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PREFACE

| have admired the elegance and simplicity of combinatgeaimetries from the day | first
met them at Lakehead University’s “Research Week in Gegrhetrl970, and their lack
of influence in the teaching and content of undergraduatengéy courses has increas-
ingly puzzled me. | hope that my approach will help to remédy kack, and that its blend
of theory and application to the everyday world will catck teader’s imagination. He or
she may feel a little of the excitement that surrounded gégnaeiring the Renaissance
as the development of perspective drawing gathered paceoe recently as engineers
sought to show that all the world was a machine. The sameesneitt is here still, as en-
quiring minds today puzzle over a random-dot stereograrneirterpretation of an image
painstakingly transmitted from Jupiter.

The book attempts to give a sound basis for a variety of umddtgte courses, to provide
a basis for a geometric component of graduate teacherrtggiand to provide background
for those who work in computer graphics and scene analysigrolides a source from
which refresher courses for High School and Elementary 8dkeachers may be drawn.

Chapters 1 to 4 form a self-contained development of the gégrof extended Euclidean
space. Chapters 5 to 8 use this geometry to systematicaliifychnd develop the art of
perspective drawing and its converse discipline of scerdysis. The behavior of bar-
and-joint mechanisms and hinged-panel mechanisms is zethip Chapters 9, 10 and
11 Again this analysis is based only on the results of the fimst chapters. In Chapter
12 we introduce spherical polyhedra and apply scene asalysirawings of these and
associated objects in Chapter 13. In Chapter 14 we relaxdoena of Chapter 2, giving

an introduction to matroids that covers their fundamentaicepts and is motivated by
their underlying existence in important mathematicaltres.

The treatment is structured so that the majority of its coiie accessible to students
without specialist mathematical grounding. It containgwnexercises and constructions
that link the work closely to practical experience. In partar, fourteen problems and
their solutions have been selected to demonstrate the sfamometric inquiry. | have
used a range of computer programs to demonstrate their playgometry, in particular
the relationship between the growing availability of conipgi power and its use in virtual
reality construction.

Anyone teaching from this book will find it easy to tailor a ¢se to suit their particular
needs. For example, Chapters 1 to 6, together with the sesti€hapter 8, comfortably



fills a one-semester undergraduate course that covers fragéctive geometry and per-
spective drawing. Someone with a mechanical bent may peserbstitute Chapters 9 and
10 in place of Chapters 5, 6, and 8. For a student wanting dalygp geometry, Chapters
1to 3, and 9 can be covered in one semester.

A course analyzing the common structure of geometries,tgramd matroids is given
by Chapters 1 to 4, 11 (excluding the third and fourth sesdipand 14. This material
provides a sound geometric background for those wishingititvér study matroids (see
[50). These are just some of many sensible selections.

Don Row
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CHAPTER 1

COMBINATORIAL FIGURES

From the moment of birth, we all examine our surroundingh fiéirce intensity, coming to
terms with our shared physical world and developimyadus operandor coping with its
requirements. As far as we can tell, we develop a shared stagheling of the vocabulary
used to describe this world. At least, by and large, our arsteesimple questions are in
agreement. For example, a question such as: “Is this cdtBlarsually receives the same
answer regardless of who is asked. For our purposes we nsegpose that our schooling
has given us a reasonably common interpretation of wordsasitpoint”, “flat”, “straight
line”, and so on.

In this chapter we examine examples of sets of points by a@qttiem or modeling them
and singling out some of their simple features. We will corirae initially on just two
questions about a set of points, namely “which subsets qfdivds are on a straight line?”,
and “which subsets of the points are flat?” These questioydmaimple, but as we show
in subsequent chapters, they lead to the heart of the steucflour world, and motivate
the axiomatic development to be given in Chapter 2.

Let us agree to call any set of points that “lies on a straigtg’la linear set and say
that its members areollinear points. We call any set of points that is “flat’panar set,
and say that its members areplanarpoints. Thus we are asking, in the two questions
above, “Which are the linear subsets?”, and “Which are thag subsets?” We sum up
this aspect of a set of points by using the term “figure”c@mbinatorial figure is a set

of points together with any convenient description of elyawhich subsets of the set are
linear subsets, and exactly which subsets are planar subidet adjectiveombinatorial

is used in this context to emphasize that we are only inteddéstquestions of collinearity
and coplanarity. When there is no possibility of confusianaften omit it.

1. Drawing figures

We can describe figures in many ways. In this section we useglstedge and pen or
pencil to make drawings, and agree on notation to indicateelsubsets of points that are
linear and those that are planar. We usually represent a ppia small circle or a dot.
We use a thin straight line in a drawing, drawn through cgdedots, to indicate a linear
set of points. We can always draw a straight line throughtjetpoints, but often omit
it when it seems to give no useful information and merelytehstup the drawing. Thus
in Figure 1.1 the first drawing is of a single point, the secand third are each of 2-point
figures, the fourth is of a figure of three non-collinear psjnthile the fifth is of a figure
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of three collinear points. The sixth and seventh drawingsadithe same 5-point figure,
but the eighth drawing is not.

O
O ©) ®)
O o

Ficure 1.1.  Notation for linear sets of points

A combinatorial triangleis a figure of three non-collinear points. Each point isetexof
the triangle. The fourth drawing in Figure 1.1 is of a comhimil triangle. As we know,
non-planar figures also exist. For examplepabinatorial tetrahedroiis a figure of four
non-coplanar points. Each point izartexof the tetrahedron.

-~ ] ) -~
o o o

Ficure 1.2.  Atetrahedron and two planar figures

We often draw a tetrahedron as in the first drawing of FiguBe The gap in one of the
straight lines of the drawing indicates that the two linesndbmeet. On the other hand,
we may draw a figure of four coplanar points as in either of éis¢two drawings of Figure
1.2. The second drawing is preferred to the third, but we adiept either as indicating
that the four points of the figure are coplanar. In a similanitsghe first two 7-point figures
drawn in Figure 1.3 are meant to be planar, but the third figunet.

Exercise 1.1. Describe djferences between the eight figures drawn in Figure 1.4.

2
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Ficure 1.3.  Three 7-point figures

AL

-o—|—o- 0

Ficure 1.4.  Eight 4-point figures

It is a difficult task to clearly indicate which sets of points in a dreyvare planar and
which are not. Sometimes shading helps the artist, as inxhmgles of drawings of
6-point figures in Figure 1.5.

» +

Ficure 1.5.  Using shading
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Figures can be drawn in many ways. For example, each drawifigure 1.6 is of the
same figure. We usually select drawings that are attractidedd@iciently show the linear
and planar subsets of points. But naturally this selectiag be quite subjective.

/

Ficure 1.6.  Different drawings of the same figure

Construction 1.2. Draw a figure of four points, three of them being collinear. alara
figure of five points, three on one straight line and three oother straight line. Draw a
figure of six points, three being collinear, and one of thésed belonging to a planar set
of four points.

One of the dificult tasks of geometry is the recognition of the same figurdififerent
guises. This mirrors the everyday problems of understanitiat occur when we read an
instruction leaflet accompanying a product in knock-downfovhen we study a painting,
or when we struggle with the architectural plans of a progdsmiuse. These recognition
problems were the genesis of non-metric geometry, and aneithis book is to trace
their solutions.

2. Modeling figures

Another method of specifying a figure is by a model. In thistisecwe examine some
models and construct them when possible.

ConstrucTion 1.3. Using an envelope, make a model whose vertices are the pafiats
tetrahedron by following the instructions below of ChaNgsTrigg[60] (see Figure 1.7).

e To facilitate folding, score the diagonals of a sealed eypelwith a dry ball-
point pen or a scissors’ blade, taking care to crease thesfili¢ne paper without
tearing them.

e Cut the envelope along two half-diagonals to remove the@ecbntaining a
long side and the envelope flap.

e Fold over the remaining portion along half-diagonals arehse firmly. Fold
back along the same lines and crease firmly again. (Avoidlepgs on which
the diagonals fall along a sealed seam.)

e Bring dc ontoab, flatten the envelope to formf and crease firmly. Fold back
alongef and again crease firmly. In the diagraenjndicates the point on the
lower side directly undee.

¢ Separat@ ande until efe is straight. Fold aroundfe until d meetsa.

4



e Tuckd underaband press up oh andc until the endsic andba coincide.

The rigid model with no open edges thus produced can be salthfor storage or carrying
and reconstituted when desired without staples or adtesive

a a=c
d
a d o
b=
b f C e f
¢ e

Ficure 1.7. Making a model of a tetrahedron

Construction 1.4. Make a model of Figure 1.6 in which each point is representga b
bead-headed pin stuck into a model tetrahedron.

Models undoubtedly make some figures easy to visualize, bdets are less convenient to
carry about than are drawings. It seems to be mdfeedit to make a convincing drawing
of a non-planar figure than of a planar figure. This may be bsawrawing of a planar
figure is in fact a model of the figure. In practice we blur thstidction between “a
figure” and “a model or drawing” of a figure — even though a figas many models and
drawings. This is common practice. How often do we say “Obklat this mountain!”,
when we really want someone to look at a photograph of the tagun

Derinirion 1.5. A construction of a model is a recipe, telling us how to makeritin the
case of a planar figure, telling us how to draw it).

Constructing a model can test the claim that a figure existg. W& should be cautious.
Can the list of instructions that make up the recipe be ssfgkg carried out? We saw
in Construction 1.3 that labeling is helpful to complete tlh@struction. Labeling enables
us to give more readily understandable instructions. Wallysuse numbers or lowercase
Roman letters as labels for points and uppercase Romarsl&itetand for sets of points.

Construction 1.6. Draw a pointl. Draw two straight lines through. Draw a point2 on
the first line, and draw a poir on the second line. Draw a straight line througtand 3,
and draw a poin# on thig/line. Draw a poinb on the straight line through and2. Draw
a point6 on the straight through and5, and also on the line throughand3.

Ficure 1.8.  Two examples arising from Construction 1.6
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Construction 1.6 seems straightforward and easy to cartybot the situation in Con-
structions 1.7 and 1.8 is not so clear. We call straight lithed share a common point
concurrent

Construction 1.7. Draw a figure consisting of a triangle with vertex 4ét2, 3} and a
triangle with vertex set4, 5, 6} so that the straight line through the pointsand 4, the
straight line through the point® and5, and the straight line through the poin3sand6,
are concurrent.

Ficure 1.9.  Aresult of Construction 1.7

If we start Construction 1.7 by first choosing the six point&,13, 4, 5 and 6, then usually
the three required straight lines will not be concurrent.nééewe cannot complete the
construction. One way to successfully carry out the cowrstra is by first choosing a
point, then drawing three straight lines through this paand then choosing points 1 and
4 on one of the straight lines, points 2 and 5 on another, aimdgp®and 6 on the remaining
straight line. In this way we avoid the need either to draw stn&ight line through each of
three existing points or to find a point that is on three emgsttraight lines.

In general, we can neither be sure that we are able to drawtiaighg line through three

given points, nor can we be sure that we can find one point @e tifiven straight lines. So
in order to be sure that a recipe for drawing a figure can beessfally followed, unless

we have some justification, we need to avoid these two stepsud see whether or not
this problem is something to worry about.

ConstrucTion 1.8. Try to draw seven coplanar points so that seven straighslicen be
drawn, with each of the straight lines through three of theafg) and each of the points on
three of the straight lines. If unsuccessful, then try tondseven coplanar points so that
six straight lines can be drawn, with each of the straighe$inthrough three of the points.
In this case four of the points would be on three of the strdigks, and three of the points
would be on two of the straight lines.

We give a figure such as the one we attempted to draw in thequeebnstruction a special
name.

DermviTion 1.9. A figure whose points each belong to three or more of a setaigsirlines,
each straight line of the set containing at least three ofggbmts, is a closed figure.

Neither figure in Figure 1.8 is closed. If it exists, then thstffigure described in Con-
struction 1.8 would be closed. We now show that construatioolosed figures is not
straightforward.



Lemma 1.10. Every claim about the existence of a closed figure requiresfpr

Proor. In any construction for the closed figure the last thing drasveither a point
or a straight line. If it is a point, then the point must be oteaist three existing straight
lines. Ifit is a straight line, then the line must be througkeast three points of the figure.
We have agreed that either of these steps requires sonfecatin. O

Returning to the figure drawn in Figure 1.9, we add to it by fikstwing a straight line
through 1 and 2 and a straight line through 4 and 5, and drathiagoint 9 of intersection
of these two lines. We then draw the intersection point 7 dfaight line through 2 and 3
and a straight line through 5 and 6, and the intersectiont8airfi a straight line through 3
and 1 and a straight line through 6 and 4, as in the first figuFégare 1.10. But should we
draw a straight line through the points 7, 8 and 9? In othed&/oin the ten-point figure
we have drawn, are the three points 7, 8 and 9 collinear?

The second ten-point figure in Figure 1.10 seems to be thé odsusuccessful attempt to
draw such a straight line. It is a closed figure and is namedesétyues figure”, after the
17th Century French architect and geometer Girard Desargue

Ficure 1.10.  Possible Desargues figures

But was it a successful attempt? Are the lines straight? Howlevit look under a mi-
croscope? Do our attempts at drawing it conclusively angiieequestion of its existence?
The imperfect nature of our drawing materials leaves us nensWe usually do not take
“approximate success” in such endeavors as proof of truidhekample, even if all mem-
bers of a class used their calculators to obtain the vaki®4P136 forv?2, it is unlikely
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that the class would claim the truth of the statement ¥t 1.4142136, especially when
confronted with the proof that/2 is irrational.

Our attempts to construct Desargues figures, and furtherimpnts outlined in Construc-
tion 1.13, suggest that the following statement may be true.

Consecture 1.11. Let{l,2, 3} and {4, 5, 6} each be the vertex set of a triangle so that the
lines joiningl and4, joining 2 and5, and joining3 and 6 are concurrent. Label the point
of intersection of the straight line throughand2 and the straight line through and5 by

9, the point of intersection of the straight line throughnd3 and the straight line through

5 and 6 by 7, and the point of intersection of the straight line througland 1 and the
straight line throught and4 by 8. Then the pointg, 8 and9 are collinear.

Lemma 1.12. The truth of Conjecture 1.11 would be justification for théstnce of a
Desargues figure.

Proor. Draw a point 0. Draw three more non-collinear points 1, 2 andraw a
straight line through points 0 and 1. Draw a straight linetigh points 0 and 2. Draw a
straight line through points 0 and 3. Draw a point 4, collinedh 0 and 1. Draw a point
5, collinear with 0 and 2. Draw a point 6, collinear with 0 angdthat 4, 5, and 6 are not
collinear. Draw a straight line through 2 and 3 and a strdigbtthrough 5 and 6. Draw the
point 7 which is the intersection of these two straight linBsaw a straight line through
1 and 3 and a straight line through 4 and 6. Draw the point 8 kvisiche intersection of
these two straight lines. Draw a straight line through 1 amh@ a straight line through
4 and 5. Draw the point 9 which is the intersection of these straight lines. Draw a
straight line through 7 and 8. If Conjecture 1.11 holds fer ttiangles having vertex sets
{1, 2,3} and{4, 5, 6} respectively, then this straight line contains the poing 9egjuired to
complete a Desargues figure. O

A Desargues figure, if it exists, would contain tefffeient pairs of triangles having the
straight lines through pairs of corresponding verticescoorent and the intersections of
pairs of corresponding sides collinear. The triangles wéttiex setg1, 2, 3} and{4, 5, 6},
respectively, in the second ten-point figure of Figure 1.Huld provide one such pair.
The triangles with vertex sef8, 3, 6} and{9, 2, 5}, respectively, would provide another as
the straight lines through 8 and 9, through 2 and 3, and thr&ugnd 6 are concurrent at
the point 7; while the points of intersection of pairs of @sponding sides are the three
collinear points 0, 4 and 1.

We may carry out further construction attempts of Desardigeses by using computer-
aided drawing. The computer will add accuracy to our comsitvns. This accuracy will
encourage us to press our investigations towards a suatpssbf of Conjecture 1.11.

ConstrucTion 1.13. Using a computer drawing program such as The Geometer'siBket
pad, follow the instructions given in the proof of Lemma Id@raw a Desargues figure.
The comments below apply particularly to The Geometer'scBgad and may be helpful.
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For those using The Geometer’'s Sketchpad the process islags$o Open the program
and from theFile menu open a neBketch The screen appears as in Figure 1.11 (the
program runs on both Macintosh and Windows computers).

" Sketchpad File Edit Display Construct Transform Measure Graph Window Help
aeane &) newfigl-12.gsp

FKT Selection
* | Point

Circle Toolbox
Line

Text

E4ESRS (o] KN

Ficure 1.11.  Screen of an opeSketch

The Toolbox is on the lefthand side. Click oRoint to select the point tool. Click with
the pointer in four places in thBketch window to obtain the four points 0, 1, 2, and 3
wherever you wish. You can label points, and doing so will@ibcertainly help you keep
track of your progress. To label a point select Text tool, shown in Figure 1.11, from
theTool menu. Move the pointer to the first point until the pointer dhéurns black. Click
the pointer. A label appears and it will be an uppercaserl&teonvert it to the label 0
doubleclick on the label (not the point) and&log box as in Figure 1.12 appears.

Properties of Point A
Objecty /Tabel}

Label: | A

E Show Label { Style... )

-E‘-Cance!-fol(“

Ficure 1.12.  Dialog box for changing labels

Type the figure 0, clickOK and the label 0 appears. Repeat to obtain any other labels
needed. It is slower, but less confusing, to label each @@rsoon as you create it. Select
Line from theLine menu in theToolbox. The line segment tool is shown in Figure 1.13
as one of the three buttons

Click on the point 0, and drag to the point 1 to produce a limeugh 0 and 1. Repeat
this process with first 2 in place of 1, and then 3 in place obZjite the next two lines
required.
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Ficure 1.13. The Line menu

You may also find théJndo tool in the Edit menu useful if you wish to re-trace some
of your steps. When selected it undoes the last step cartied otice that its name
changes slightly and appropriately in order to let you kn@aotly what step it is undoing.
ChoosingUndo repeatedly takes you step-by-step back through your amtgin until
you reach the step you wish to re-do.

SelectPoint from theToolbox. Click at a point on the line through 0 and 1 and you obtain
a point 4. Repeat to obtain a point 5 on the line through 0 aath@ to obtain a point 6 on
the line through 0 and 3.

All this seems fairly straightforward, and it is - if all goggell. But you may find that
you meet a problem previously encountered when drawingstitightedge and pencil —
namely, two lines intersectingiathe page (in this caseffescreen). If this happens, help
is at hand. Select th8electiontool from theToolbox, click and drag a point. All lines
that used the pointin their construction will also be dradéa point is dragged its label
automatically follows it. You are restricted to dragging hoint along any line used in the
point’s own construction. In this way you may be able juggle drawing as you construct
it to enable it to be completed on-screen.

SelectLine from theLine menu in theToolbox and construct a line through 2 and 3 and
a line through 5 and 6. Choo&wint and click on the intersection of these lines to give a
point 7. Repeat the process to obtain 8 and 9 in turn. Skieetand draw a line through

7 and 8, and perhaps through 9. Choosing an aestheticaligip@efinal version, print it
and check that the so-called lines are straight (certaiotyrne on the screen which is not
at all flat). Does this experiment strengthen your view ofttbéh of Conjecture 1.117?

The truth or falsity of Conjecture 1.11 is crucial in govergthe physical behaviour of our
world and in determining the geometry we develop to desctibavorld. We meet it next
in Chapter 3.

The following problem arises frequently in perspectivewdray, as we see in the section
on practical drawing methods in Chapter 5. A little expertitey may suggest a solution
based on the truth of the above conjecture, but we must wéit@onstruction 3.45 in
Chapter 3 and Theorem 4.32 in Chapter 4 before we can guarthetealidity of a solution.
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ProerLem 1.14. Let two straight lines and a point be drawn. If the two linesndameet @
the page, devise a construction, using only a pencil andgitadge, for a straight line
that contains the given point and would be concurrent withttko given straight lines.

Another type of figure that will be central to our investigais of the world around us is a
polygon. We define it below, and see that it leads us agairti@oealm of closed figures.

Derinion 1.15. A combinatorial n-gon, sometimes called a polygon, is a &guin points
{1,2,...,n}, together with a cyclic listind,, 2, ..., n of the points. Each point is a vertex
of the n-gon and the straight lines througltand2, through2 and3, ..., through n andl
are the n sides of the n-gon. We denote the n-gohZy. n, or by any cyclic reordering
aia,...a, ofthesefl,2,...,n}.

If the number nis even then, for each i, 2,..., 5 -1, the vertices i ang +i are opposite
to one another, and the side through i and1 and the side throug§ +iand 5 +i + 1are
opposite to one another.

We may think of a triangle as a 3-gon. Therefore we alseas a notation for the triangle
with vertex set{a, b, c}. We often refer to a 5-gon as@entagon and to a 6-gon as a
hexagon In a hexagon 123456, the sides through 1, 2 and through 4 Bpposite to
one another, as are the sides through 2, 3 and through 5, éhasiles through 3, 4 and
through 6, 1.

