camera, 102, 126, 178
plagiograph,212
plan, 129
planar Desargues geometry, 49, 86
planar embedding,267
planar figure, 2,59
planar graph,267
planar non-Desargues geometry, 86
plane,21

Cartesian, 56
Euclidean, 56
extended Euclidean,59
Fano,25
ideal,80
non-Fano,26
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non-trivial, 21
projective,43
real homogeneous,64

plane at infinity,80
planes

parallel, 80
plateau, 159
Platonic polyhedron, 273, 294
Playfair’s Axiom, 61
plow, 202
point, 1,17
points

collinear, 1,21
coplanar, 1,24
linear set of, 1,21
planar set of, 1,24

points in general position, 25, 27
polygon

combinatorial,11
polygonal region,223

boundary of,223
edge of,223

polyheda
combinatorially isomorphic,277

polyhedral model,243
Polyhedron

skeleton of,265
polyhedron, 265

graph of,266
melancholy, 280
pyramidal, 274
spherical,270, 277
vertex of,265

Pons Asinorum, 152
Principle of Duality

for projective planes, 48
for projective spaces,74

projection
affine,127
orthographic, 129

projective geometry, 59,311
projective plane,43
protractor, 95
pyramidal polyhedron, 274
Pythagoras’ Theorem, 94

radian, 95
random dot stereogram, 137,138, 142, 174
rank,305
rank function,305
real homogeneous coordinates,63, 88
real homogeneous plane,64
real homogeneous space,89
reality

virtual, 136, 158
recipe, 5
rectangular box,175
recursion, 318

region
vertex of,223

relaxing a circuit, 26, 27
rendition

perspective,102
representable matroid,308
reproduction, 173, 185
restriction of a matroid,314
right angle, 95
right-angled tetrahedron, 96
rigid, 223
rigid model, 4, 193, 226
Roberts’ mechanism, 219
Roberts-Chebycheff Theorem, 215
rocker,200
rocker/crank mechanism,201
roller, 61
roof, 293

hipped, 233
peaked, 233
rigid, 255

rotation, 197, 201
ruler, 94

Sarrus’ mecahnism, 237
Sarrus’ mechanism, 219
saw-horse, 111
scene,109, 145

partial, 158
scene analysis,145
segment, 94
set-square, 93
shading, 2, 15, 158
shadow, 11
shell of a hinged-panel model,224
side

of a triangle, 11, 96
of ann-gon,11

similar triangles, 96
simple graph,250
single-image stereogram,142
SIS package

Mathematica, 142
skeleton, 239

model, 239
skeleton of a hinged-panel model,224
skeleton of a polyhedron,265
sketch,28

of a planar geometry,28
skew lines,24
space

Euclidean, 78
extended Euclidean, 78,81
real homogeneous,89

spherical polyhedron,270, 277
number of, 280

sprinkler, 196, 201
Steffen’s mechanism, 246
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stereogram,135
auto random-dot, 142
coloured, 136, 140
random dot, 137,138, 142, 174
single-image,142

stereopsis, 136
stereoscope, 135,135

Wheatstone, 135
straight-edge, 59, 61
Strong Veblen-Young Condition, 69
sub-geometry,35
sub-modularity Condition, 306
subgraph,251
Sylvester’s Theorem, 66

television, 127
template, 238
tetrahedral model, 243
tetrahedron

combinatorial,2
regular, 273
right-angled, 96

TetraPak, 243
The Geometer’s Sketchpad, 8, 14, 157
three-legged stool, 13
thumb-tack, 201
tree,252

maximal, 252
triangle

acute-angled, 95
altitude of, 97
angle of, 95
combinatorial,2, 11
of a matroid,301
Penrose,151

Triangle Inequality, 94
triangles

similar, 96
triangular column, 290
triangular face, 294
truncating, 276
Tutte’s Theorem, 320

uniform matroid,307
universal joint,194, 195

Hooke, 227, 259
unmarked ruler, 59, 61

Vamos cube,28, 75, 82
vanishing point,111
Veblen-Young Condition, 42
vector matroid,299
vertex

of a hinged-panel model,224
of a polyhedron,265
of a polyhedronltextbf, 265
of a graph,249
of a region,223
of a tetrahedron,2

of a triangle,2
of ann-gon,11

vertex deletion, 251
viewing advice, 175
viewing box, 134
viewpoint,102, 173

general,104, 135
virtual reality, 136, 158
vision, 133

binocular, 133, 137, 173
monocular, 137

warehouse, 254
warped framework, 163
Watt’s engine, 205
web cutter, 210
Wheatstone stereoscope, 135
wheel,274, 290
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