If a figure is ann-gon, then we sometimes draw straight lines to indicatedisss— even
though they may have only two points of the figure on each. kample, we draw the
4-gon 1234, the 4-gon 1324 and the 4-gon 1243 as in the fiext figures of Figure 1.14.

1 2 1
U | | X Z
4 3 4; 13 4 3
Ficure 1.14. Somer-gons

An n-gon is not necessarily planar, as we see in the last figurggimé1.14.

Exercise 1.16. Is it possible that some of the six figures in Figure 1.15 ateslbows” cast
by a non-plana#-gon model? Which of the six may be shadows? Why? You may find it
helpful to make a wire model and examine it.

We may construct a hexagon 123456 so that the vertices 1, 3 anglcollinear, and the
vertices 2, 4 and 6 are collinear. Will the three intersetgiof pairs of opposite sides
of such a hexagon be collinear? The example in Figure 1.18sée be the result of a
successful attempt to draw such a figure. But, as is the cabeavldesargues figure, we
notice that it is a closed figure and from Lemma 1.10 a claimséxistence would need
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Fieure 1.15.  Figures that may be shadows of a non-planar 4-gon

some justification. If it does exist we will name the resigtmne-point figure a “Pappus
figure”, after the 4th Century Greek geometer Pappus of Aldxa.

If it does exist, as suggested by Figure 1.16, any exampleRaipgpus figure would seem
to be planar.

Ficure 1.16. A possible Pappus figure

Our attempts at constructing examples of a Pappus figurefuatiabr experiments using
The Geometer’s Sketchpad, suggest that the followingraiémay be true.

Consecture 1.17. Let1234568be a hexagon so that the poirits3, and5 are collinear, and
the point2, 4, and6 are collinear. Label the point of intersection of the sidetigh1 and

2 and the side through and5 by 7, label the point of intersection of the side throulyand

6 and the side througB and4 by 8, and label the point of intersection of the side through
2 and3 and the side through and6 by 9. Then the pointg, 8, and9 are collinear.

Exercise 1.18. Prove that the truth of Conjecture 1.17 would be justificatior the exis-
tence of a Pappus figure.

Exercise 1.19. Assuming that the Pappus figure in Figure 1.16 exists, findxaden in
the figure that has the collinear poinfs 6 and9 as the three intersections of pairs of its
opposite sides.

ConstrucTtion 1.20. Use a computer drawing program to attempt a construction Bap-
pus figure, in an analogous way to our attempt to constructaaat Desargues figure in
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Construction 1.13. Choosing a pleasing arrangement of {gpjporint your drawing, and
check the lines for straightness. As a result of your expamisido you have a view on the
likelihood of Conjecture 1.17 being true?

3. The circuits of a figure

Our agreed meanings for words suclcallinear, andcoplanarare still based completely
on our intuitive idea of “point”, “straight line” and “flat” At the moment we are merely
hoping to obtain a working understanding of figures, enghlisito discuss their properties
without too much confusion. In this section we concentratecertain small subsets of
the points of a figure, and prepare the ground for the axianagproach we shall take in
Chapter 2.

There is nothing significant in the statement that “two poare collinear”, as anyone who
has pulled a piece of string taut between two nails will agiideee is the least number of
points for which the question of collinearity arises and="th three points are collinear” is
certainly a non-trivial claim. There is some evidendgd][that Egyptians used the method
shown in Figure 1.17 to ensure that the base lines of theictstres were straight. Two

markers were floated at the same height in a long channel efwapost was sighted and
marked along a line of sight through these markers. Thisgquhoe gave three points of a
straight horizontal line. A repeated application of theqaure gave further points of the
line.

Ficure 1.17.  An Egyptian surveying technique

Similarly the claim that “three points are coplanar” is rikely to arouse controversy. It's
truth is the reason that three-legged stools are common.h®wther hand, four is the
least number of points for which the question of coplanaiiges. The statement “these
four points are coplanar” is a non-trivial and interestifgjra. We hope that knowing the
answers to such claims about small subsets of points in afigiirenable us to answer
questions about linearity and planarity of larger sub9dtse specifically, we hope that a
subset of points of a figure is linear if each of its 3-pointsib is linear, and that a subset
of points of a figure is planar if each of its 4-point subsetgl@éar. This hope motivates
the following definition.

DerntTion 1.21. A circuit of a figure is a set of three collinear points of theufig, or a
set of four coplanar points of the figure no three of which as#irmear, or a set of five
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points of the figure no four of which are coplanar and no thrée/kbich are collinear (see
Figure 1.18).

] [T

3-point circuit 4-point circuit 5-point circuit

Ficure 1.18.  Types of circuits

For example, the figure in Figure 1.6 has three 3-point dis¢tivo 4-point circuits and
one 5-point circuit.

We hope that the set of circuits concisely summarizes allittear and planar relation-
ships among the points of a figure. If so, then it would give usemns of specifying
a figure other than by drawing and modeling. The example ofiféidL.6 could thus
be described by labeling its points213,4,5,6 and 7 and writing down its set of cir-
cuits, {{1,2,3},{3,4,5},{5,6,7},{1,2,4,5},{3,4,6, 7}, {1,2,4,6,7}}. The following exer-
cises give some practice in recognizing the circuits of igurln Chapter 2 we use this
notion of circuit as a basic tool for analyzing and consingcexamples in our geometry.

Exercise 1.22. Label the points of each of the eight figures in Figure 1.4 lelal, 2,3
and4 and list all the circuits of each figure.

Exercise 1.23. Assuming that the attempt at drawing the Desargues figurégaré 1.10
was successful, list all its circuits.

Exercise 1.24. Find a 5-point figure having as man$-point circuits as possible. Find a
5-point figure having as mampoint circuits as possible.

Exercise 1.25. List all the circuits of each of the four figures in Figure 1.19

ConstrucTion 1.26. Draw a figure of eight points, sd@, 1, 2, 3, 4,5, 6, 7}, having no three-
point circuits, havind0, 1, 3,5}, {0, 2, 3,6}, {1, 4, 5, 7}, and{2, 4, 6, 7} among its four-point
circuits, and having no five points coplanar. Perhaps shgdsa useful technique to
make a convincing drawing. You may feel like using a compri@ring program with
shading abilities for this construction. The following coents apply particularly to The
Geometer’s Sketchpad and may be helpful.

You may feel that a box-like appearance is appropiate fofithwe of Construction 1.26.
Drawing segments rather than lines may aid in clarity, asaveis Figure 1.5. To draw
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Ficure 1.19.  Four figures

one “face of a box” sele@egmentrather tharLine from theLine menu, as in Figure 1.13.
Click on a point, drag, click on another point, drag, clickamother point, drag, click on

a fourth point, drag and click on the first point. This gives-goh. It may be shaded, as
in the second figure in Figure 1.5, emphasizing the coplgnafithe four vertices of the

“face”. Restricting shading to only one or two 4-gons mayieeh the desired clarity.

For those using The Geometer’s Sketchpad the process fiing@polygon is as follows.
Choose theselectiontool, hold down theShift key and click on the verticeis correct
cyclic order Release th&hift key. From theConstruct menu choos@®olygon interior.
The shading of the polygon may be varied in depth by choogie@blor menu in the
Display menu and selecting the preferred depth of shading in by tk&@ther submenu.

4. Summary of Chapter 1

We introduced combinatorial figures and agreed on notatiordfawings of them. We
drew and modeled figures, discussing the notion of theirtcoctson observing that the
construction of closed figures seems to be particulaffycdit. We introduced the idea of
a circuit of a figure, and listed the circuits of examples.
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CHAPTER 2

COMBINATORIAL GEOMETRIES

In Chapter 1 we gained some expertise in describing and reatisiy combinatorial fig-
ures. In the process, the question of the existence of nélitaires arose. In order to
answer this and other questions about figures, we show thatoeenbinatorial figure is a
combinatorial geometry. We then take advantage of a simgitereatic definition of com-
binatorial geometries. From these axioms we systematidailelop a body of knowledge
about all combinatorial geometries, knowing that eachrtbimrovides information about
combinatorial figures in particular.

The axioms are chosen with two purposes in mind. First theyeasy to use and under-
stand, and second they give a theory of geometries thatresthe essential properties of
figures. In determining the directions in which we push depegient, we are continually
guided by questions and experiences of the world in whichivee Our purposes in this
chapter are to derive fundamental properties of combir@eometries, and to show how
these properties strengthen our intuitive understandihtigese figures.

1. The definition of a combinatorial geometry

In this section we give an axiom system for combinatorialrgetsies and then prove that
each combinatorial figure is a combinatorial geometry.

Derinirion 2.1. A combinatorial geometr( is an ordered paii(E, C) consisting of a set

E, whose elements are called points, and a collecGor {C;,C,,...} of subsets of E
satisfying the following four conditions:

Condition C1: Each member o€ is either a three-point set, a four-point set, or a five-
point set.

Condition C2: If C; and G are members of and G € C,, then G = Co.

Condition C3: (Elimination Condition) If G and G are distinct members & and ee<
C1 N Cy, then there is a members®f C such thatez C3 € C; U Co.

Condition C4: Each five-point subset of E contains a membet of
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If G is the combinatorial geometr§(C), then we say thab is ageometry on EandE is
theset of points ofs. We often writeE = E(G) andC = C(G). In Chapter 1, for the sake
of brevity, when there was no possibility of confusion weeaofomitted the adjectiveom-
binatorial. Likewise, throughout this chapter, “figure” stands for fidoinatorial figure”
and “geometry” stands for “combinatorial geometry”.

We check in detail that the collection of circuits of each feguntroduced in Definition
1.21, does satisfy the requirements of the@eah Definition 2.1. This is the last appeal
to an intuitive proof in place of formal proof that we need taka. However our intuitive
understanding of our surroundings remains paramount igesiing the possible properties
of combinatorial geometries that we should investigate.

Tueorem 2.2. Each combinatorial figure is a combinatorial geometry.

Proor. By their definition, the circuits of a combinatorial figudearly satisfy Condi-
tionsC1, C2 andC4. An intuitive examination of the various possibilities neakplausible
the truth of ConditiorC3. We now check this formally. Suppose tigtandC, are distinct
circuits of the figure and the poietis in C; N Co.

If |C1] = |Cy| = 3, then the only three possibilities are shown in Figure tleach case
(C1UCy) —{e} contains a three-point circuit or a four-point circuit aswh in Figure 1.18.

T

Ficure 2.1.  Possible unions of two 3-point circuits

Cc

If |C1| = 3,|C| = 4, and|Cy N Cy| = 2, then the unique possibility, in which all five points
of C1 U C;, are coplanar, is shown in Figure 2.2. H&g¢ consists of the three collinear
points andC, consists of four points with no three of the points beinginethr. Then
(C1 U Cy) — {€} contains either a three-point circuit or a four-point citcagain as shown
in Figure 1.18.

If |C1] = |Cy| = 4 and|C1NC,| = 3, then again all five points @, UC, are coplanar and in
each of the two possibilitie€q UC,) — {€} is a set of four coplanar points and consequently
contains a circuit.

In all other casegC1UC,)—{€e}| > 5. Then ConditiorC4 ensures that the seZ{UC,)—{€}
contains a circuit. O

Derinion 2.3. LetG be a combinatorial geometry. We call each membé& (@) a circuit
of the geometry.
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Ficure 2.2. A three-point circuit and a four-point circuit

This definition agrees with that given in Definition 1.21 iretbase thaG is a figure and
S0 we may continue to speak of the circuits of a figure withoubiguity.

DerintTion 2.4. A combinatorial geometry is finite if its set of points is atérget.

2. Lines and planes of a combinatorial geometry

We now build on the foundation of Definition 2.1, deriving iars useful properties of
combinatorial geometries, knowing that each property @athsequently hold for combi-
natorial figures. We start by making precise our intuitiveerstanding of lines and planes
in a geometry.

DerinTion 2.5. Let G be a combinatorial geometry. For any two pointda E(G), the
set{x € E(G) : {a,b,x} € C(G)} U {a,b} is a line of the geometry. We denote this set by
a Vv b and speak of “the line ab”. A line is non-trivial if it contas at least three points. It

is trivial if it contains only two points.

We see immediately what this means if the combinatorial g&onis a combinatorial fig-
ure. Suppose thatandb are any two points of the figure. Then a third poiraf the figure

is on the straight line throug&nandb if and only if {a, b, x} satisfies the requirements of
Definition 1.21. This is equivalent @, b, X} being a circuit of the geometry as mentioned
above. Thuscis on the straight line containing andb if and only if it belongs to the
line a v b specified by Definition 2.5. Thus any set consisting of alng®iof the figure
that are on a straight line drawn through two points of theréiga a line of the figure,
and conversely. It is a trivial line of the figure if it contaionly the two points. Itis a
non-trivial line of the figure if it contains three or more pts.
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N
w

4
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Ficure 2.3. A five-point figure
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ExampLE 2.6. The circuits of Figure 2.3 are the s€® 3, 4}, {2, 3,5}, {2, 4,5}, and{3, 4, 5}.
Using Definition 2.5 we obtain the sdfs 2}, {1, 3}, {1, 4}, {1, 5}, and{2, 3, 4, 5} as the lines
of the figure. The lin@ v 3 = {2, 3,4, 5} is non-trivial, the other lines are trivial.

We also notice in Figure 2.3thatvB =2v4=2v5=3v4=3v5=4v5={23,4,5}.
The particular choice of the points used in Definition 2.55net seem critical. We now
see that this is the case in general.

Tueorem 2.7. If x and y are any two points of a line L of a combinatorial getipghen
L = x vy. In other words, a line can be “named” by any two of its points

Proor. LetL = aVv b andc be any other point oE. It follows fromc € a v b that
{a,b,c} is a circuit. We next show tha&tvb =avec. Letzeavhb. Ifzisa, b, orc,
thenz € a v c either by definition or becauge, b, c} is a circuit. Suppose thatis distinct
from these three elements. Thignb, z} is a circuit. The Circuit Elimination Conditio83
guarantees thatd, b, ¢} U {a, b, z}) — {b} contains a circuit. Thu&, c, z} is a circuit. Hence
ze av c. Itfollows thatav b c av c. It follows from interchanging the roles &fandc
in the above argument thaty c c av b. Thusav b = aVv ¢. Hencec can replacéd as
a naming point oL. It follows fromav b = b v athatc can also replaca as a naming
point for L. Thusx andy can successively be inserted as naming points fifrthey were
not already used as naming points. O

CoroLLARY 2.8. In any combinatorial geometry, each two points belong tocdyeone
common line.

Exercise 2.9. List all the lines of the first figure of Figure 1.3. List all thires of the last
figure of Figure 1.3.

We now prove that the intersection of any two lines is exaa#lyour intuition might lead
us to expect.

Lemma 2.10. In any combinatorial geometry, each two distinct lines heileer one com-
mon point, or an empty intersection.

Proor. If a, b both belong to line#\, B, thenA=av b=B. O

ExampLE 2.11. Figure 2.4 contains three figures, each with point set lath¢le2, ..., 7}.
If A=1v 2and B= 4V 5, then in the first figure A B = {3}. But in each of the last two
figures AN B = 0.

Exercise 2.12. List the intersection of v 2 and4 v 5, of 1 v 2and5vV 6, of4 v 6 and
3v7,0oflv5and4v 7,and ofl v 2and2 v 3in the first figure in Figure 2.4

Next we extend the meaning of linearity to combinatorialmetries. The following theo-
rem characterizes linear sets in terms of 3-point circuits.

Derinion 2.13. A set of points of a combinatorial geometry is linear if it antained in a
line of the geometry or is a single point. The points of a limest are said to be collinear.
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Ficure 2.4.  Intersections of pairs of lines

Tueorem 2.14. A set A of points of a combinatorial geometry is linear if amdiyaf each
three-point subset of A is a circuit.

Proor. Suppose thahislinear. If{a, b, c} C A, thenAis a subset of some line Thus
we can writeL = a Vv b, and by Definition 2.9a, b, ¢} is a circuit. Thus each three-point
subset ofA is a circuit.

Conversely, suppose that each three-point subs®ioé circuit. If A has fewer than three-
points, thenAis linear. Suppose tha has at least three-points. Then, for fixed poents
andbin A, and for all other pointg of A, {a, b, x} is a circuit. It follows again by Definition
2.5thatA c av b. ThusAis linear. O

We have succeeded in reducing the general question of wheetet of points is linear to
questions only about three-point circuits, as foreshadaw&hapter 1. Our intuitive un-
derstanding of the circuits of a figure in Chapter 1 coincid#b their precise meaning as
circuits of a particular type of geometry. Thus Theorem 2ddures that, in the case of fig-
ures, the above definitions of linear and collinear coingiitk our intuitive understanding
of the terms.

We next make precise our intuitive understanding of a pldrsecombinatorial geometry.

Dernition 2.15. Let G be a combinatorial geometry. For any three non-collineainy®
a,b,c € E(G), the set{x : x € C C {a,b,c,x},C € C(G)} U {a,b,c} is a plane of the
geometry. We write it as@a b v ¢, and speak of “the plane abc”. A plane is non-trivial if
it contains at least four points. It is trivial if it contairanly three points.

ExampLE 2.16. In Figure 2.5, the planesv2v 3 ={1,2,3,5,6}and1v3Vv4 = {1, 3,4, 6}
are non-trivial, while the plan& v 2 v 4 = {1, 2, 4} is trivial.

We note, in Definition 2.15, that &, b, c were allowed to be collinear, then by Condition
C2 of Definition 2.1, each circuft satisfyingC C {a, b, ¢, x} would be a 3-point set. Hence
aVvbvcwould reducetothelinavb=bvc=cva
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Ficure 2.5.  Trivial and non-trivial planes in a figure

In a result analogous to Theorem 2.7, we prove that the clodiaay three non-collinear
points of a plane is adequate for its definition. The po@ts,andc are called “naming
points” for a planea v b v cin a geometry .

Tueorem 2.17. If X, y, and z are any three non-collinear points of a plane R obmbina-
torial geometry, then 2 x v y v z. In other words, a plane can be “named” by any three
of its points that are non-collinear.

Proor. We claim that given three naming points for a plane, any tpofirthe plane
that is not on a line determined by two of the naming points ipayised to replace the
third naming point when describing the plane. Bet a v b v c. The theorem will hold
after the claim is proved as follows. There exists a line ndimetwo of the elements of
{a, b, c} that does not contair. Suppose that v cis this line without loss of generality.
Thenav bvc=xVbVc. The pointy is either not orx v b or is not onx v c. Suppose
the latter without loss of generality. Therv bv ¢ = x Vv y Vv c. Finally,zis notonx vy
sothatxvyvc=xvyvz ThusP=avbvc=xvyvz

Letd be a point of the planP other thara that is not orb v c. We show thaav bv ¢ =

b Vv ¢V dto complete the proof of the claim and hence the proof of teettam. It follows
fromd € (avbvc)-(bvc) that there exists a circu@ contained in(a, b, ¢, d} that contains
bothaandd. Hence all points ofa, b, ¢, d} are contained in botavbvcandbvcvd. Let
w be a point ofa v b v c other thamg, b, c or d. Then there exists a circull contained in
{a, b, c, w} that containsv. It follows from applying ConditiorC3 that there exists a circuit
E contained inC U D) — {a} c {b, c,d, w}. Evidently,w € E asd is not on the lineb v c.
Thuswebvcvd Henceavbvccbvcvd.

Letw be a point ob v c v d other tharg, b, c or d. Then there exists a circuit contained
in {b, c,d, w} that containsv. If d ¢ F, thenw e bv c c av bV cwhichis what we wish
to show. Suppose that e F. It follows from applying ConditiorC3 that there exists a
circuit G contained inC U F) — {d} c {a, b, c,w}. Evidently,w € F asa, b, andc are not
collinear. Thusve avbvc. Hencebvcvdcavbve Thusavbvec=bvcvdand
the claim holds. O
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CoroLLary 2.18. In any combinatorial geometry, each three non-collineaingobelong
to exactly one plane.

Exampie 2.19. In Figure 251v2v3=1v2v5=1v2v6=1v3v5=1v5v6=
2v3vb5=2v3v6=3v5v6,whilelv3v4=1v4v6=3Vv4Vve6.

Exercise 2.20. List all the planes of the first figure in Figure 2.4. List aletplanes of the
second figure in Figure 2.4.

Lemma 2.21. In a combinatorial geometry, if two points of a line are in apé, then so
are all points of the line.

Proor. Letx andy be two points of a line that are in a plaa® b v c of the geometry.
There is some poirgof a v b v ¢ not collinear withx andy, as otherwise, b,ce x Vv y.
Thusav bvc=xvyVvz Moreover, ifw € x vy then eithemw € {x,y} or {X,y,w} is a
circuit. This guaranteesthate xvyv z Hencexvycxvyvz=avbhvc. O

Lemma 2.22. In any combinatorial geometry, let p be any point, and L ang lhot con-
taining p. Then there is exactly one plane of the geometryaiming both p and L. We
denote this planebypLorL Vv p.

Proor. If L=av b,thenP=avbvp. O

The next few results show that the intersections of pairdafgs and lines are satisfyingly
simple.

Lemma 2.23. In any combinatorial geometry, the intersection of two ididt planes is
either a line of points, a single point, or is empty.

Proor. If distinct pointsa andb each belong to both plandsand Q, then, from
Lemma?2.2lavb c PNnQ. Ifapointc ¢ avbisin bothP andQ, thenP =avbvc=Q;
a contradiction. Henceav b =Pn Q. O

Ficure 2.6.  Intersections of pairs of planes

ExampLe 2.24. In Figure 2.6 if P=1v2v 3, Q=2v3v4,and R=5Vv 6V 7 then
PNnQ=2v3 PNnR=0and QnR={6}.

23



Lemma 2.25. In any combinatorial geometry, a plane and a line have the iiself, a single
point, or the empty set, as intersection.

Proor. If a, b each belong to a link and a pland®, thenL = av band Lemma 2.21
guarantees the result. O

We have used our treatment of lines as a guide in discussinggl The proofs have been a
little more complicated because of the need to deal with tho#re-point circuits and four-
point circuits, but the overall approach has been the saost.a3 we did for linearity, we
extend the idea of planarity to combinatorial geometries tiereby characterize planar
sets in terms of three-point and four-point circuits.

DerintTion 2.26. A set of points of a combinatorial geometry is planar if it @ained in
a plane of the geometry, if it is linear, or if it is a singletofihe points of a planar set are
said to be coplanar.

Tueorem 2.27. In any combinatorial geometry, a set A of points is planarritianly if
each four-point subset of A contains a circuit of the geoynetr

Proor. We first suppose that the sits planar. If{a, b, c,d} C A, then eithefa, b, c}
is a three-point circuit or, by Theorem 2.1 ¥ avbvc. In this second case, by Definition
2.15, the seta, b, ¢, d} also contains a circuit.

Conversely, we suppose that each four-point subsgtadntains a circuit. If each three-
point subset ofA is a circuit, then, by Theorem 2.14, the gets linear and is therefore
planar. If A contains a subség, b, c} of three non-collinear points, then, by assumption,
each other elememtin A belongs to a circuit contained {@, b,c,d} and scAcav bv

C. O

The agreement of our intuitive understanding of the ciscafta figure in Chapter 1 with
their precise meaning as circuits of a particular type ofngetoy, in combination with
Theorem 2.27, ensures that the above definitions of plarthc@planar coincide with our
intuitive understanding of the terms in the case of figures.

DerintTion 2.28. Two lines of a combinatorial geometry are skew if their unismot
planar, otherwise we say that they are coplanar.

In Figure 2.7 the lines ¥ 2 and 7 8 are coplanar (as they belong te' 3 v 4), while 1v 2
and 4v 5 are skew (as 1245 does not contain a circuit).

Derinition 2.29. Let G be a combinatorial geometry. If(B) is either a single point or a
line, thenG is a linear geometry. If E5) is a single point, a line or a plane, théh is a
planar geometry. In the only other possibilitf&) is not planar, andG is a non-planar
geometry.
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Ficure 2.7.  Skew and coplanar pairs of lines

These terms agree with our previous intuitive use of thenafiyrcombinatorial geometry
thatis a figure. All our examples of geometries thus far argréig. We would like to know
whether there are geometries which are not figures — or wheth@xiomatic description
encompasses figures exactly.

Exercise 2.30. Let E = {1,2,...,n} andC consist of all three-point subsets of E. Prove
that C is the set of circuits of a linear geometry on E. Is it a figuré®d, then we could
call it a figure of n collinear points in general position.

3. Two families of combinatorial geometries

This section contains two related techniques for constrgatxamples of combinatorial
geometries. Theyfler the intriguing possibility of the existence of geomettigat are not
figures. One technique is suggested by our verification obfiéra 2.2. The technique
enables us to construct a planar geometry by merely choastmjjection of three-point
sets whose pairwise intersections are small.

ProposiTion 2.31. Let E be any set. K = {C1,Cy, ...} is a collection of three-point subsets
Ci of E such thailC; N C;| < 1, for all distinct |, j, then the se€C = KU{C C E: |C|=4,C
contains no member &f} is the collection of circuits of a planar geometry on E.

Proor. ConditionC1 holds for the members &. Each five-point subset & contains
a four-point subset that either is @or contains a three-point member@f— satisfying
ConditionC4. The four-point sets i€ are chosen exactly in order for the member€of
to satisfy ConditiorC2. If C; andC; are two distinct members & , each containing the
pointe, then, for each of the three possibilitig€;; U C,) — {e}| > 4 and soC;, U C,) — {€}
contains a four-point set which contains a membe€CofThus E, C) satisfies all four
conditions of Definition 2.1 and is therefore a geometry. dreen 2.27 ensures that this
geometry is planar. O

Exercise 2.32. Let E = {1,2,...,n} and C consist of all four-point subsets of E. Prove
that C is the set of circuits of a planar geometry on E. Is it a figuré® were we could
call it a figure of n coplanar points in general position.

25



Exercise 2.33. Let E = {0,1,2,...,6} and letK = {{0,1,3}, {1,2,4}, {2,3,5}, {3,4, 6},
{4,5,0},{5,6,1}, {6,0, 2}}. Suppose thaf = K U {C c E : |C| = 4, C contains no member
of K}. Prove thatC is the set of circuits of a planar geometry on E.

DerintTion 2.34. We call the geometry of Exercise 2.33 the Fano plane, or pl&aao
geometry, after the 20th Century Italian geometer Gino Fano

Even though we failed in our attempts at Construction 1.8 idecdnstruct a figure con-
taining all but one of the three-point circuits of the Fanar@. We now use Proposition
2.31 and the following Proposition to show that, regardtédgbe lack of success so far of
our attempts to construct some figures, both the failed aodessful versions exist in the
world of combinatorial geometries.

Any example obtained by the method of Proposition 2.31 leadeore examples if we
successively delete memberstkof After each deletion the reduced set is the collection of
three-point circuits of a geometry. The following Propimsitspecifies the circuits of this
geometry.

ProposiTion 2.35. Let E be any set and suppose that= {C1,C,,...} is a collection
of three-point subsets;Gc E such thatC; n Cj| < 1, for all distinct i, j. ThenC =
(K—={Ci)U{C CE:|IC| =4, Ccontains no member &f} U{C; U{x}: xe E—-Cy}is
the collection of circuits of a planar geometry on E. We saf this geometry is obtained
by relaxing the circuit @.

Proor. The seK — {C;} is a collection of three-point subséts C E such thaiCi n
Cjl < 1, for all distincti, j. It therefore satisfies the requirements of Propositiori.2.3
Therefore we need only prove th& C E : |C| = 4, C contains ho member &€} U {C; U
{x} : x € E — C} consists exactly of the four-point subsetskbthat do not contain any
member oK — {C4}.

Suppose thaty is a four-point subset ot that contains no member &f — {C;}. Then
eitherCy contains no member ¢ and so is inC C E : |C| = 4, C contains ho member of
K}, orCog > CiandsaCyisin{CiU({x}: xe E-Cyq}.

Conversely, suppose first thag belongs tqC c E : |C| = 4, C contains no member &f}.
Then eithelCy contains no member & or Cy > C; andCp isin{C, U {x} : X € E — C4}.
Second suppose th@ were in{C; U{x} : x€ E-Ci}butnotinfCCc E:|C| =4, C
contains no member ¢f — {C1}}. In this caseCy would be equal t&€; U {x} for somex and
would contain some memb€& # C, of K. But then|C; N Cj| > 1, a contradiction. 0O

Dernirion 2.36. The non-Fano plane is the planar geometry obtained from mplane
by relaxing the circuif1, 5, 6}.

We can be certain that the non-Fano plane is a figure, and wesospect that the Fano
plane is not, but we cannot yet prove this.

Dermvmion 2.37. Let E = {0,1,2,...,9} and letK = {{0,1,4}, {0, 2,5}, {0,3,6}, {1,2,9},
{4,5,9),{2,3,7),(5,6,7), {1,3,81, {4,6,8}, {7.8,9}} . ThenC =K U{CC E:[C| = 4,C
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contains no member &f} is the collection of circuits of a planar geometry on E. Wd cal
this the planar Desargues geometry (see Figure 1.10).

Derinition 2.38. The combinatorial geometry obtained from the planar Desagygeom-
etry by relaxing the circuit7, 8, 9} is called the planar non-Desargues geometry.

Our experiments in Chapter 1 lead us to the tentative hygatltieat the planar Desargues
geometry is a figure and the planar non-Desargues figure ia figire, but this is by no
means certain.

We can characterize the class of combinatorial geomethtsrmble by the methods of
Proposition 2.31 by an upper bound on the number of pointaéh éne.

Lemma 2.39. A combinatorial geometry may be obtained by the techniquRragdosition
2.31if and only if it is planar, and each line contains at mibsee points.

Proor. First suppose that a geomefyis obtained using Proposition 2.31. Any four-
point subset oE£(G) contains a circuit and Theorem 2.27 guaranteesGhigt planar. A
point x, not in{a, b}, belongs to a line v b if and only if {a, b, X} is a circuit. But in any
geometry obtained by the technique of Proposition 2.31etlieeat most one three-point
circuit containing botta andb. Therefore the lin@ v b contains at most three points.

Conversely, suppose thét is planar and each line contains at most three points. Then
no two three-point circuits of the geometry share more thaa @dommon point, and the
collection of the three-point circuits of the geometry sfidis the requirements asked of
K in Proposition 2.31. From Theorem 2.27 we have that eachgoint subset oE not
containing a three-point circuit is itself a circuit. O

If we use four-point sets in the role that three-point sesyy@dl in the discussions above,
then we obtain similar results. The resulting constructéminique generates examples of
non-planar geometries.

ProrosiTion 2.40. Let E be any set. K = {C1,C,, ...} is a collection of four-point subsets
Ci € E such thaiC; N Cj| < 2, for all distinct i, j, then the se€C = KU{C C E:|C|=5,C
contains no member &} is the collection of circuits of a combinatorial geometry Bn
If E contains at least five points, then the combinatorialrgetry is non-planar.

Proor. As it was in proving Proposition 2.31, it is routine to vgrihat the choice of
C satisfies the required conditions of Definition 2.1. Any fp@int subset oE can contain
at most one member &f, ensuring that at least one four-point subsef afoes not contain
a circuit. From Theorem 2.27 we have tlats non-planar. O

Exercise 2.41. Let E = {1,2,...,n}, andC consist of all five-point subsets of E. Prove
that C is the set of circuits of a geometry on E. Is it a figure? If so weld call it a figure
of n points in general position.
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Any example obtained by the method of Proposition 2.31 leadaore examples if we
successively delete memberskof After each deletion the reduced set is the collection of
four-point circuits of a geometry. The following Propositispecifies the circuits of this
geometry. The proof is similar to that of Proposition 2.38 are omit it.

ProposiTion 2.42. Let E be any set and suppose that= {C1,C,,...} is a collection
of four-point subsets CC E such thatlC; n Cj| < 2, for all distinct i, j. ThenC =
(K—={Cih)U{C C E:|C|=5C contains no member &f} U {C; U{X} : xe E—-Cy}is
the collection of circuits of a combinatorial geometry on Be say that this geometry is
obtained by relaxing the circuit

The following family of combinatorial geometries is obtabie in this way, and as we will
see in Chapter 4, one of the family is possibly the most intrig eight-point geometry of
all.

Derinition 2.43. A combinatorial cube is a non-planar geometry or=EO, 1, ..., 7} that
has no three-point circuits, that includé¢g 1, 3,5}, {0, 2, 3,6}, {1,4,5, 7}, and{2,4, 6, 7}
among its circuits, and is such that no pair of its four-podircuits has a three-point
intersection.

DeriNniTionN 2.44. Let E = {0,1,...,7} and letK = {{0,1,3,5}, {0,2,3,6}, {1,4,5,7},
{2,4,6,7},{0,3,4,7}}. ThenC = K U{C C E : |C| = 5,C contains no member &f} is
the collection of circuits of a combinatorial cube on E. W tids geometry the “Vamos
cube” (named after the 20th Century algebraist P. Vamos).

Inaresult similarto Lemma 2.39 we characterize the gedesatbtainable by the methods
of Proposition 2.40 by an upper bound on the number of pamngach line and plane.

Lemma 2.45. A combinatorial geometry may be obtained by the techniquRradosition
2.40if and only if each plane of the geometry contains at rfmastpoints and each line of
the geometry contains at most two points.

The proof is similar to the proof of the Lemma 2.39, as a paist a, b, c belongs to a
planea v b v cif and only if {a, b, ¢, x} contains a circuit. We omit the details.

We now have a plentiful supply of combinatorial geometring,are still unsure whether
or not they are all figures.

4. Sketches of planar geometries and figures

In this section we return our attention to planar geometredrawing of a planar figure
is actually a model of the figure. In other words, the plananrigexists if it can be
drawn. Therefore if we attempt to draw a planar geometry,sarndeed, we know that the
geometry is a figure. But even if such an attempt fails it ptesia useful visualization of
the geometry in the form of a free-hand sketch, as we now see.

28



DerintTion 2.46. A sketch is a collection of points and arcs drawn on the pagkesarch
that no pair of the points belongs to more than one arc.

DerintTioN 2.47. Let G be a planar geometry. A sketch®fis a sketch whose points may
be labeled by the members of®) in such a way that labels belong to a non-trivial line of
G if and only if the points they label are on a common arc.

We can now visualize any planar geometry from a sketch. Waimlta sketch of the
geometry by labeling points of the page by points of the gapnaad, for each non-trivial
line of the geometry, drawing an arc through points labeledhle members of the line.
As in Chapter 1, there is nothing to be gained by drawing artraaugh the two points
of any trivial line. Sketches of the planar Desargues gepnastd planar non-Desargues
geometry of Definitions 2.37 and 2.38, respectively, areigufe 2.8.

Ficure 2.8.  The Desargues geometry and the non-Desargues geometry

The appearance of these sketches encourages us to makkawanfpDefinition:

DermviTion 2.48. A sketch of a planar geometry, in which each of the arcs isagttt line,
is a drawing of the geometry .

This definition agrees with the original intuitive underslang of drawing that we devel-
oped for planar figures in Chapter 1. Each planar figure cdythias a drawing, but not
every sketch of a planar figure need be a drawing, as for exartip first sketch of the
geometry E, C), whereE = {1, 2, 3,4}, andC = {{1, 2, 3}}, in Figure 2.9 is a drawing, but
the second is not.

The following theorem sums up the role that sketches andidgsaplay in our study of
planar geometries.

Tueorem 2.49. Every planar geometry has a sketch. A planar geometry is afigand
only if it has a sketch that is a drawing.
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Ficure 2.9.  Two sketches of a geometry

Proor. Suppose thab is a planar geometry. We obtain a sketctGoés follows. We
label each point of a set (i (G)| points of the paper by a member©B§G). Then, for each
non-trivial lineL of the geometry, we draw an arc through exactly all the pdattsled by
the points ofL. From Lemma 2.10 we have that no two labeled points belongte tihan
one arc. Therefore the points and arcs form a sketc. of

A planar figure is a drawing of itself and, conversely, anytakehat is a drawing of a
planar geometry is itself a planar figure. O

For example, the Fano geometry of Definition 2.34 has thechkietFigure 2.10. But we
need a drawing of the Fano geometry in order to prove it is adiglf we erased the arc
through the points labeled 1, 5, and 6 in Figure 2.10, then edvhave a sketch of the
non-Fano planar geometry obtained by relaxing the cifduB, 6} of the Fano geometry.
This particular sketch is a drawing as all its arcs are ditaigve conclude that the non-
Fano planar geometry is a figure.

Ficure 2.10. A sketch of the planar Fano geometry

In every-day life our freehand drawings tend to be sketchéser than drawings. But
we know that, in the case of figures, we could more carefulbtak them — using a
straightedge — to give a drawing.

30



We can certainly sketch both the planar Desargues, and resafQues, geometries, but
the interesting question is whether or not we can draw theith @ach arc a straight line)!
When trying to construct a Desargues figure as in Lemma 1.Ibastruction 1.13 we
see that it is only the last line of the construction whosestexice is in doubt. We may
need to use an arc rather than a line, giving a sketch in pfabe ®oped-for drawing. We
conclude that at least one of the Desargues geometry ansbth®@sargues geometry is
a figure. Perhaps some choice of points will allow the arc tstbaight, others will not.
Thus we have the following:

Lemma 2.50. At least one of the planar Desargues geometry and the plamasiesargues
geometry is a figure.

Let us try our ideas on another combinatorial geometry ardfsge can prove it to be a
figure.

Exercise 2.51. LetE= {0, 1,...,7}and letK ={{0, 1, 3},{1,2,4},{2,3,5}, {3,4, 6},{4,5, 7},
{5,6,0},1{6,7,1},{7,0, 2}}. Verify thatC = K U {C c E : |C| = 4, C contains no member of
K} is the collection of circuits of a planar geometry on the set.Et the non-trivial lines
of the geometry. Sketch it, using as many straight arcs asitpes

We have seen above that we are able to sketch any planar ggo@mversely, we see in
the following theorem that we can use a sketch to give us a gggmin either case the
sketch may not be a drawing as the geometry may not be a figure.

Tueorem 2.52. Any sketch is a sketch of a planar geometry. In such a skedch, gon-
trivial line is the set of labels of points on an arc.

Proor. We label the points of the sketch by elements of éEsahd defineC to be the
collection of each three-point set that labels points ofranand of each four-point subset
of E that does not contain any of these three-point sets. We thigiy that the conditions
of Definition 2.1 are met byH, C). O

We now have two ways of testing whether a p&it C) is a planar geometry. The first
way is to check that each of the four conditions of Definitioh & satisfied. The second
way is to attempt a sketch of the supposed geometry, use @imed52, and check that a
three-point set is a member 6fif and only if its members are on the same arc. In both
cases we must also check that each four-point subdetcohtains a member & so that
the geometry will be planar.

Exercise 2.53. Examine the sketches in Figure 2.11 and use Theorem 2.5t thfat
each is a sketch of a planar geometry. Label the points of tftesfetch in such a way that
it is a sketch of a planar geometry having the collectifn1, 2}, {3, 5, 8}, {0, 3, 4}, {2, 4, 8},
{0,5,6},{1,3,7},{4,6,7},{2,5, 7}, {1, 6, 8}} as three-point circuits. Is the second sketch a
sketch of a geometry obtained by relaxing a circuit of thisrgetry?

DerintrioN 2.54. We call the first combinatorial geometry sketched in Figuld 2he “Pap-
pus geometry”. We call the second combinatorial geometeycled in Figure 2.11 the
“non-Pappus geometry”.
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Ficure 2.11. A sketch of a Pappus geometry and a hon-Pappus geometry

After trying to construct a Pappus figure, as we did in Comsion 1.20 of Chapter 1, we
conclude that at least one of the Pappus geometry and thBaopus geometry is a figure.
We may have our suspicions, but we cannot yet prove whicheofito is a figure.

5. Models of some combinatorial cubes

At the moment we have no method of determining whether a gimemplanar geometry
is a figure other than by trying to model it and hoping for a sssful completion of the
model. In this section we give the details of a simple methioch@deling combinatorial
cubes.

Cardboard models of many non-planar figures are useful ceglyeif they are made to
fold up for ease of storage. Each piece of cardboard empdsasie coplanarity of points
on it. The procedure shown in Figure 2.12 seems a good wayirtgpgirs of cardboard
panels where necessary. It gives quite a good hinge madéese tape which will open
out flat and shut fully in one direction.

][ 1
——————————  —— T
tape —
L / )
. _
E— =
— — — — 7
S -

Ficure 2.12.  Cardboard and tape-hinge construction

Let us agree to represent a hinged pair of panels as in FigliBevéhere the first hinge
easily folds up to form avalley fold and the second hinge easily folds down to form a
ridge fold. If we do not want to emphasize, or it is obvious, which foldimgtion is
desired to complete the model, we represent the hinge bglasbgment.

The above technique is quite useful for investigating thiealveur of models of various
combinatorial cubes, as we see below.
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Ficure 2.13.  Notation for hinge folding

ConstrucTiON 2.55. There is a combinatorial cube on E {0,1,...,7} that has only
{0,1,3,5}, {0,2,3,6}, {1,4,5,7}, and{2, 4,6, 7} as four-point circuits. It is a relaxation
of the Vamos cube. If it is possible to do so, follow the imdfons below and make a

collapsible model of the cube. Draw this model, using thelsigwtechniques suggested in
Exercise 1.26.

Tape four panels of cardboard together as shown in Figure 2Vake the lefthand and
righthand panels a little oversize, try folding the moddbiposition and trimming the

lefthand edge until it butts nicely into the righthand pariten trim the righthand edge,
leaving tabs, until the two edges butt together nicely. Hiestcan then be clipped to the
lefthand panel by paper clips. The model easily unfolds éasforage and carrying.

Ficure 2.14. Cardboard model of a combinatorial cube

Construction 2.56. If it is possible to do so, follow the instructions below andke a

model of the cube on E {0,1,...,7} that has only the six set®,1, 3,5}, {0, 2,3, 6},
{1,4,5,7},{2,4,6,7},{0,3,4, 7}, and{1, 2,5, 6} as its four-point circuits.

Using four pieces of cardboard, as in the previous modelgpoasent planes containing

{0,1,3,5}, {0,2,3,6}, {1,4,5,7}, and{2,4, 6, 7}, respectively, tape the joins alongvls,
2V 6 and 4v 7 and clip the join along & 3.

Do you notice anything interesting about the behavior of thodel compared with that of
Construction 2.55?

The last two constructions have provided models of cubels exactly four and six, re-
spectively, 4-point circuits. The existence of these mpdeans that the cubes are figures.
We know that the Vamos cube of Definition 2.44 is a combinatgeometry. Butis it a
figure? We may first attempt to show that the Vamos cube is afigy giving a drawing
such as the figure in Figure 2.15. The circy@sl, 3,5}, {0, 2, 3,6}, {1,4,5, 7}, {2,4,6, 7},
and{0, 3,4, 7} of the cube are visible in the drawing. However, we have tatjoe whether
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the set{1, 2,5, 6} is necessarily a circuit of the figure? If so, then the figureldmot be

of the Vamos cube which has only five-doint circuits. We may second attempt to show
that the Vamos cube is a figure by making a model of the Vambe,chaving exactly five
4-point circuits. It seems a simple enough question as tdhveina drawing or construction
of this cube can be made, but as we will see in Chapter 4 it lsgparthe most fundamental
question of geometry.

Ficure 2.15.  An attempt at drawing the Vamos Cube

Ficure 2.16. A cube unfolded
Exercise 2.57. A well-known model of a cube is unfolded in Figure 2.16. Deeithich of
the six hinged cardboard models in Figure 2.17 would foldafotm a model of a cube.

Exercise 2.58. The model illustrated in Figure 2.16 seems much more likelee as the
word is understood in common usage. Is it in some sense a yemyetric model? What
is the maximum number of four-point circuits that any coratinal cube may have?

6. Sub-geometries of a combinatorial geometry

We have been constructing and investigating some georsétreess much detail as possi-
ble in an attempt to show that individual examples are figuhaghis section we obtain

a property of combinatorial geometries that distinguistinesn from most other mathe-
matical structures. It goes some way towards explaining waave had little dficulty

in constructing many examples. The lines and planes of a t@tdrial geometnG are
distinguished subsets &{(G). But, as we now see, in a very strong sense every subset of
E(G) is distinguished by having its own geometric structure.

DerintTion 2.59. A sub-geometry of a combinatorial geomeBys any ordered pair con-
sisting of a subset’EC E(G) and associated collectiof’ = {C : C € C(G) and CC E'}.
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Ficure 2.17.  Possible developments of a cube

Tueorem 2.60. Each sub-geometry of a combinatorial geometry is itself mloioatorial
geometry.

Proor. Let the ordered pairH’,C’) be a sub-geometry d&. It is a straightforward
matter to check that the conditioxl, C2, andC4 of Definition 2.1 hold for E’, C').
Let us verify that the Elimination Conditio@3 also holds for E’, C’). Suppose that two
distinct member€; andC, of C’ both contain the point. ThenC; andC, are also in
C and, as the Elimination Condition holds f@, there is some&C; € C(G) satisfying
X ¢ C3 € C1UC,. ButCy UC;, C E, ensuring tha€s is also inC’ as required. O

The circuits of any sub-geometri(, C’) of the combinatorial geometf are determined
completely by the ground s&’ of the sub-geometry. Consequently, in the context of a
given geometnys, we often useée’ rather than the more cumbersoni,(C’) to stand for
the sub-geometry and writee sub-geometry’E

The fact that each subset of the set of points of a geometryahgeometric structure

inherited from the geometry is a very nice property of gesiaet— one that is not shared
with other algebraic systems. When points of a drawing of@égre erased a drawing of
a figure remains. This suggests the following result.

Tueorem 2.61. Each sub-geometry of a combinatorial figure is a combinaidigure.

Proor. The circuits of a sub-geometry are exactly those of the diqabstained by
erasing all points not in the sub-geometry. O
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Theorem 2.60 suggests strongly that there are very many gfeéiesn But we should be
cautious. Just because every subset of the point set of agggohas its own geometric
structure does not mean that they are alledtient. We see this very clearly by examining
all the four-point sub-geometries of a five-point line, faaeple. Also, our dficulties in
determining whether or not drawings, sketches and modelseatly of “different” combi-
natorial geometries suggests the need to clarify the mgaiifdifferent”.

7. Isomorphic combinatorial geometries

In this section we decide on the meaning offfdient” in the context of combinatorial
geometries. We then tackle the problem of counting geos®ettn Figure 1.6 we noticed
that the same figure can be drawn in several ways. It is notyalwkear whether two
sketches represent the same planar geometry or not. Weisekfibulty in the following
case.

DerintTioN 2.62. An n-gon is inscribed in another if its vertices belong (assively) to
the sides of the second. This second n-gon circumscribdsghe

Ficure 2.18.  Two figures that share many properties

For example, each of the planar geometr2 Eketched in Figure 2.18 has nine points,
and each consists of a triangle inscribed in a second teamglich is inscribed in a third,
which in turn is inscribed in the first! Each geometry has r8agoint circuits. But are
they the same? Experiment may suggest that the first, a Pggpusetry, is a figure as
every attempt to draw it seems to work. The second may alsdigera, the sketch given
seems to be a drawing although experiment may suggest ibatifficult to make such a
drawing.

We certainly know that two geometries ardfeient if, for example, they have afidirent
number of three-point circuits. In fact, anyfidirence defined solely in terms of circuits
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sufices to distinguish between geometries. On the other handese that two drawings
are drawings of the same figure if the points of the two can lbenconly labeled to give
identical lists of circuits. For us, such geometries willthe “same”. More precisely:

Derinition 2.63. Two combinatorial geometries are isomorphic if the poirftthe first can
be paired with the points of the second, and paired pointsrgithe same label, so that
a list of circuits of the first combinatorial geometry is idieal to a list of circuits of the
second.

Thus, in Exercise 1.1 we are asking: “Which pairs of theserdigare isomorphic?” In the
following exercise we use Definition 2.63 to determine wiketfeometries are isomorphic.

Exercise 2.64. Let By = {1,2,...,7}andCy = {{5,6,7},{1,2,4,5},{1,3,4,6},{2,3,5, 6},
{2,3,5,7},{2,3,6,7},{1,2,3,4,7},{1,3,4,5, 7}}.

Let & = E; andK = {{5,6,7},(1,2,4,5},{1,3,4,6},{2,3,5,6},{2,3,5,7},{2,3,6, 7}} and
letC, = K U{C c E : |C| =5, C contains no member &f}.

LetEs={1,2,...,6} and letCs = {{1,2,4,5},{1, 3,4,6},{2,3,5,6}}.

LetEs ={a/b,c,d, e f,gtandC, = {{e, f,g},{a,b,d,e},{a,c,d, f},{b,c, e f},{b,c,e g},
{b,c,f,g}.{a,b,c,d,g}.{a,c,d, e g}}.

If Gi = (E,Cy), fori = 1,2, 3,4, and Gs and Gg are the first and second figures, re-
spectively, drawn in Figure 2.19, then determine which paif the six geometries are
isomorphic.

Ficure 2.19.  Figures for Exercise 2.64

If a geometry is isomorphic to a figure, then from our pointiefwthey are essentially the
same. Consequently, we tend to blur the distinction betwleem, using the term “figure”
for both. Thus, for example, the geometBy; C), whereE = {1, 2, 3,4} andC = {{1, 2, 3}},
and Figure 2.20 are isomorphic and we think of each as a figure.

In particular, we can look again at the question of whethdaagr geometrys is a figure
in the light of our definition of isomorphism. Pairing eachmi®f a sketch of with its label
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Ficure 2.20. A four-point figure

is certainly a pairing of a set of points of the page with thentsof G. From Theorem
2.14, the pairing is an isomorphism betwe@rand the figure of the points of the sketch
exactly when the subsets B{G) that are collinear irfc are the labels of collinear sets of
points on the page. In other words, each arc of the sketcld have been drawn straight
without re-locating any of its points — the sketch then beardrawing ofG.

As we saw in Exercise 2.64, deciding whether or not two gedeseare isomorphic can
be a lengthy business. However in the case of planar ge@sé¢he existence of an iso-
morphism is sometimes obvious.

Lemma 2.65. Two planar geometries are isomorphic if and only if they hawwommon
sketch.

Proor. If the two are isomorphic, then each point set can use the satof labels so
that a sketch of one is automatically a sketch of the othenv@sely, any common sketch
induces a pairing between labels which is the required isphism. O

Exercise 2.66. Satisfy yourself that there are only two non-isomorphic iratorial ge-
ometries on a three-element set. One has no circuits andttier bas one three-point
circuit. We are familiar with both — the first is a triangle artlde second is a figure
of three collinear points. How many pairwise non-isomogpioiur-point geometries are
there? Is each a figure? Draw or make a model of each.

Exercise 2.67. List all the “different” combinatorial geometries on the setH{1, 2, ..., 5}.

It might be interesting to make drawings or models of all thfige-point geometries that
are figures. We might be able to use tetrahedra and pins, asnisti@ctions 1.3 and 1.4,
in making the models.

ConstrucTion 2.68. Show that all five-point (and six-point, if you feel so inelith combi-
natorial geometries are combinatorial figures by making aleida drawing in the case of
a planar geometry) of each.

When making tetrahedra to use in this construction we cosgdloe methods of Construc-
tion 1.3 or Construction 2.55. Another technique, whiclow# complete dismantling of
panels for later re-use, is the following:
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ConstrucTion 2.69. Decide on the size of each face of a tetrahedron, for exanapie,
outline it on cardboard. A trouble-free way to choose faaesiis to have all edges the
same length, sagcm. As shown in Figure 2.21, use a hole-punch to make holescht e
vertex. Trim as shown, leaving tabs. Crease along the edgbe éace, and join adjacent
panels by rubber bands.

AN AN
- A

Ficure 2.21.  Modeling planes and their intersections

Theorem 2.60 and our experience with Exercises 2.66 andwoBifd possibly lead us
to the conclusion that there are many geometries. Here & thiit summarizes what is
known of the numbers of pairwise non-isomorphic combiriatgeometries on small sets
of points. These numbers were computed for geometries orpat eight elements by
Blackburn, Crapo, and Higg®], and for geometries on nine elements by Mayhew and
Royle [48].

Set size Number of geometries
point linear planar non-planar total
1 1 1 1 1
2 1 1 1
3 1 2 2
4 1 3 1 4
5 1 5 3 8
6 1 10 11 21
7 1 24 49 73
8 1 69 617 686
9 1 384 185981 186365

We have now faced with two flicult questions. We have discussed the first, namely: “How
can we decide whether or not a given combinatorial geomstaydombinatorial figure?”
at some length. For example we asked: “Is a Vamos cube a fiyurethis section we
have met the second: “How can we decide whether or not two cwtdyial geometries
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are isomorphic?” For example, we asked: “Are the two geoiemsketched in Figure 2.18
isomorphic?”

8. Summary of Chapter 2

We gave a simple set of axioms for combinatorial geometdad, we proved that every
figure is a geometry. We gave exact and unambiguous meanfagibar terms, such as
line, plang collinear, andcoplanar. Also we clarified our usage of the termaketchand
drawingin the context of planar geometries. Various techniqueslyred examples of
geometries for us, but we are unable to say whether parntiexéamples are figures. In fact
we are unsure whether each combinatorial geometry is igpmmto some combinatorial
figure.

Theorem 2.52 leads us to the conclusion that the study oapggometries is just the study
of sketches. Thus, for example, the question: “Is there agolgeometry which is not a

figure?” is equivalent to the question: “Is there a sketchgiaar geometry which cannot
be redrawn with all its arcs straight?” We ended the chaptetdfining isomorphism and

counting small combinatorial geometries.
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CHAPTER 3

PLANAR GEOMETRIES AND PROJECTIVE PLANES

In Chapter 2 we emphasized the role of lines and planes in gews. We followed a log-
ically sound development that lends weight to our feeling'$traightness” and “flatness”
in the case of figures. If we had restricted our investigatiorplanar geometries, then we
could have initially defined them in terms of points and liredased on our intuitive un-
derstanding of points and straight lines. This is the trad#l approach to plane geometry.
Our approach using the simpler concept of circuit enable® msore easily describe the
larger class of combinatorial geometries that interestiNesertheless, our use of straight
lines in drawing suggests that we examine lines in someldietis chapter. In particular
we ask: “How can we be certain that two straight lines drawringdua planar construction
have a point of intersection?” It is therefore convenientiiak of the planar geometries
that this requirement leads to in terms of their lines. Ing@sition 3.3 and Theorem 3.5
we list some properties of lines that do not need the notioeirefiit for their statement.
We prove that these propertiesfiste to determine whether a collection of subsets of a
given setE is the collection of lines of some planar geomeBynE.

We may continue to prove the existence of some required gepoethe sek, as before,
by demonstrating that a collecti@of subsets oE satisfies the requirements of Definition
2.1. Butinstead, where appropiate, we may prove the existefthe geometry by demon-
strating that another collection of subsetd&fatisfies the requirements of Proposition 3.3
or Theorem 3.5. Thus the subsets will be the set of lines chiagrlgeometry of.

1. The intersection of coplanar lines

In this section we explore the properties of geometries iithvbach pair of coplanar lines
has a point of intersection.

We have used pencil and straightedge to draw many planaefiganrconstructions — for
instance in Construction 1.14 we attempted to draw a stréighthrough an inaccessible
point. We did so without thinking too much about the existentthis point, and of other
points and straight lines required as part of the conswuactilore simply, given four points
1, 2,3 and 4 on a very large page, constructing the intemseofilv 2 and 3v 4 presents
no great problem (apart fromfticulties of parallelism). This is because our initial set of
points sits in a world that seems to have points in abundaBaeLemma 2.10 does not
guarantee that two lines of a combinatorial geometry wilktria a point, only that they
have no more than one common point. The lines may still misk ether.
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Perhaps it will clarify our thinking and give us a better urelending of our surroundings
if we query our tacit assumptions. If we ask that two lines2and 3v 4 have a common
point, then we are insisting on the existence of a point 5 shat{1, 2, 5} and{3, 4, 5} are
circuits. The Elimination Condition of Definition 2.1 apgtl to the two circuits tells us
that{1, 2, 3, 4} would then contain a circuit. In other words two lines canygmbssibly
meet if they are coplanar, not skew. We occasionally se@dxslputting this result into
practice by drawing strings taut between two pairs of poilftthe strings just touch it is
taken to mean that the four points are coplanar.

Ideally, we would like any two straight lines of our plananstructions to have a common
point. This would be guaranteed if our constructions weite-geometries of a planar
geometry in which each pair of lines had a common point. Isralipatorial geometry
in which each two coplanar lines have a common point posailllae comment in the
paragraph above suggests that we look for geometriesysatjighe following condition.
An equivalent formulation of this condition was given in Gdd/Veblen and John Youngs’
excellent book Projective Geomettywhich first appeared in 191®][].

DermviTion 3.1. (Veblen-Young Condition) [fL, 2, 3, 4} is a four-point circuit of the com-
binatorial geometnG, then there is a poir of the geometry so thdt, 2,5} and{3, 4, 5}
are circuits.

We see, by the following lemma, that this is exactly the cbadiwe require of our ge-
ometries.

Lemma 3.2. Let G be a combinatorial geometry. Then the Veblen-Young Camditolds
in G if and only if each two coplanar lines @& contain a common point.

Proor. First we suppose that the Veblen-Young Condition hold3.itf two linesA =
1v2andB = 3V 4 are coplanar, then Theorem 2.27 implies that th¢lsét 3, 4} contains
a circuit. If{1,2, 3,4} is itself a circuit, then the Veblen-Young Condition guaess the
existence of a point 5 on both\i2 and 3v 4 as required. If, without loss of generality,
{1, 2, 3} is a circuit, then 3 is the point commonAcandB.

Conversely, suppose that each two coplanar line§& afontain a common point. Let
{1,2,3,4} be a circuit ofG. Then the lines v 2 and 3v 4 are distinct and coplanar.
Hence they meet in a fifth point, say 5. Then Theorem 2.14 gshat the setdl, 2, 5}
and{3, 4, 5} are circuits as required by the Veblen-Young Condition. O

In what follows we pursue the attractive consequences ofrthib of the Veblen-Young
Condition in a planar geometry, and later show that thessemurences are available to us
in the geometry of our world.
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2. Projective planes

In this section we develop the basic properties of thoseaplgerometries for which the
Veblen-Young Condition holds. We begin by proving that theperty obtained in Corol-
lary 2.8 is characteristic of the collection of lines of aqdageometry.

Prorosition 3.3. Let E be a set and a collection of subsets of E, each membel afon-
taining at least two distinct elements of E, so that E anshtisfy the following condition.

Condition L1: Each pair of elements of E is a subset of exactly one member of

Suppose that = {C : |C| = 3and C is a subset of a memberlofu {C : |C| = 4 and

no three elements of C belong to any one membeg.oThenC is the set of circuits of a
planar geometry on the set E. This geometry is the uniqueaplgeometry on E whose
collection of lines is exactliy. Conversely, the collection of lines of any planar geometry
on E satisfies Conditiohl.

Proor. The definition ofC is such that its members fulfill the Conditio€84, C2, and
C4 of Definition 2.1. Suppose th&y andC; are distinct three-element membersothat
both contain an element If C; andC; as well both contain an elemeydistinct from
X, then ConditionL1 implies that they are subsets of the same menhbef L. Hence
(C1 U Cy) — {x} is a three-element subset bf This subset is irC as required by the
Elimination Condition. In all other casf{€; UC,) —{x}| > 4 and C; UC,) —{X} contains a
member ofC, also satisfying the Elimination Condition. ThGds the collection of circuits
of a geometry orE. The geometry is planar, from Theorem 2.27, as each fourtset
contains a circuit.

We need to show that the lines dt,(C) are exactly the members &f We note from
ConditionL1 that each paifa, b} of points is contained in exactly ories L and also, by
Theorem 2.7, in exactly one line, namealy b. Also {a, b, X} is a circuit if and only ifx is

inL —{a,b}. ThusL = {x: xe L} U{a b} ={x:{ab,x}isacircuit U{a b} =avb. Any
planar geometry with this set of lines has, by Theorem 2. tTdreorem 2.27, the same
set of circuits. Thus such a geometry is equal to the geonjEl@).

From Theorem 2.7 and Lemma 2.10 we have that the lines of amapbeometry ot
satisfy Conditior_1. O

This proposition is a restatement of Theorem 2.52, but isoathed in the language of
sketches. It cannotfier a characterization of all combinatorial geometries kajrthines

as, for instance, both the first and the last figures of FiguBédve the same list of lines.
However, these geometries are not isomorphic as the fosyanar and the latter is not.

We now specialize the characterization of Proposition 8 ibse planar geometries that
satisfy an additional requirement.

DerntTion 3.4. A projective plane is a planar geometry that satisfies thelerelyoung
Condition and has at least one four-point circuit.
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Proposition 3.3, together with the connection betweensliard circuits of projective
planes derived in Lemma 3.2, gives the following useful ebterization of projective
planes.

Tueorem 3.5. Let a set E, and a collectioh of subsets of E, satisfy the following four
conditions.

L1: Each two elements of E belong to exactly one common member of

L2: Each two members &f contain exactly one common element of E.

L3: There are four elements of E, no three of which belong to aeynoember of. .
L4: There are four members bf, no three of which contain any one element of E.

Suppose thaC = {C : |C| = 3 and C is a subset of a memberlof U {C : |C| = 4
and no three elements of C belong to any one membe}. oFlkenC is the set of circuits
of a planar geometry on the set E. This geometry is a projeqilane, and its lines are
exactly the members af. Conversely, the lines of any projective plane on E satlsy t
four Conditiond_1 to L4.

Proor. From ConditionL2 we have that the empty set is not a membeLoif a
single-element subset & were a member of, then ConditionL2 implies that every
member ofL contains this single element. This rules out the possjtittiat Condition_4
holds. Therefore each memberlotontains at least two distinct elementsof

We note that Conditioh1 is exactly ConditiorL1 of Proposition 3.3. Therefore we have
thatC is the set of circuits of a unique planar geomésgn E.

Each pair of distinct pointa andb of G belongs to exactly one line @ and to exactly
one member of.. Each line and each member bfoccurs in this way. The defining
property above of three-point circuits @ guarantees that € (a v b) — {a, b} if and only
if {a, b, x} € Cif and only if x € L. Thus the unique membeérof L that containga, b} is
also the linea v b. Thus the lines o6 are exactly the members bf

To complete the first half of the proof we need only show B a projective plane. Con-
dition L3 ensures the existence of at least one four-point circuippBse thatl, 2, 3, 4}
is a circuit of G. Then applying Conditioh.2 to the lines 1v 2 and 3v 4 guarantees the
existence of a point 5 belonging to both. Consequefitl2, 5} and{3, 4, 5} are circuits
and the Veblen-Young Condition holds. We now know that thengetryG is a projective
plane.

To prove the converse we use Proposition 3.3 to verify Camlltl and Lemma 3.2 to
verify ConditionL2 for any projective plane o. The existence of a four-point circuit
immediately satisfies Conditid3. If {1, 2, 3,4} is such a circuit, then lines\ 2, 2v 3,
3V 4 and 1v 4 satisfy ConditiorL4 as, for example, the point (12)N (2v 3) = 2isin
neither 3v 4 nor 1v 4 as no three members {ff, 2, 3, 4} form a circuit. |
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Exercise 3.6. The circuits of the geomet{g, C) of Exercise 2.32 are exactly all the four-
point subsets of E. Prove thé, C) is a planar geometry that fails badly to be a projective
plane.

ExampLe 3.7. We know from examining the sketch in Figure 2.10 that thecfatambers
in each of the following columns are the lines of a particidasjective plane, namely the
Fano plane, on the seven-point $et1, ..., 6}.

01 2 3 456
1 2 3 4560
3456 01 2

We could use Theorem 3.5 directly to verify that Example ®&gigive a projective plane.
However, testing Conditioh1 would involve () = 21 verifications, as would testing
ConditionL2. Likewise, applying Theorem 3.5 to the following list of cahns would
require(’y) + (%) = 156 checks.

0 1 2 3 456 7 8 9 10 11 12
1 2 3 456 7 8 9 10 11 12 O
3 4 5 6 7 8 9 10 11 12 0 1 2
9 10 11 12 0 1 2 3 4 5 6 7 8

We ease the tedium by using the ability of a computer to quiekid reliably carry out
repetitive tasks, using a mathematics package suthesisematica or Maple. If you are
familiar with programming, then you may like to write your oygrogram, otherwise use
theMathematica Program 3.9 given below for the following exercise.

Exercise 3.8. Verify that the set of numbers in each of the thirteen coluabwye is a
line of a projective plane on the thirteen point set=E£{0,1,...,12}. In this geometry
find and sketch a planar Desargues sub-geometry. You majyikdgo sketch thé3-point
projective plane itself with as many arcs straight as pdssitBut you may feel that the
resultant sketch does not increase your understandingsopléne.

PrograMm 3.9. Test for “pointset” to be the set of points, and “lineset” the set of lines,
of a projective plane

Below we outline the process for testing whether or not twe §sointset” and “lineset”
satisfy the requirements of Theorem 3.5.

We first define a function, naming it “testL2”, which gives tieswer “True” if “pointset”
and “lineset” satisfy Condition L2 of Theorem 3.5. It doesthy checking that the inter-
section of each pair of members of lineset meet in a set ofesize

{testL2[pointset_, lineset_] := (
Length[
Union[
Flatten[
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Table[

Table[
Length[
Intersection[
line[i], line[j]
]
1==1, {i, j - 1}
1, {j, ell}
]

Second, in order to check Condition L1 of Theorem 3.5 we dedifienction, naming it
“in”, that takes the value “True” when a set A is a subset oftdBse

in[A_, B_] := (

Length[
Union[
A, B
]
] == Length[
B
]
DN

We use the function “in” to test whether or not a pair of elets@f “pointset” is a subset of
a member of “lineset”. We do this for all pairs of elements pbihtset” and all members
of “lineset”. We use the fact that each pair of members of einbelong to at most
one member of “lineset” (a fact guaranteed by the successsbi®), ensuring that the
maximum number of True answers we can get for in is the numilqegiics of elements of

“pointset”. The function “testL1” takes the value “True’tliis maximum is achieved, and
accordingly Conditon L1 of Theorem 3.5 is satisfied.

testLl[pointset_, lineset_] := (
Count[
Flatten[
Table[
Table[
Table[
in[{i, j}, line[k]], {i, 0, j - 1}
1, {i, 0, p- 13
1, {k, 0, ell - 1}
]

1, True
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1 == (/2)*p*( - D
);

We label the members of “pointset” and use the patterns igithen set of proposed lines
to avoid having to type them all in.

pointset = Table[j, {j, p}l;
line[i_] := Mod[firstline + i, ell];
lineset = Table[line[i], {i, O, ell}];

Consequently, we need only type in (i) the number of propgssdts “p”, that is the
members of E, (ii) the number “ell” of proposed lines, thathie members of L, and (iii)
the first member of L, which we call “firstline”. Remember whigping in “firstline” to
leave a space after each comma before typing in its next nrembe

p = 13;
ell := 13;
firstline := {0, 1, 3, 9};

Conditions L3 and L4 follow automatically from the fact thato of the sets in L each
contain more than two members. The program is now ready tokdBeample 3.8 when
you press “shift-enter”. It prints out a list of the pointdist of the lines (just to check that
the inputis correct), and “True” if the tests verify that we lthve the points and lines of a
projective plane, “False” if this is not the case. Pressftainter”.

Print[pointset];

Do[
Print[line[i]], {i, 0, ell - 1}
1;

Print[testL1[pointset, lineset]
&& testL2[pointset, lineset]]

To test the possibilities given in Exercise 3.10, delete @®l replace it by “21” in “p=13"
above, remembering to press “enter” when you have done sthéoxame from “elk13".
Delete the {0,1, 3,9}" from “firstline:={0, 1, 3,9}", replace it by the appropriate set (re-
membering to leave a space between a comma and the next jupress “shift-enter”.
The program is now ready to run. Place the pointer anywhetieearcell containing the
following and press “shift-enter”.

Print[testL1[pointset,lineset]
&& Print[testL2[pointset,lineset]
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Using such a program does not do our thinking for us, but detassl examine geometries
on larger sets than would otherwise be feasible. As we dssouse aftermath of Exercise
3.22, such possibilities are very much of interest.

Exercise 3.10. Test whether the set £{0, 1,2, ..., 20} is the set of points and the collec-
tion L of twenty one subset§0 +1i,3+i,5+1i,9+1,11+1i}:i=0,1,2,...,20, addition
being modul®1}, of E is the set of lines, respectively, of a projective pldbe the same
with the collectior{{O+i,3+i,4+i,9+i,11+i}:i=0,1,2,...20, addition being modulo
21} in place ofL. If either is a projective plane, then look for a familiar cbmatorial
geometry appearing among its sub-geometries.

The symmetry of the characterization of projective plangsrgin Theorem 3.5 can be
used. The set of four conditiond to L4 is unchangedh toto by interchanging “point”
with “line” and “belong to” with “contain”, and this enabless to shorten the process of
proving results about these geometries.

Dermnition 3.11. The dual of any statement about points and lines of a prajegilane
is the statement obtained from the original statement tgraéhtanging the words “point”
with “line” and “belong to” with “contain”.

For example, the dual of the statement: “three points belong to a line” is the statement:
“...threelines contain a point”. But we tend to abbreviate comigosed phrases — so “
... three collinear points..” has its dual statement." . three concurrentlines .”, “goes
through” has dual “lie on”, and so on. We need to be aware of jplies of abbreviations.
Notice that the dual of i-gon” is again h-gon”, with “side” and “vertex” being dual
terms. In particular, “triangle” is a self-dual term. Theatlof the dual of any statement is
the original statement.

Tueorem 3.12. (Principle of Duality for Projective Planes) If, in a projective plane,
“theorem B” about the plane is a logical consequence of “asgtion A”, then also the
“dual of theorem B” is a logical consequence of the “dual okamption A”.

Proor. Theorem B is logically derived from its starting assumpsi@nd conditions
L1 to L4, and each step in its proof is stated in terms of “point”, €lin“belong to” and
“contain” and terms used in assumption A. If we make the alimezchanges throughout
its proof (in particulait1 andL2 being interchanged and andL4 being interchanged),
we obtain a valid argument for the dual theorem from the diaating assumption. O

Thus the Principle of Duality implies that for every resulé wrove about a projective
plane, we obtain the dual result without any extra work beaguired. This can be quite
helpful, as we see in the following few applications. We begy revisiting Conjecture
1.11.

The Veblen -Young Condition enables us to pursue the pdisgibf extending the con-
jecture to any projective plar®. Suppose that 123 and 456 are triangle&ino that the
lines 1v 4, 2v 5 and 3v 6 are concurrent. Then\W. 4 and 2v 5 are coplanar, ensuring
that{1, 2, 4, 5} is a planar set. From Lemma 2.21 we have thafland 4v 5 are coplanar.
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Further, Lemma 3.2 implies that these two lines interseet fioint. Similarly each other
pair of corresponding sides of the two triangles is alsoaoat and so intersects in a point.
If these three points are collinear, then we have a Desamguegeometry of3, if not,
then we have a non-Desargues sub-geomet6y.of

Notice that it does not matter whether the triangles 123 &tdate coplanar. Thus both
planar and non-planar sub-geometries may arise in this way.

Ficure 3.1.  Non-coplanar triangles whose corresponding sidesseatt

This generalized conjecture is historically known as Dgisas’ Theorem:

Tueorem 3.13. (conjectured Desargues’ Theorem)llE3and456are triangles in a com-
binatorial geometnG so that the lined v 4, 2v 5and3vV 6 are concurrent, then the sides
1v 2and4 v 5intersect in a poin®, the side® v 3and5 v 6 intersect in a poin?, and
the sides3 v 1 and6 Vv 4 intersect in a poinB, and the point§, 8 and9 are collinear.

But remember that we have not proved this statement, andl@asly not true for our usual
Euclidean geometry. For example, the possibility of thedidy 2 and 4v 5 being parallel
would rule out the existence of the required point 9.

We may use the Principal of Duality in order to obtain infotima about some conse-
quences of Desargues’ Theorem in projective planes.

Tueorem 3.14. Let G be a projective plane. Then Desargues’ Theorem is tru@ ihand
only if the converse of Desargues’ Theorem is tru&in

Proor. We may state Desargues’ Theorem as: “Any two triangles watliespond-
ing vertices lying on concurrent lines have correspondidgssthat intersect in collinear
points”. The statement of the converse theorem is: “Any trangles with correspond-
ing sides intersecting in collinear points have corresprandertices that lie on concurrent
lines”. We suppose that Desargues’ Theorem holds end consider two triangles 123,
456 having corresponding sides that intersect in pointsah®9, respectively, — these
three points being collinear.
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Ficure 3.2.  The converse of Desargues’ Theorem

We are able to apply Desargues’ Theorem to triangles 275 8Adas the three lines
through corresponding vertices are concurrent at 9. Thexed, 6, and the point (¥
4)n (2 v 5) are collinear, that is, the lines through pairs of coroesfing vertices of trian-
gles 123, 456 are concurrent. Therefore Desargues’ Theior&rimplies the truth of its
converse irG.

Explicitly, we have proved: “If any two triangles with cosgonding vertices lying on
concurrent lines have corresponding sides that intergemllinear points, then any two
triangles with corresponding sides intersecting in cekinpoints have corresponding ver-
tices that lie on concurrent lines”.

The Principle of Duality for the plan® guarantees the truth of the dual statement, namely:
“If any two (triangleg with correspondingdided (intersecting in (collinear) (pointg
also have correspondingdrticed that (ie on) (concurrenj (lines), then any two tfian-
gleg with correspondingvertices (lying on) (concurrenj (lines) also have corresponding
(sides that (ntersect in (collinear) (pointg”. This just happens to be the required con-
verse of the first implication. O

In the light of the above discussion we may also revisit Cotojee 1.17. Again using
the Veblen -Young Condition we pursue the possibility ofeexting the conjecture to any
projective plangs. Suppose that 123456 is a planar hexago@ iso that the points 1, 3,
and 5 are collinear and the points 2, 4, and 6 are collinean®ach pair of opposite sides
is coplanar and, from Lemma 3.2, meet in a point. If thesetpaire collinear, then the
hexagon has given rise to a Pappus sub-geomet®. df these points are not collinear,
then the hexagon has given rise to a non-Pappus sub-geoaie®y This generalized
conjecture is historically known as Pappus’ Theorem:

Tueorem 3.15. (conjectured Pappus’ Theorem)1R3456is a planar hexagon in a combi-
natorial geometnyG so that the pointg, 3, and5 are collinear and the pointg, 4, and6
are collinear, then the opposite sidés/ 2 and4 v 5 intersect in a poin®, the opposite
sides2 v 3and5V 6 intersect in a poin¥, and the opposite sid&sv 4 and6 v 1 intersect
in a point8. Moreover, the pointg, 8 and9 are collinear.
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But, exactly as for the conjectured Desargues’ Theorerm sthhitement may not be true for
a geometnG. The Principal of Duality gives some information about itlisequences in
projective planes.

We may rephrase the conjectured theorem as: ‘Any hexagosewrrtices lie alternately
on two lines has the points of intersection of pairs of optgosides collinear.” The dual
statement is: “Any hexagon whose sides pass alternataudgirtwo points has the lines
joining pairs of opposite vertices concurrent.”

In Figure 3.3 we have sketched a planar geometry that satigfeerequirements of this
dual statement. We remark that we do not know whether thimmgéy, which we call the
“dual Pappus geometry”, is a figure. But we next prove thatogegtive plane for which
Pappus’ Theorem is valid contains dual Pappus sub-geasddut no dual non-Pappus
sub-geometry.

Ficure 3.3. A sketch of a dual Pappus geometry
Tueorem 3.16. LetG be a projective plane. Then Pappus’ Theorem is tru@ ihand only
if the following condition is satisfied. 23456is a hexagon in the plane with lindsv 2,
3v4and5v 6 concurrent, and line2 Vv 3,4 v 5and6 Vv 1 concurrent, then the linekv 4,
2v 5and3yvV 6 are concurrent.

Proor. Suppose that Pappus’ Theorem is validin Consider any hexagon 123456
so that alternate sides are concurrent with the points 7 ares@ectively as shown in
Figure 3.3. Applying Pappus’ Theorem to the hexagon 14836Tave that the three lines
through pairs of opposite sides of the hexagon 123456 arucmnt as required. The dual
of this argument completes the proof of the theorem. O

In any projective plane there are obvious, but surprisinglgful, pairings of lines with
points. This self-dual notion, traditionally called an rekentary map, leads to a strong
limitation on the number of points in any projective plane.

DermniTion 3.17. Let A be a line and a be a point not in A, in a projective plane. An
elementary map is the function associating each point x ofti\tlve line xv a through a.

. . |
It is usually written AS a.
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Ficure 3.4.  An elementary map

Lemma 3.18. The elementary map ,&L a is a bijection between the points on A and the
lines through a.

Proor. Distinct pointsx andy in A have imagex v a andy Vv a, respectively. If
XVa=yVa, thenae xvy=A acontradiction. So the function is one-to-one. If the
line X containsa, then it is the image of the poidd N A. This ensures that the function is
onto. m]

. - . .
The dual notion of the elementary mép& a is a function that associates each liXe
througha with the pointX N A on A. It is the inverse function of the elementary map

| . . | . .
A S aandis usually writtera S A tis customary to call each of these functions an
“elementary map”.

Tueorem 3.19. With each projective plane is associated a (cardinal) nunmbe 2, called
the order of the plane. Each line of the plane contains eyattt 1 points, each point
belongs to exactly m 1 lines. There are exactly’n+ n + 1 points, and exactlyd+ n + 1
lines, in the plane.

Proor. Let A, B be any two distinct lines of the projective plaGe The existence of
a four-point circuit inG is guaranteed by Definition 3.4. Among the pairwise intetiees
of the six lines determined by pairs of points of the circgitipointp on neitherA nor B.

Then consider the compositiamg p & B of a bijection from the points oA to the lines
throughp and of a bijection from the lines throughto the points orB. This composition
is a bijection from the points oA to the points ofB. This bijection ensures th#t andB
contain the same number, sayof points. Hence each line & contains the same number
of points.

The dual of this argument guarantees that each two pointsigéd the same number, say
B, of lines. The existence of the elementary ang» A ensures that = .

Letn = o — 1 =8 -1 and suppose thatis a point ofG, distinct fromp. Thenp Vv xis a
line of G. Consequently each point & is on a line througtp. There arg8 = n+ 1 such
lines. Each line containspoints distinct fromp, and none of these points is on more than
one of then+ 1 lines. Therefore the plane contaims{1)n+ 1 points altogether. The dual
of this argument completes the proof. O
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Exercise 3.20. Verify that each of the two projective planes in Example 3@ Bxercise
3.8, respectively, has the appropiate number of lines ardtpo

ExampLe 3.21. Inspection of the sketch in Figure 2.10 verifies that the Falaoe satisfies
the requirements of Theorem 3.5 and is a projective plarspédation confirms that each of
its lines contains exactly three points, and each of its fsddelongs to exactly three lines.

Exercise 3.22. Write out explicitly the proof that a projective plane of erch has exactly
n? + n+ 1lines. Check that the proof is the dual of part of the proofleédrem 3.19.

As we might expect, because of more demanding definitioerait there are far fewer
projective planes than there are geometries. There is agtig plane of ordem, for each

n = 2,34 and5, that is a plane of 7, 13, 21, and 31 points, respegtiveghston Tarry
proved in 1900 that no projective plane of order 6 exists. rélig a projective plane of
ordern, for eachn = 7,8, and 9. In 1988 a group at the University of Montreal proved,
by eliminating all possibilities with a computer searchattthere is no projective plane of
order 10. Ithas been known, for almost one hundred yeartshtie is a projective plane of
each prime power order. The famous 1949 Theorem of R.H.BxndiH.J.Ryserq] states
thatifn = 4k+1 orn = 4k+2, for some positive integés andn is not a sum of two squares,
then there is no projective plane of orderThis eliminates = 14 as a possibility — but
is of no help fom = 12. Thus the smallest order for which the question of thetents of

a projective plane is unanswered is 12. Such a plane woulel 1% points. The existence
questions for finite projective planes are mor@dilt then for infinite projective planes as
induction arguments — such as that used in Theorem 3.25 —oaavailable in the finite
case.

ProBLEm 3.23. Some people form a lunch club in order to enjoy good food amdem®
sation. They decide that each two members should go to gx@wdl lunch together; that
each two lunches should have some overlap in attendancethatdhe President, Secre-
tary, Treasurer and Auditor should attend the first lunchhgaiing (which at least a couple
of other members were unable to attend). There are fifteesppaiive members. Can the
Secretary arrange a list of lunches? If not, then what mustdfe

Solution. Suppose that the Secretary has arranged a lishofies. We writé= for the set

of members of the club. Then those attending a lunch togéthera subset oE, and we
denote the collection of these subsetddby L. We investigate whether or natis the
collection of lines of a projective plane @& As two members attend exactly one common
lunch together, Conditiohl of Theorem 3.5 holds. But we are not sure about Condition
L2, as we only are certain that two memberd.ofontain ateastone common member.
But suppose that two fierent membera andb each attend lunchds andL,. Condition

L1 guaranteek; = L,. Therefore Conditiom.2 holds.

It seems that the conditions given in Theorem 3.5 to definehiaeacteristics of a set of
lines of a projective plane are unnecessarily restrictigea weaker version of Condition
L2 would suffice to prove the Condition in Theorem 3.5. We gave it in thisreger form
to enable us to more easily see the workings of the PrincijBuality.

In order to be able to apply Theorem 3.19 to the Lunch Club wetraliow Conditions
L3 andL4 hold. We know that at least two members, sagndb, are unable to attend
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the first lunch. The only lunch thatandb both attend has one member of the first lunch
also present. Without loss of generality, we may suppogattiseneither the Secretary nor
Treasurer. We have that the $8ecretary, Treasureg, b} satisfies Conditioh3 as neither

a nor b can attend the only lunch that the Secretary and Treasutkratiend. The four
lunches attended by bothandb, by bothb and the Secretary, by both the Secretary and
the Treasurer, and by both the Treasurerlm@spectively, satisfy Conditiod.

Therefore for the Secretary to succeed in his task, theflattendees at each lunch would
need to be the lines of a projective plane. One, at least,adethines would contain at
least four points. Therefore the plane would have orderasdtld— 1 = 3 and at least
thirteen members would be required. The Secretary shothidradiscourage two of those
interested, or he should search for prospective membezdjmgsix more than the original
fifteen. Of course actually finding a projective plane of ar@ler 4 in order to arrange the
lunch attendances, may be a littlgfdiult. Perhaps Exercise 3.10 or the list of columns
given before Program 3.9 would be helpful for the Secretary. O

The following deceptively simple resubf| concerning the gregarious nature of our species
hinges on deducing that a collection of subsets of peoplgatts satisfies Conditionsl
andL2, but not ConditiorL.3, of Theorem 3.5. The simplest known proof requires the use
of eigenvalues of a matrix.

Tueorem 3.24. In a party of n people, suppose that every pair of people hastBxone
common friend. Then there is a person at the party who is adri@ everyone else.

3. Sub-geometries of a projective plane

But back to our original reason for looking at projectiverpda; we wondered if the straight
lines of planar constructions can be expected to intersBEut?leads us to ask the follow-
ing question: Is it possible for our planar figures to be sabrgetries of a projective
plane? Yes, in fact as we show in this section, any planar gagris a sub-geometry of a
projective plane.

Tueorem 3.25. Each planar geometry is a sub-geometry of some projectavespl

Proor. We prove this by constructing a suitable projective plasiatpby-pointinduc-
tively. Suppose thab is a projective plane. IE(G) does not include a four-point circuit,

then we define; = E(G) U {{1,2,3,4}}, andC; = C(G) U { all four-point subsets of;
not containing a three-point member®f. Otherwise putl;, C;) = G and suppose that,
for the natural numbem, a planar geometnig,, C,) is defined. We list the pairs of lines

that have an empty intersection in this geometry, andgut = E, 0 Xn, Wherex, is a
new point (or symbol) added to each of the first dair L, of lines that have an empty
intersection in Ep, Cy,). Also, for eacha ¢ L; U Ly, we add{a, x,} to the collection of lines
of E,. Then Proposition 3.3 ensures thatu {x,}, L, U {X,}, the setda, x,}, together with
all lines of [, Cp) excludinglL,, L, are the lines of a planar geometB(1, Cni1). It may
be helpful to think of a sketch o, 1, Cn+1) being obtained from a sketch d&q, C,) by
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adding a common point representingo both an arc representirig and to an arc repre-
sentingL,. We have inductively defined a geometB,(C,) for each natural numbaer,
withE;C...CEjC...

Let E be the set )., En = E1 O {X1, X2, ...} and letL be the collection of those subsets
of E that each consist of a line &, for some natural number, together with all points
added to it in eack,, m > n. ThenE andL satisfy the four conditions of Theorem 3.5 —
and so define a projective plane that &as a sub-geometry. O

This proof is an example of an induction argument. Thingstddne are listed, the list is
attended to one item at a time and, even though the list imatldo grow, each item listed
is attended to.

Derinion 3.26. The projective geometry of the above theorem is called éeedompletion
of the planar geometr@ and is written KG).

Exercise 3.27. Prove that KG) = G if and only if G is a projective plane.

How well-behaved is the free completion@f In order to find out we extend Definition
1.9 to include geometries.

Derinirion 3.28. A combinatorial geometry is closed if each of its points hgkoto at least
three of its non-trivial lines.

Lemma 3.29. Let G be a planar geometry. Then each closed sub-geometry of éke fr
completion KG) of G is also a sub-geometry & itself.

Proor. We argue asin Lemma 1.10. Suppose ¥t a closed sub-geometry B{G),
and suppose further thatis the last point ofX that is added during the construction of
F(G). Suppose the pointwere in, sayE, — E-1. ThenX would also be a sub-geometry
of (En, Cn). Distinct lines of X would belong to distinct lines ofe,, C,). But x would
belong to only two lines oft,, Cy)), contradicting the requirement that it is in at least three
lines of the closed sub-geomeyof (E,, C). ThusX c E; = E(G). O

Thus anything of interest in the free completion®fs already contained i@ itself. For
example, no Desargues geometry would appear as a sub-ggaueng the construction
of F(G) unless it were already i@ This causes Desargues’ Theorem to fail very badly for
free completions generally. In particular any attempt td twa planar figure in order to
construct a Desargues figure would be doomed to failure iptbgctive plane in which it
was attempted were a free completion of the initial figure.

But we notice that a planar geometry may be a sub-geometiytfefent projective planes.
For example, any four-point circu@ can be thought of as a sub-geometry of the Fano
plane, or of the free completidf(C). If G is not itself a projective plane, but does contain
a four-point circuit, then it can be shown that the free catiph F(G) contains infinitely
many points. R. P. Dilworth and others conjecture thaE(iB) is a finite set, it might be
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possible to find a finite projective plane containfB@s a sub-geometry. It is not known if
this can always be done.

Our motivation for studying projective planes is to enaldd¢aibe confident that the lines
of our world have a common point whenever possible — to enabl® carry out con-
structions of planar figures, in particular, using pencd atraightedge. We established, in
Theorem 3.25, that it is certainly possible to consider dapgr figure as a sub-geometry
of a projective plane. But will it be sensible to do so? How lde properties of projective
planes obtained as a consequence of Theorem 3.5 agree wigixperience of the world
around us? We wear a Euclidean straight-jacket of parafiesland it will not be easy to
cast it df, just as it would be diicult for fish in a pond to imagine other surroundings. Our
minds are too “immersed” in their Euclidean pond. But we il

4. An extended Euclidean plane

In this section we &iciently embed each planar figure as a sub-geometry of a nieely
haved projective plane. Until now we have agreed that we sdaiaderstand our shared
world in similar but unspecified ways. Each of us has his ooler meaning for the words
which describe the varied facets of this world. We need fethe$e words to talk of the
things which have interested us in our discussion so far ofrdig} Point, straight line
plane collinearandcoplanarvirtually exhaust the list of these words.

Some of our confidence that we do share an understandingdsd basour long exposure
at school and college to a common grounding of Euclidean gégmiThis is a particular,
and very appropiate, mathematical model of our physicabsundings. We are taught how
to think of points, of lines, of parallel pairs of straightdis, of planes, of distance, and so
on.

We first make sure that we are in agreement about our intuitiderstanding of the set of
all points of a plane of Euclidean geometry. If you are hapjith whe notion of parallel
straight lines, then you and | can proceed, for the momerth wiir exploration of the
world in terms of the combinatorial geometries of Definitid. In later chapters we will
make use of other properties of a Euclidean plane, but fomiix@ent this will sifice.

If, on the other hand, you are uncertain of your understanalithe concept of a Euclidean
plane, then we can make it more precise by introducing Qarte®ordinates . We define
a Cartesian point to be an ordered painf of real numbers. We define the Cartesian plane
to be the set of all such pairs, together with the associatguipties induced by the known
behaviour of the real number system. Further, we define aS€lart line to be any set of
Cartesian points of the forfix,y) : y = mx+ ¢, for some paim, ¢ of real numbers, or
{(a,y) : y any real number, for some real numlz@r We use the namg = mx+ c for
the first set and the nanye= a for the second set. We define two lines myx + ¢; and

y = mMpX+ C; as parallel ifmy = mp. Any two linesx = a; andx = a; are also defined to be
parallel. The simple arithmetic of simultaneous equattetis us that pairs of parallel lines
are exactly those pairs of lines which have no common pointaehgair of non-parallel
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lines sharing a point. It is straightforward to show that @ertesian plane satisfies the
requirements of Proposition 3.3. Therefore the Cartedameps a planar geometry.

It is common practice to take the Cartesian points as labétsidlidean points, allocated
by drawing axes in the usual way as in Figure 3.5.

y axis

A

(0,y) (x,y)

(0,0) (X'O)T X axis

Ficure 3.5.  Cartesian coordinate axes

It is our understanding, based on much experience, thap#iitng of Euclidean points
with their Cartesian labels, usually called “Cartesianrdotates”, is an isomorphism be-
tween a Euclidean plane and the Cartesian plane. If thiseis#ise, then the two are
essentially “the same”. This gives us the opportunity todpthe forces of algebra to bear
on our geometric problems, and conversely gives us the @ymbr to gain insight into
algebraic questions via geometry.

So strong is our belief in this ismorphism that we blur theidion between the two,
talking of “the Euclidean pointx,y)” rather than “the Euclidean point with labet,{)".
The computer drawing program that you used in Constructid8,land elsewhere, treats
each point as a pair of real numbers. The program uses thenatic of the real number
system to obtain its lines and points, even though the appeaiof its screen does not give
this impression.

The question of the appropiateness of Euclidean geometrydascription of our world is
thus bound up with the corresponding question of the sliyabf the real number system
for our arithmetic. Translating our geometric questiorts ialgebraic terms is no magic
solution. This translation gives equallyfiicult questions about the structure of the real
numbers. But it is another useful tool in our kit-bag.

We turn now to the construction of a projective plane thattaims all the figures in any
given Euclidean plane. We denote the Euclidean plan&byls it a projective plane?
Certainly Conditiond.1, L3 andL4 of Theorem 3.5 hold for the collection of lines, and
ConditionL2 almost holds. Conditioh?2 fails only for pairs of parallel straight lines.
Perhaps we could enlard# a little so that the enlarged geometry satisfies Conditidn
and is a projective plane. If we add a new element to the sepiotpof E2, and add the
element also to each of two parallel straight lines, thentwelines would then satisfy
ConditionL2.
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Derinrrion 3.30. Let L be a straight line of E Consider all straight lines of Eparallel to
L. We choose a symbol, and call it the “direction”, or “ideabmt”, or “point at infinity”,
of each of these straight lines.

We add this symbol to the points &, and we repeat the process, defining a new symbol
for each family of parallel straight lines (see Figure 316t E be the set consisting of all
the Euclidean points dE? together with all the directions defined in this way.

We next enlarge each straight lihe and each straight line parallel kg by the inclusion
of their direction. This symbol is not added to any other line

DerintrioN 3.31. Let L be a straight line of E The set obtained by enlarging the set L of
Euclidean points by the inclusion of the direction of L is ateeded Euclidean line. We
call it the extension of L.

Each extended Euclidean line is a subsedE péxtensions of two non-parallel straight lines
intersect in a Euclidean point, and extensions of two palratraight lines intersect in a
direction. Therefore the sé together with the collection of extended Euclidean lines
satisfies Conditioh2 of Theorem 3.5.

ConditionsL3 andL4 are also satisfied, and conditiad almost holds. There is clearly
exactly one extended Euclidean line containing any two iHaah pointsa andb. Like-
wise, ifais a Euclidean point anldis a direction, then there is a unique extended Euclidean
line througha in the directionb. But there is no extended Euclidean line containing two
ideal points. We can remedy this defect by adding one moee Tihis line consists exactly

of the set of all directions to our proposed collection oéBn

Derinirion 3.32. The ideal line, or line at infinity, of Eis the set of all directions of £

Now we check that these are indeed the points and lines ofjeqbixe plane.

Proposition 3.33. Let E? be any Euclidean plane. Let E be the set consisting of the Eu-
clidean points and the directions ofEIf L is the collection of subsets of E consisting of
all extended Euclidean lines oP&nd the ideal line of E thenL is the collection of lines

of a projective plane on E.

Proor. The unique extended Euclidean line that contains twordisEuclidean points
a andb is the extension of the straight line that conta@rendb. The ideal line contains
neithera norb. Soa andb belong to exactly one common membeniofThe unique ex-
tended Euclidean line containirmgand a directiort is the extension of the unique straight
line througha in the directionc. Again, the ideal line does not contadn Soa andc
belong to exactly one common memberofFinally, we note that no extended Euclidean
line contains two directions, but that the ideal line does.hW&ve shown that the collection
L satisfies Conditiol1 of Theorem 3.5.

Two non-parallel straight lines have extensions whosesetgion is exactly the common
Euclidean point of the straight lines. The extensions of paoallel straight lines each
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contain a common direction, but the extensions have no efleenent in common. Any
extended Euclidean line shares one direction with the iiteal Consequentl. satisfies
ConditionL2 of Theorem 3.5.

Any four-point circuit{1, 2, 3, 4} of E? satisfies Conditio.3. The circuit determines the
Euclideanlines ¥ 2, 2v 3, 3v 4 and 1v 4 whose extensions satisfy ConditibA. O

Derintrion 3.34. We call the projective plane of Proposition 3.33 the exteilaclidean
plane obtained from the Euclidean plané &d denote it by EE

Lemma 3.35. The set of circuits of EEconsists of each collinear three-point subset of
Euclidean points, each three-point set consisting of twdiBaan points and the direction
of the straight line through the two, each three-point setigctions, and each four-point
set not containing any of these three-point sets.

Proor. The list of circuits comes directly from Theorem 3.5. O

Tueorem 3.36. The Euclidean plane Hs a sub-geometry of the extended Euclidean plane
EE2

Proor. The circuits of the sub-geometry on the Euclidean pointE%$pecified by
Lemma 3.35 are those that we agreed on in Definition 1.21 agrtgts of the euclidean
planeE?2. Therefore the two geometries are one. O

Now we return to our discussion at the beginning of this chiapisking ourselves whether
a Euclidean plane, or an extended Euclidean plane, is the appropriate “surrounding”
for our paper — that is for the drawings of Chapter 1.

The choice is between two planar geometries. The first clisieeEuclidean plan&?.
The advantages of choosifig are our familiarity with it and the simplicity of drawing us-
ing just a pencil and a straightedge (that is, an unmarkes)tuAgainst these advantages
we have the disadvantage of two straight lines in our attethgtawings not necessarily
containing a common point. The second choice is an extendelidEan plan€EE2. The
advantage of choosing it is the certainty that any point tdrsection called for in a con-
struction will exist. The choice is betweeyfine geometnandprojective geometr{where
the special nature of parallel lines is overcome). We ar@sing the “pond” in which we
work and think.

For the moment we will seledE? as the natural home of planar figures. We will look
back from time to time to see if this choice is paying. &So from now on we extend the
meaning ofplanar figuregiven intuitively in Chapter 1 to include all sub-geomedriaf
EE? — not just those contained . In other words we allow drawings that may include
directions.

DerintTion 3.37. A planar figure is a sub-geometry of some extended Euclidisere p
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It is true, although we will not prove it here, that any finiteupar figure in this extended
sense can be drawn entirelyBs, that is, it is also a figure in the original sense.

We call any set of extended Euclidean liness@? that have a common directigrarallel.

In the context of an extended Euclidean plane their commuettidn is a point of the
geometry. Thus extended Euclidean lines are parallel if@niy if they are extensions
of parallel straight lines. Thus we may talk of “parallelds without confusion. The
notationA||B continues to mean that the lindsandB are parallel. As is customary, we
indicate this in drawings by drawing the same number of asheads on each & andB.
Thus in Figure 3.6 the first two lines are parallel, as areaketivo.

\ // A/dyirection
\‘@on //

Ficure 3.6. A notation for directions and parallel lines

We represent the direction of a line by a double-headed amod the ideal line by the
symbolL.. Thus in Figure 3.6 the first direction belongs to each of tte fiair of lines,
and the second direction belongs to the second pair. We ase tiotations in a drawing
of any figure that includes ideal elements. For example, fiwbe figures of Figure 3.7
contain directions.

ExampLe 3.38. Figure 3.7 contains thre@-point circuits, three triangles and two pen-
tagons.

ConstrucTioN 3.39. Draw four examples od-gons in EE with, respectively, no-, one-,
two adjacent-, and two opposite-, vertices ideal.

We want to take advantage of guaranteed points of inteaseofi pairs of lines. We can
now ask, with assurance, for the intersection of any paiinafsl of a planar figure. But
how do we carry out constructions quickly and reliably?

5. Pencil and roller constructions

What recipes or constructions can we carry out — and whastdolwe need to carry
them out — in an extended Euclidean plane? In this sectioms@ear these questions. A
hint can be obtained from the following result, traditidg&nown as “Playfair's Axiom”.
The axiom was introduced in a textbook on geometry (5B puthored by the English
teacher John Playfair (1748-1819). This textbook is sigaift for including a translation
of the first six books of Euclid’s “Elements” into the Engligtnguage .

Lemma 3.40. (Playfair's Axiom) Through any given Euclidean point p there is a line
parallel to a given line L.
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Ficure 3.7.  Examples of figures in an extended Euclidean plane

Proor. In the language of extended Euclidean planes we are clgithiat there is
exactly one line through two given points. This is exactlyn@ition L1 of Theorem 3.5
for the two pointsp and the direction oE. O

This suggests that the appropriate tools for constructiorB8E? are pencil andoller.

A roller was an indispensable instrument of book-keepethéndays before mechanical
setting-out of accounts books was possible. It is a smodihdsr that enables us to draw
a line through two Euclidean points (using it exactly as aightedge, or unmarked ruler),
or to draw a line through a Euclidean point and a directioadjpig it in the right direction
and rolling it until it is on the point and then drawing thed)n It also enables us to tell if
two lines are parallel, by placing it on one and rolling ithe other. If they are not parallel,
then, by using the roller as a straightedge, we can locatetbesection point. In other
words a roller and a pencil enable us to do exactly what we kisqossible inE E> —
drawing the lines guaranteed to exist by Conditidn and locating the points guaranteed
to exist by ConditiorL2 of Theorem 3.5. Summing up, we have the following theorem:

Tueorem 3.41. The constructions that are always possible in any projectilane are a
line through two points and a point of intersection of twaekn In an extended Euclidean
plane these are exactly the constructions possible witltipand roller.

We practice with our new drawing implements in the followganstructions.
ConstrucTion 3.42. Draw, using a roller and pencil, the fow-gons of Construction 3.39.
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ConstrucTtion 3.43. Assuming Desargues’ Theorem to be true for any extendeddeacl
plane, devise a construction, using roller and pencil, fddesargues figure that contains
exactly one ideal point. Draw the figure.

ConstrucTion 3.44. Assuming Desargues’ Theorem to be true for any extendeddeacl
plane, devise a construction for a Desargues figure thataiostexactly three ideal points.
Draw the figure.

ConstrucTioN 3.45. Let us assume Desargues’ Theorem to be true.

Let L and M be two lines which do not intersect on the page, abd @ point neither in L
norin M.

Mark a point,0, on the page. Draw lines A, B, and C through the pdintLabel the
intersection of A and L b¥, the intersection of A and M B the intersection of C and L
by 3, and the intersection of C and M Iy Draw pv 1 and pv 4. Then labe(pv 1)n B
by2and(p vV 4)n B by5. Draw lines2 v 3and5 vV 6. Label the poinf2v 3)n (5V 6) by

b. Draw the line pv b. Verify that the line v b obtained by the construction is concurrent
with L and M.

Notice that formally this process is just that required itvsm Problem 1.14. But it
broadens Problem 1.14 as we are now able to use poifE&Efn— not merely points in
E2. We need not worry whether or not lines are parallel, for examif A andL are
parallel, then 1 is a direction. Thus we drga 1 with roller and pencil by placing the
roller alongL, rolling it to p, and drawingp v 1.

Our use of extended Euclidean planes enables us to see thgtapparently dferent
figures are really examples of the same figure. For examm@elibve construction covers
different possibilities. The given lindsandM could be parallel as in Figure 3.8, or the
given pointp could be a direction as in Figure 3.9.

Y

Cp

N
>

Ficure 3.8.  Parallel lines and a Euclidean point

In each case Construction 3.45 gives the required line girdle pointp.

6. Coordinatizing an extended Euclidean plane

In this section we begin with the usual Cartesian coordmafeeach Euclidean point of
an extended Euclidean plane. Using them we attach labelstb@goints of the extended
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Y

'g{p

Ficure 3.9.  Non-parallel lines and a direction

Euclidean plane. The extension enables us to transformtignesabout geometry into
questions about arithmetic anite versa

We attach labels to the points as follows. Each label is arreditriple of real numbers.
The point having Cartesian coordinates y( is labeled (1x,y). The direction of the line
y = mx+ cis labeled (01, m). The direction of the linex = ais labeled (00, 1). We go
further, giving more than one label to each point by allotgthe label K, kx, ky), for each
non-zerdk, to the point §, y), and the label (k, km), for each non-zer, to the direction
of the liney = mx+ ¢, and the label (0, k), for each non-zerg, to the direction of the
line x = a. We sum up this process in the following lemma.

Lemma 3.46. Each ordered triple of real numbers, not all of which are zesa label
of exactly one point of a given extended Euclidean plane.ryEpeint of the extended
Euclidean plane is labeled. Two ordered triples, x1, X2) and (xg, X;, X;) label the same
point exactly when kx= x;, kx, = x; and kx = x;, for some non-zero real number k.

Proor. If xg # 0, then the triplexo, X1, X2) labels the Euclidean poink{/Xo, X2/ Xo). If
Xo = 0, andx; # 0, then o, X1, X2) labels the direction of = (X2/X1)X. If bothxg = x; =0
then (o, X1, X2) labels the direction o = 0. O

Derinition 3.47. The ordered triple of real numbers that make up any label obiatas
called a set of real homogeneous coordinates of the point.

It is also convenient to label lines, as follows. The extehlileey = mx+ cis labeled by
any ordered tripleKc, km —k], for any non-zero real numbér The extended lin& = ais
given the labelka, —k, 0], for any non-zero real numbkr The ideal line is given the label

[k, 0, 0], for each non-zero re&l We use square brackets in order to distinguish labels of
lines from labels of points.

Lemma 3.48. Each ordered triple of real numbers, not all of which are zésoa label of
exactly one line of a given extended Euclidean plane. Eaehdf the extended Euclidean
plane is labeled. Two ordered tripl§go, X1, Xo] and[xg, X}, X;] label the same line exactly
when kx = xi,kx = X; and kx = X, for some non-zero real number k.

Proor. The proof is analogous to that of the previous lemma. O
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The justification for this seeminglgd hocallocation of labels is the simplicity of the
associated arithmetic of an inner product space.

Let us writeR® for the three-dimensional vector space on the(6et X1, Xo) : eachx; is a
real numbey, with respect to component-wise addition, component-wigkiplication by
scalars, and a component-wise inner product.

Thus: (o, X1, X2) + (XG, X, X5) = (Xo + X0, X1 + X), X2 + X5),
a(Xo, X1, X2) = (axo, ax, ax), and

(X0, X1, X2).(Xg, X, X5) = XoXg + X1X; + X2X), for each real numbea, and for each pair of
members o, X1, X2) and (), X}, x;) of R®.

We now regard each two-dimensional subspac&béis the set of its one-dimensional
subspaces, giving the following geometry.

Tueorem 3.49. If E is the set of one-dimensional subspaces®BRdL is the set of two-
dimensional subspaces of, Rhen E and_ are the sets of points and lines, respectively, of
a projective plane. We call this geometry the real homoges@tane.

Proor. The setsE andL satisfy Conditiond 1 to L4 of Theorem 3.5, ensuring the
existence of the required projective plane. O

ProrosrTion 3.50. Each extended Euclidean plane is isomorphic to the real lygmmeous
plane.

Proor. Let p be a given point of an extended Euclidean plane. There isquarine-
dimensional subspace Bf that contains any label gf. Pairp with this subspace. To show
that this pairing is the required isomorphism we need tobdistathat it induces a pairing
of circuits as required by Definition 2.63. This is done in aes@y-case investigation of
the circuits of the extended Euclidean plane listed in Len3/®%. We require a set of
labels of a circuit ofh points to span am(- 1)-dimensional subspace Bf, forn = 3, and
for n = 4, and conversely. We will not do this. O

As a consequence of this isomorphism we identify the twoqmtdje planes, giving the
following simple algebraic tests in any extended Euclidglane.

ProposiTion 3.51. In an extended Euclidean plane a po{m, X1, X2) belongs to the line
[X5, X1, X5] if, and only if, %X + X1 X] + XX, = 0.

Three pointgXo, X1, X2), (X, X1, X5), and(xy, X{, X7) are collinear if and only if the deter-
minant(t) is zero.
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() Xo X1 X
X X%
X X X

Three linegxo, X1, X2], [X(, X}, X5], and[xg, X{', X;] are concurrent if and only if determi-
nant(¥) is zero.

Proor. The inner product ob(, x1, X2) and g, X3, X5) is zero if and only if &o, X1, X2)
is orthogonal tox, X;, x;). From the definition of¥y, X}, X,] we have that this is equivalent
to (xo, X1, X2) belonging to the two-dimensional orthogonal subspadddhhe line labeled
[X5, X1 X5]. The second test is a restatement of the requirement trest tollinear points
belong to a common two-dimensional subspad@®ofThe last test follows from the second
after noting that Xo, x1, Xo|, [X5, X}, X5, and [x5, X7, X;] are concurrent if and only if a
non-zero member dR® is orthogonal to each ok, X1, X2), (X5, X;, X5), and &g, X7, X5).
This requires the three vectors to belong to a two-dimemsisubspace dr®. O

Proposition 3.51 reduces questions about an extendeddeaaliplane to questions in the
arithmetic of a real inner-product space — a highly satisfigcstate of &airs. It gives us
two possible methods of investigating any problem we meet.

ExamrLE 3.52. The point that has Cartesian coordinatgs 8) has homogeneous coordi-
nates(1, 5, 8). The line through0, 2) with slope3 has homogeneous coordinafgs3, —1].
The inner productl x 2+ 5x 3+ 8 x (-1) = =9 # 0. Therefore the poinf5, 8) is not on
the line.

The new techniques we have developed above enable us ttigateDesargues’ Theorem
successfully in any extended Euclidean plane.

Lemma 3.53. Let three distinct points of the real homogeneous plane limear. Then
their labels(ap, a1, a2), (bo, b1, b2), and(co, ¢, C;) can be chosen so that & b; + ¢, for
eachie {0, 1, 2}.

Proor. The three points are collinear. Consequently their labedslinearly depen-
dent. The result follows on division by the non-zero & nt of the label of the point
labeled by &, a1, a2). O

Tueorem 3.54. Desargues’ Theorem holds in the real homogeneous progptane.

Proor. Consider any pair of triangles, whose pairs of correspumneertices belong
to concurrent lines as partially shown in the sketch in Fegdul0 Using Lemma 3.53 we
choose the labels so thap(as, az) =(Xo, X1, X2) + (X(, X, X5) = (Yo, Y1, ¥2) + (Yo, V1. Vo) =
(20, 21, 22)+(%), Z,, Z,). ThereforeYo, Y1, Y2)—(20, z1. 22) = (%), Z. Z)— (Yo, V1. Vo), (20, 21, 22)—
(XO’ X1, XZ) = (Xé)a Xia X’z) - (%’ 4’ ZZ), and Q(O’ X1, X2) - (YO, Y1, y2) = (yEy ya_’ ylz) - (Xé)a X;_’ Xlz)
Each side of these equations is a name for the intersectitwooforresponding sides of
one of the two given triangles, as each is a linear combinatigoints in a side and there-
foreitself in the side. The sum of, say, the lefthand siddh®three equations is zero, that
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Ficure 3.10.  Proving Desargues’ Theorem

is the three intersections belong to a two-dimensionalgates— they are collinear in the
plane. O

Exercise 3.55. Prove that Pappus’ Theorem holds in the real homogeneounepla

We have made some progress. If we agree that the real honmgepmjective plane is

isomorphic to any extended Euclidean plane, then we hawerstimt Desargues’ Theorem
holds for our planar figures. If not, then we must wait a litdager. The question of the

truth of Desargues’ Theorem for non-planar figures remmairsswered. Let us press
on and answer another question that has been bothering us.

7. Sylvester's Theorem and the Fano plane

In this section we finally lay the question of whether each loimtorial geometry is a
combinatorial figure to rest. We have been a little vague tlvbether certain geometries
are figures. We are still undecided about the Fano plane ximanple. However, in 1893
the Irish mathematician J.J. Sylvestér[ 17, [14, page 65] asked if there are, in any finite
non-linear but planar collectidi of Euclidean points, two points that are not collinear with
any other point oE. In 1944 T. Gallai proved that the answer is in threative. Any
drawing of a finite projective plane of ordewould haven+ 1 points on each straight line.
Consequently, no sketch of any finite projective plane isaavirg of the plane. Sadly, no
finite projective plane is a figure. So our attempts to drathgiathan sketch, a Fano plane
will always fail.
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We prove a version of Sylvester's Theorem thdtisas for our purposes.

Tueorem 3.56. No finite projective plane is a figure.

Proor. Suppose to the contrary that some finite projective plaseatgrawing. Con-
sider the following four Euclidean points of the drawinge tfarthest to the right of the
page (labeled 1), the farthest to the left (labeled 2), thbéddét on the page (labeled 3), and
the lowest on the page (labeled 4). From Lemma 3.2 we knowlthdtand 2v 3 intersect
at a point 5 of the projective plane. By our choice of 1, 2, 3] drwe deduce that 5 is an
ideal point as shown in Figure 3.11.

N

Ficure 3.11.  An attempt to draw a Fano plane

In this way we show also that\1 3 and 2v 4 intersect in an ideal point 6. The ideal line
5v 6 belongs to the drawing and intersects2lin an ideal point 7. The line\37 intersects
1v 4in a Euclidean point. This contradicts the choice of thenpbi Our assumption that
a drawing is possible has lead to a contradiction, and so beugtrong. We have proved
that there is no drawing of any finite projective plane in ateegled Euclidean plane. o

CoroLrLary 3.57. A Fano plane is not a figure.

The broader implication of Theorem 3.56 is important endfioghus to state separately.

Tueorem 3.58. Not every geometry is a figure.

8. Summary of Chapter 3

We have examined, in some detail, projective planes. Thegg@nar geometries in which
each two lines intersect non-emptily. We showed that evéaggy geometry is a sub-
geometry of a projective plane. In the case of planar figureglid this quite &ciently

in an extended Euclidean plane. This guarantees our atblibpnstruct figures by the
use of roller and pencil. Our introduction of homogeneousrdimates gives us another
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method of proof, and establishes a link between geometrib &ind algebraic truth. We
also established that geometries other than figures dao exist
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CHAPTER 4

NON-PLANAR GEOMETRIES AND PROJECTIVE
SPACES

We decided in Chapter 3 that an extended Euclidean plane agsgenient and realistic
surrounding for the planar figures we draw on paper. Althomghworld is not confined
to the page, the methods of Chapter 3 guide us in this chapter &ppropiate setting for
non-planar figures.

1. Projective spaces

In this section we formulate some desirable properties afplanar geometries. We then
investigate in more detail those geometries that possess firoperties. When construct-
ing figures, we want straight lines to intersect whenevesarable, that is, in the case that
the straight lines are coplanar. This we know to be equitatethe truth of the Veblen-
Young Condition. But experience suggests that a straigbtdind a plane may also share
a common point. As is the case for two coplanar straight Jioedy the possibility of
parallelism seems to stand in the way of constructing suanamon point.

The following condition on the circuits of a combinatoriaametryG ensures that each
line and each plane of the geometry have a non-empty intégeec

DerintioN 4.1. (Strong Veblen-Young condition){lf’, 2/, 3’, 4’} is a four-point circuit in
the combinatorial geometr§, then there is a poind’ of the geometry so thdl’, 2,5’}
and{3’,4’,5} are circuits. If{1, 2, 3,4, 5} is a five-point circuit inG, then there is a point
6 of the geometry so thdl, 2, 6} and{3, 4, 5, 6} are circuits.

We prove in the following lemma that this is indeed exactly tondition we require.

Lemma 4.2. Let G be a combinatorial geometry. Then the Strong Veblen-Youmgli©ion
holds inG if and only if both

(i) Each two coplanar lines d& contain a common point, and

(i) Each line and plane o6 contain a common point.

Proor. First suppose that conditions (i) and (ii) hold in the getm&. Further sup-
pose that{1’,2', 3,4’} is a four-point circuit ofG, and that{1, 2, 3,4,5} is a five-point
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circuit of G. Then, from Lemma 3.2, we have that there is a poirscbthat{1’, 2, 5’} and
{3',4',5'} are circuits.

It follows from (i) that the line 1v 2 intersects the plane\34 v 5 in some point 6. If
6 and 1 were the same point, thgn3, 4, 5} would contain a circuit. If 6 and 3 were the
same point, thefil, 2, 3} would be a circuit. Therefore, the pointéb{1, 2, 3,4,5}. Thus
the point 6 is in the line ¥ 2 and{1, 2, 6} is a circuit. Also, 6 is in the plane34 v 5
and, from Definition 2.15, there is a circ@twith 6 € C C {3, 4, 5, 6}. If the point 3 were
not inC, then{4, 5, 6} would be a circuit. Hence the Elimination Condition wouldsere
that (1, 2,6} U {4,5,6}) — {6} = {1, 2,4, 5} contained a circuit. Butl, 2,3, 4,5} is itself a
circuit. Hence, the only remaining possibility is tH&t4, 5, 6} is a circuit. Thus we have
shown that conditions (i) and (ii) together imply the Stroredplen-Young Condition.

Conversely, suppose that the Strong Veblen-Young Comdit@ds inG, and thatl is a
line, andP is a plane, of5. We may writeL = 1v 2 andP = 3v 4 v 5 for points 1, 2, 3,

4 and 5. There is nothing to prove if two of the points are eqifithe set{1, 2, 3,4,5}is a
circuit, then the existence of &P N L is assured by our assumption. If the ge®, 3, 4, 5}

is not a circuit, then, by Conditio@2 of Definition 2.1, it properly contains a circuit. If
{1, 2,3} is a circuit, then the point 3 is iR N L. If {1, 3,4} is a circuit, then the point 1
isin PN L. The set{3,4,5} is not a circuit as the three points 3, 4 and 5 were chosen to
be non-collinear. If1, 3, 4,5} is a circuit, then the point Lis i n L. If {1,2,4,5}is a
circuit, then the first part of the Strong Veblen-Young Cdioti enables us to use Lemma
3.2 to prove the existence of a common point of the lines2l= L and 4v 5. Noting
that 4v 5 ¢ P, we have shown tha® andL have a common point. Hence the Strong
Veblen-Young Condition implies conditions (i) and (ii). O

We cannot get a stronger result than that given in Lemma Ai.i$ because Lemma 2.25
ensures that a plane and any line not in the plane intersedtritost one point. We now
examine combinatorial geometries for which the Strong &ebfoung Condition is valid

Derinition 4.3. A projective space is a geometry that satisfies the Strongeetobung
Condition and has at least one five-point circuit.

As we would hope and expect, projective planes and progstaces are closely related.

Lemma 4.4. Each plane of a projective space is a projective plane anchdae of a
projective space is non-trivial.

Proor. Let P be a plane of a projective spaG ThenE(G) contains some five-
point circuit{1, 2, 3,4,5}. Without loss of generality, the point 1 is not in the plape
From Lemma 4.2 we have that {1i) N P is a point , say’, for eachi = 2,3,4,5. The
four points 2, 3, 4, and B are coplanar. If, for exampl¢?’,3’, 4’} were a circuit, then
{1,2,3,4} c 1v 2’ v 3, ensuring that1, 2, 3,4} would contain a circuit. But this is not
the case. Similar arguments show that no three-point sabgét, 3',4’,5'} is a circuit.
Thus{2’,3, 4,5} is a circuit inP. This, together with the first part of the Strong Veblen-
Young condition, guarantees thRsatisfies Definition 3.4 and hence is a projective plane.
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Lemma 2.22 ensures that each lineg®belongs to a projective plane and is consequently
non-trivial. O

In Chapter 3, following Proposition 3.3, we referred to thstfand the last figures of Figure
1.3. The two geometries are on the same set of points and hesaine list of lines. But

one is planar and the other is not. This example establistegshe collection of lines

alone cannot uniquely specify a combinatorial geometrigasithe geometry is known to
be planar. We also need information about the collectionlarfigs of the geometry. We
now collect together some properties of the lines and plahascombinatorial geometry
with a view to finding a list of properties that will charads two collections of subsets
of a setE as the lines and planes, respectively, of a projective spaée

ProposiTion 4.5. In any non-planar geometry, (i) each two points belong tocéyeone
line, (ii) each two planes contain at most one line, (iii)wWd points belong to a plane,
the line containing both is also in the plane, (iv) if two pésncontain some point, any
line contained in both also contains the point, (v) each,lexed point not belonging to it,
belong to exactly one plane, (vi) each line and plane notaioirig it contain at most one
common point, and (vii) there are four points not belongimg@ny one plane.

Proor. These results follow, in order, from Theorem 2.7, Lemma&2l2mma 2.21,
Lemma 2.22, Lemma 2.25, Theorem 2.27 and the existence oé-gdint circuit in the
geometry. O

In aresult analogous to Theorem 3.5, we specialize thesdresgents and thereby charac-
terize a projective space in terms of properties of the ctitle of its lines and the collection
of its planes.

TueoreMm 4.6. Let a set E, a collectio. of subsets of E, and another collectiénof
subsets of E, satisfy the following eight conditions.

Condition L1: Each two elements of E belong to exactly one common member of
Condition P1: Each two members &f contain exactly one common membetof

Condition P2: If two elements of E belong to a membeithen the unique member of
L containing both is also a subset of this membép.of

Condition P3: If two members oP contain some element of E, then the unique member
of L contained in both also contains the element of E.

Condition P4: Each member of , and element of E not belonging to it, are contained in
exactly one member &

Condition P5: Each member of and member o not containing it contain exactly one
common element of E.
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Condition P6: The set E contains a subset of five elements, no four of themdieg to
any one member ¢.

Condition P7: The sefP contains a subset of five elements, no four of them contaamipg
one member of E.

Suppose tha€ = {C : |C| = 3 and C is a subset of a memberlofu {C : |C| = 4, C

is contained in a member &, and no three elements of C belong to any one member of
L} U{C : |C| = 5and no four elements of C belong to any one membej.oflenC is the

set of circuits of a non-planar geometry on the set E. Thisigeoy is a projective space,

its lines are exactly the memberslafand its planes are exactly the member®of

Conversely, the sdt of lines and the seP of planes of any projective space satisfy the
eight conditiond.1, andP1to P7.

Proor. We first suppose that the eight conditions hold, and we ptloaeE, C) is a
combinatorial geometry. Clearly the requireme@its C2, andC4 of Definition 2.1 hold
for the collectionC. Exactly as in the proof of Proposition 3.3, we see that twedkpoint
circuits that share two common elements satisfy the ElittonaCondition. If two distinct
setsC; andC,; are both members & and|C; U C,| = 4, then this is the only possibility.
Suppose tha € C; N Cs.

If |C1 U Cy| = 5, then the possibilities are; firgds| = |Co| = 3 and|Cy N Cy| = 1; second
|C4| = 3,|Cs| = 4 and|Cy N Cy| = 2; and thirdCy| = 4 = |Cy| and|Cy N Cy| = 3.

In the first case we may writ€; = {a,b,c} andC, = {a,d,e}. On the one hand, i€;
andC; are both subsets of the same memberf L, then{b, c,d} C L, also ensuring that
(C1UCy) —{a} 2 {b,c,d} € C. If on the other handC; C L; andC; C L, # L, then

there is a membeéP of P that contains botlh, andd, and therefore contairssandd, and
thereforel,. Thus{b, c,d, €} is in P, and therefore contains a membeiQf

In the second case we may wrifg = {a,b,c} c L e L,C, ={ab,d,efc PeP. As
a,be PandL c P, then{b, c,d, e} is a subset oP and consequently contains a member of
C. Inthe third case we may writg; = {a, b, c,d}, C, = {a, b, ¢, €} and there is one member
L of L containing botta andb and one membéd? of P containing bottL andc, and thus
containing{a, b, ¢}. Henced ande are also both ifP, and{b, c, d, e} contains a member of
C.

If |IC, UCy > 6, then C; U Cy) — {a} contains a member d. ThusC satisfies the
Elimination Condition and is the collection of circuits ofiaique geometr onE.

From ConditionP5 we have that the empty set is not a membek off a single-element
subset o were a member df, then, from ConditiorP5, every member o would con-
tain this single element. This rules out the possibility oih@itionP7 holding. Therefore
each member df contains at least two distinct elementsofEach pair of distinct points
a andb of G therefore belongs to exactly one line @fand to exactly one member of
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L. Each line and each member lofoccurs in this way. The defining property above of
three-point circuits irC guarantees that € (aVv b) — {a, b} if and only if {a, b, x} € C if

and only ifx € L — {a, b}. Thus the uniqgue membérof L that containga, b} is also the
lineaVv band so the lines of are exactly the members bf Similarly the member oP
containing three non-collinear poirdasb andc is the planea v b v ¢, and the planes d&

are exactly the members Bf FromP6 we have that the geometry is non-planar, and has a
five-point circuit.

LetL; andL; be two distinct lines contained in some pldhe-or any poinfnot contained

in the planeP, the planed?; = aVv L; andP, = aV L, intersect in a line.. This lineL
intersects the planP in a pointb, andb is in each of the planeB;, P,, andP. As

L; = Pn Pg, we know thatb € L;. Similarlyb € L, and soL; andL, have a common
point. This, together withP5, enables us to use Lemma 4.2 to prove the Strong Veblen-
Young Condition. Thu§ is a projective space.

Conversely, in any projective space with the ketdf lines and the se® of planes, the
conditionL1 follows from Theorem 2.7, the conditidR2 is a consequence of Lemma
2.21, the condition®4, P5 andP6 follow from Lemma 2.22, Lemma 4.2, and Definition
4.3 respectively. Suppose thatandQ = x v y v z are any two planes of the projective
space. Their intersection is at most a line and, without tdsgenerality,x ¢ P, and so
XV yandxV zintersectP in two points, fromP5. It follows from Lemma 2.21 tha® N Q

is exactly a line, ensuring the truth Bfl. The last requiremenE?7, follows by choosing
five of the planes defined by each three-point subset of a fugt-pircuit of the projective
space. O

We can consequently be certain that, if the planes and lihascombinatorial geometry
satisfy the eight conditionisl, andP1to P7, then the geometry is a projective space and,
from Lemma 4.2, each two coplanar lines of the geometry nreatpoint and each line
and plane of the geometry meet in a point.

Exercise 4.7. The circuits of the geomet(§, C) of Exercise 2.41 are exactly all the five-
point subsets of E. Prove théi, C) fails badly to be a projective space.

Exercise 4.8. Consider the claim that the following columns of numberstaeeplanes of
a projective space on the fifteen point setEO, 1,. .., 14}.

0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14
1 2 3 4 5 6 7 8 9 10 11 12 13 14 O
2 3 4 5 6 7 8 9 10 11 12 13 14 0 1
4 5 6 7 8 9 10 11 12 13 14 O 1 2 3
5 6 7 8 9 10 11 12 183 14 O 1 2 3 4
8§ 9 10 11 12 13 14 0 1 2 3 4 5 6 7
10 11 12 13 14 0 1 2 3 4 5 6 7 8 9

Assuming the claim to be correct, and using Condifdrof Theorem 4.6, list all the lines
of the projective space. List those lines that are in the plamnsisting of the points of the
first column. Do you recognize this planar sub-geometry eftojective space?
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The numbers of planes and points in the above example, tgeith the nature of the
eight characterizing conditions of Theorem 4.6, suggestpibssibility of some form of
Principle of Duality for projective spaces. This is indebd tase and, as for projective
planes, we can use it in proofs. The following changes lelagesight conditiond,1 and
P1to P7, in toto unchanged.

DernTion 4.9. The dual of any statement about points, lines and planes objeqiive
space is the statement obtained from the original staterbgnhterchanging the words
“point” with “plane” and “belong to” with “contain”.

Tueorem 4.10. (Principle of Duality for Projective Spaces) If, in a projective space,
“theorem B” about the space is a logical consequence of “asption A”, then also “the
dual of theorem B” is a logical consequence of “the dual ofiaaption A”.

Proor. Theorem B is logically derived from its starting assumpsi@and conditions
L1 andP1to P7 and each step in its proof is stated in terms of “point”, “fingplane”,
“belong to” and “contain” and terms used in assumption A. & make the above inter-
changes throughout its proof (in particuldr andP1 being interchanged?2 andP3 being
interchangedP4 andP5 being interchanged arfé6 andP7 being interchanged), then we
obtain a valid argument for the dual theorem from the duatispassumption. O

The following proof illustrates the use of the Principle afdity for Projective Spaces.

Lemma 4.11. If G is a projective space, then the intersection of each thraags ofG is
either a point or a line.

Proor. We know from Definition 2.15 and Theorems 2.17 and 2.7 timag combi-
natorial geometry, and particularly in a projective spahege points belong to a unique
plane unless they are collinear. If the three points aréneadt, then they belong to a
unique line. Using the Principle of Duality for Projectivp&es: threeplanes (contain
a unique point) unless theydontain a common lifein which case theydpntain only this
line). O

In Chapter 3 we used the fact that each two lines have an @utoa point to pair the
points on a line with the lines through a point, using the @&rtary map of Definition
3.17. Bearing in mind the properties listed in Theorem 4n@,the Principle of Duality for
Projective Spaces, we could obtain results analogous tori@m18 and Theorem 3.19.

Exercise 4.12. Make a guess at a bijection that could play a role in a projeetspace
analogous to that of an elementary map in a projective plthake a guess at statements
of a lemma and a theorem analogous to Lemma 3.18 and Theotn r@spectively.
Check that your guesses are consistent with the resultsextEr 4.8.
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2. Sub-geometries of a projective space

In this section we prove that projective spaces are, in oneiarrespect, well-behaved
combinatorial geometries. The following Proposition issaly related to Desargues’ The-
orem and leads us to the conclusion that not every geomedrgug-geometry of a projec-
tive space. This is the price we must pay for the advantagéhef aesirable properties of
projective spaces.

ProposiTion 4.13. Let G be a projective space, and suppose tfab, ¢, d} and{a, b, e, f}
are circuits in distinct planes B P,, respectively, o&. Then the lines &b, cvd and ev f
intersect in one common point if and onl\éfd, e, f} is a circuit contained in a plane
distinct from R and P..

Ficure 4.1.  The existence of a third 4-point circuit

Proor. Suppose thdt, d, e, f} is a subset of the plar@;. Then, from Lemma 4.11,
the intersectiorP; N P, N P3is a line or a point. If it were a line, then it would be the line
aVv b, and the sefa, b, ¢, d, e, f} would be planar, which is not the case. The intersection is
therefore a point, and is in the common line of each pafPfP,, P; as required.

Conversely, suppose that the lires b, c v d ande Vv f intersect in one common point.
Lemma 4.2 applied to the linesv d ande v f proves that the sdt, d, e, f} is planar. If
{c,d, e} were a circuitthem € cvd c P, and soP, = avbve = Py, whichis not the case.
Similarly no three-point subset ¢, d, e, f} is a circuit. Therefordc,d, e, f} is a circuit
contained in some plar;. If P; andP3; were the same plane then the &, c,d, e, f}
would be planar, which is not the case. Similay+ Ps. O

In Theorem 3.25 we proved that any planar geometry sits éngigirojective plane, al-
though the projective plane itself may not be very “nice”. Wav see how dferent the
non-planar situation is.

Tueorem 4.14. A Vamos cube is not a sub-geometry of any projective space.

Proor. We recall that the Vamos cube of Definition 2.44 is the camatorial geometry
G, whereE(G) ={0,1,...,7},K = {{0,1,3,5},{0,2,3,6},{1,4,5,7},{2,4,6,7},{0, 3,4, 7}},
andC(G) = KU {C ¢ E : |C| = 5,C contains no member df}. Let us suppose the
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cube were a sub-geometry of some projective space. AppBfiagosition 4.13 to circuits
{0,1,3,5}, {1,4,5,7} and{0, 3,4, 7} we have that the lines9 3, 1v 5 and 4v 7 would

be concurrent. Thus the point (03) N (4 v 7) would be on the line ¥ 5. Similarly, by
applying the Proposition to circuitg, 4, 6, 7}, {0, 2, 3, 6} and{0, 3, 4, 7} we would have the
point (Ov 3)n (4 v 7) on the line 2v 6. Hence the lines ¥ 5 and 2v 6 would contain

a common point (see Figure 4.2) and, using the Eliminationdtmn C3 of Definition
2.1, we would have thdtfl, 2, 5, 6} contains a circuit. But this is not so. So our assumption
has led to a contradiction, and the Vamos cube cannot be-gesuinetry of any projective
space. O

Ficure 4.2. A Vamos Cube Extension

3. Desargues’ Theorem and projective spaces

We were able to prove in Theorem 3.25 that each planar gegrisesr sub-geometry of
some projective plane. An unfortunate consequence ofstitei less than ideal behaviour
of the projective planes themselves. For example, our camnsmethe paragraph following
Lemma 3.29 emphasized the fact that Desargues’ Theoresvrfaibme projective planes.
Certainly Theorem 4.14 ensures that no spatial analogub@dem 3.25 is possible. But
the very result, Lemma 4.13, which is the key to proving th&&anos cube is not a sub-
geometry of any projective space is also a key to provingaleviing welcome results.

ProposiTion 4.15. Let 123 and 456 be non-coplanar triangles in a projective spaGe
Then the three linet v 4, 2 v 5 and3 v 6 are concurrent if and only if the three points
Av2)n(4v5h),2v3)n(Bve)and(lv 3)n (4 v 6)are collinear.

Proor. Suppose that the linesvi4, 2v 5, and 3v 6 are concurrent. From Lemma 4.2
the setq1, 2, 4,5}, {2, 3,5, 6} and{1, 3,4, 6} are each planar and from Lemma 4.4 each of
the intersections (¥ 2)N(4v 5), (2v3)n(5Vv6)and (1v3)n (4 V 6) is a point. Each of
these three points is in both of the distinct planes2ly 3 and 4v 5v 6, and from Lemma
2.23 the three points are collinear.

Conversely, suppose that¥R)N (4 v 5), (2v3)n(5Vv6) and (1v 3)Nn(4V 6) are collinear
points. Lemma 4.2 ensures tHat 2, 4,5}, {2, 3,5, 6} and{1, 3,4, 6} are each planar sets
and, as Iv2v 3 # 4v 5V 6, they are in distinct planes. If each of the ggt, 4,5},
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{2, 3,5, 6} and{1, 3,4, 6} is a circuit we use Proposition 4.13 to prove the lines4, 2v 5
and 3v 6 concurrent. If they are not all circuits an examinatiorhaf possibilities leads to
the same conclusion in each case. Figure 4.3 illustratesuctepossibility. O

Ficure 4.3.  Neither1, 2,4, 5} nor{1, 3,4, 6} is a circuit

Tueorem 4.16. Desargues’ Theorem and its converse are true in each piggspace.
That is, the lines through each pair of corresponding vediof two triangles are con-
current if and only if the points of intersection of each pafrcorresponding sides of the
triangles are collinear.

Proor. Proposition 4.15 provides the result for any non-coplgrar of triangles.
Now suppose that’23 and 456 are a coplanar pair of triangles in the projective space.
Suppose that the lines ¥ 4/, 2 v 5 and 3v 6 intersect at the point 0. Our proof relies
on the fact that the triangles lie in a non-planar geometrgl, \ete construct a non-planar
Desargues geometry containing triangles 123, 456 whosadtsis” are 123 and 456
respectively.

We begin by choosing a poiptg 1’ v 2V 3. We have from Lemma 4.4 that there is a point
1, distinct from 1 andp, on the linepv 1. As 0v 4 meetsp v 1 in a point, the points 0,
1, p, and 4 are coplanar. From Lemma 4.2 we have that the pomt@ v 1)n (p Vv 4')
exists. Therefore the three lines/14, 2v 5 and 3v 6 intersect at the point 0. We apply
Proposition 4.15 to the non-coplanar pair of triangles 18466, deducing that the points
Av2)n(4v5)=9,(2v3)n(bve)=8,(1v3)n(4V6)=7exist and are collinear.

Asthelinepv 1l = pv 1 meetstheline 2 9= 1V 2in a point, the points’12, pand 9
are coplanar and the liné ¢ 2 intersects the ling v 9 in the unique point op v 9 that is
in the plane 1v 2 v 3. We call this point @ From a similar argument we have that4s

meetsp v 9 at the point @ Similarly I v 3 and 4 v 6 meet at the point’&f intersection
ofpv8and1v2v3.

It is immediate that 2 3 and 5v 6 meet at the intersection@f pv 7and 1v 2v 3. As
7,8 and 9 are collinear, all three pointss, 9 are in both planepv7v8and1v2v 3,
and so are collinear. Therefore Desargues’ Theorem is f@lithe projective space.

Conversely, let 23 and 456 be a coplanar pair of triangles and suppose that the points
'v2)n(@&v5),(2v3)n(5ve)and (1v3)n(4' v6) are collinear. Lemma 4.4 guarantees
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Ficure 4.4.  Two non-coplanar triangles 123 and 456

that the plane containing the two triangles is a projectiem@. From Theorem 3.14 we
have that the lines'dy 4’, 2 v 5 and 3v 6 are concurrent. O

This result makes the idea of investigating the possibitityembedding combinatorial

figuresin a projective space very attractive. Our originatimation for studying projective

spaces was to see if all the combinatorial figures of our usxagrience could be thought
of as sub-geometries of some convenient projective spaceabliag us to extend these
figures by construction as easily as possible. We now sedhisatvould have the added
advantage of Desargues Theorem being valid for figures.

A critical difference to the case of planar figures exists however. In The8r25 we
proved that each planar geometry lies in some projectivegplaut Theorem 4.14 indicated
that not every non-planar geometry is a sub-geometry of gegtiee space. Does our
experience of the world around us suggest that figures maydught of in the context of
a projective space?

4. Extended Euclidean space

In this section we construct a projective space that costalirfigures. We use a method
analogous to that which proved successful in Chapter 3. 4 etrite E2 for usual Euclidean
space. If it were a projective space, from Lemma 4.2 we kn@at¢bplanar straight lines
would intersect — in fact Lemma 4.4 insists that each planelévbe a projective plane.
But our experience in constructif§E? suggests that we may need to add new symbols to
E2 in order to give a geometry in which Conditibi of Theorem 3.3 holds.
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DerintTioN 4.17. Let L be a straight line of E Consider all straight lines of Eparallel to
L. We choose a symbol, and call it the “direction”, or “ideabmt”, or “point at infinity”,
of each of these straight lines.

We add this symbol to the points &f, and we repeat the process, defining a new symbol
for each family of parallel straight lines. L& be the set consisting of all the Euclidean
points of E2 and all the directions defined in this way.

We next enlarge each straight lihe and each straight line parallel kg by the inclusion
of their direction. This symbol is not added to any otherightline.

DerintTion 4.18. Let L be a straight line. The set obtained by enlarging thelLset Eu-
clidean points by the inclusion of the direction of L is areexted Euclidean line. We call
it the extension of L.

If a straight line is in a Euclidean plane we add its directiorthe points of that plane,
giving an enlarged Euclidean plane exactly as in Definiticd43

Dermviion 4.19. Let P be a Euclidean plane offEThe set obtained by enlarging the set
P of Euclidean points by the inclusion of the direction ofteatraight line L in P is an
extended Euclidean plane. We call it the “extension” of P.

As in the construction of an extended Euclidean plane in @&ha the collection of ex-
tended Euclidean lines contained in an extended Euclidare mimost satisfies the re-
quirements of Theorem 3.5. Only Conditibf fails, and then only for pairs of directions.
We remedy this defect as before.

DerniTion 4.20. Let P be a Euclidean plane. The set of all directions in thersion of P
is an ideal line.

| </~

N\

Ficure 4.5.  Two parallel planes and shared directions

79



We observe that two extended Euclidean planes share theidaahéne if and only if they
are extensions of parallel Euclidean planes. Each exteBdelitiean line, each ideal line,
and each extended Euclidean plane is a subset of the Jétis setE of Euclidean points
and directions, with its associated collection of extenHedlidean lines, ideal lines and
collection of extended Euclidean planes almost satisfiesafjuirements of Theorem 4.6.

Only conditionP5 fails. Each extended Euclidean line and each Euclideart poinin it
are contained in exactly one extended Euclidean plane. &gehded Euclidean line and
each direction not in it are contained in exactly one extdrieieclidean plane, and each
ideal line and Euclidean point, are contained in exactlyextended Euclidean plane. But
P5fails for an ideal line and a direction not in the ideal lin@.tiy to remedy the situation
we add one more set, consisting of all directions, to thegsegd collection of planes.

Deriniion 4.21. The ideal plane, or plane at infinity, of*Es the set of all directions.

Now we check that we have defined a projective space.

ProposiTion 4.22. Let E2 be Euclidean space. Let E be the set consisting of all Euafide
points and directions. Ldt be the collection of subsets of E consisting of all extended
Euclidean lines, and all ideal lines. L& be the collection of subsets of E consisting of
all extended Euclidean planes, and the ideal plane. Tlhemd P are, respectively, the
collections of lines and planes of a projective space on E.

Proor. We prove that the eight requirements of Theorem 4.6 arsfigati The seL
was chosen so that Conditidd holds. Two non-parallel extended Euclidean planes inter-
sect only in the extension of their common straight line, peoallel extended Euclidean
planes intersect in the ideal line of their common direjcemd an extended Euclidean
plane and the ideal plane also intersect in the ideal lindrettions of the extended Eu-
clidean plane. Consequently ConditiBt holds.

oy

Ficure 4.6.  Two pairs of planes

The setP was chosen so that Conditi®?2 holds. The argument we have just given also
proves thaP3is valid.

An extended Euclidean line and a Euclidean point not in ibbglto exactly one extended
Euclidean plane, and not to the ideal plane. An ideal line afaiclidean point belong
to the one member of the parallel family of extended Euclidglanes sharing this ideal
line of direction which contains the Euclidean point. Anended Euclidean line, and
a direction not in it, belong to the extended Euclidean plemtaining the line and the
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different direction given. An ideal line and another directietong only to the ideal plane.
Thus ConditiorP4 s satisfied.

Ficure 4.7.  The union of a line and a point is a planar set

An extended Euclidean plane and extended Euclidean linenrtbe plane share either a
Euclidean point or a direction. An extended Euclidean plamé an ideal line not in the
plane share the direction common to the plane and to the ggtenf each member of
the parallel family of Euclidean planes that contain thealdme. The ideal plane and an
extended Euclidean line share the direction of the line.ggqnently Conditiof5 holds.

The existence of a five-point circuit in Euclidean space egssthe truth of the last two
conditionsP6 andP7. O

Derinion 4.23. We call the projective space of Proposition 4.22 extendegiiiean space
and denote it by EE

Lemma 4.24. A linear three-point set of Euclidean points is a circuit &€ A set of two
Euclidean points and the direction of the line through the twa circuit of EE. A set of
three directions in any extended Euclidean plane is a direfiE E2.

A planar four-point set of Euclidean points, no three of vihéee collinear, is a circuit of
EES. A set of three non-collinear Euclidean points togethehwity direction of the plane
containing the three is a circuit of EE A set of two Euclidean points and two directions
of a Euclidean plane through the two is a circuit of £ set of four directions, no three
being directions in a common Euclidean plane, is a circuie&®.

A five-point set that does not contain any of the three-pairfoor-point sets specified
above is a circuit of EE

Proor. This result follows directly from Theorem 4.6. O

Tueorem 4.25. Euclidean space is a sub-geometry of extended Euclidearespa

Proor. The circuits of the sub-geometry on the set of Euclideamtgadf EE® are
specified by Lemma 4.24. They are those chosen on intuitmergts in Definition 1.21 as
the circuits of Euclidean space. Therefore the two geos®tin the set of all Euclidean
points are one. O
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We ask ourselves whether Euclidean space or extended Eaoligpace is the more ap-
propriate “surrounding” for figures. We again have a chagsewe had for planar figures,
but this time betweei® and EES rather than betweeB? andEE2. For the moment we
choose the conceptual simplicity &S, that is, of projective geometry. We extend the
meaning of figure to include all sub-geometriesd®, not just those oE3.

Derinition 4.26. A combinatorial figure is a sub-geometry of extended Eualidgpace.

In other words the geometric structure associated, by DiefinR.59, with any subset
of Euclidean and ideal points is a figure. This extensionegykeith, and includes, the
enlarged meaning for planar figures given in Definition 3.37.

It is true, although we will not prove it, that any finite comhbtorial figure in the above
extended sense can be modeled entireBSthat is, it is also a figure in the original sense
of Chapter 1.

At last we are able to definitely decide whether a particubar-planar geometry is a figure.

TueoreM 4.27. The Vamos cube is not a combinatorial figure.

Proor. Any figure is a sub-geometry of extended Euclidean spacesofBm 4.14
does not allow a Vamos cube to be a sub-geometry of any finggespace, in particular of
extended Euclidean space. O

There is an immediate practical consequence of Theorem 4n2Construction 2.56 we
modeled a combinatorial cube on the Bet {0, 1, ..., 7} that has six four-point circuits.
The four 4-point circuitg0, 1, 3,5}, {0, 2, 3,6}, {1,4,5, 7}, and{2, 4, 6, 7} were each mod-
eled by a cardboard panel. The $&t3, 4, 7} is one of the remaining two four-point cir-
cuits. In order to make an accurate model the points 0, 3, 4afdhe model should be
coplanar. We found it diiicult to trim the pieces of cardboard so that they fitted weléwh
assembled.

Proposition 4.13 suggests the following method of achigtins. We cut two pieces of
cardboard, one modeling the circ(it 4, 5, 7}, and the other modeling the circit, 1, 3, 5}.
Then we hinge them with sticky tape. Then the following copsce of Proposition 4.13
gives a way of trimming the panels.

Lemma 4.28. Let two panels with vertex seff3, 1, 3,5} and{1, 4, 5, 7}, respectively, share
a hinge. Then the verticé}s 3, 4, and7 are coplanar in one non-collapsed position of the
hinged pair if and only if they are coplanar in all positionkthe hinge.

Proor. By applying Proposition 4.13 to a figure modeled by the hihgair in one
position, we have that the points are coplanar if and onlgeflines v 5, 0v 3 and 4v 7
are concurrent. This point of concurrence is on the line ehimge and remains un-moved
as the hinge opens and shuts. Therefore the points 0, 3, 4, eexdain coplanar in any
position of the hinge. O
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Ficure 4.8.  Trimming a model of a combinatorial cube

Thus we may trim as shown in Figure 4.8. No matter how much ithgehis opened in its
final assembly position, the edge modeling 8 and the edge modeling\47 are coplanar
as required to model a four-point circ@t 3,4, 7}. Similarly, we make another hinged pair
of cardboard panels to model the circuigs4, 6, 7} and{0, 2, 3, 6}, and then trim them so
that the edge modeling\W3 and the edge modelingv7 are also coplanar in any position
of the hinge. To complete the model we need only fit the two dihgairs together.

Suppose we cut and assemble the four cardboard pieces sodlfatir points 0, 3,4 and 7
are coplanar, as required to model a four-point circuit.iMhikeorem 4.14 implies that the
vertices 1, 2, 5 and 6 will be coplanar as required. For if tese not so we would have
modeled the Vamos cube. We have just shown that this is isiiplesn Theorem 4.14.

But we may even go further to simplify the construction. FiBroposition 4.13 we have
that in a successful model all four lines/@, 1v 5, 4v 7, and 2v 6 are concurrent. This
suggests that a template similar to that in Figure 4.9 mighideful in order to eliminate
any trimming required at the “ends of the box”. Three hingesthen be taped together,
and we can be confident that the model will fold into positiathaut error.

We call any extended Euclidean linesBE? that have a common directioparallel’. In
the context of extended Euclidean space their common direista point of our geometry.
Thus extended Euclidean lines are parallel if and only ifythse extensions of parallel
straight lines. Thus we may talk of “parallel lines” withoednfusion in the context of
both Euclidean geometry and extended Euclidean geomeliy.ndtationAl|B continues
to mean that the lined and B are parallel. As before, we indicate this in drawings by
drawing the same number of arrow-heads on each ahdB. A double-headed arrow
remains our notation for a direction. These conventionsagith, and extend, those we
agreed on in Chapter 3. When drawing non-planar figures ftémn ¢he convention to draw
a 4-gon that has opposite sides parallel in order to reptéisemplane containing it. Thus
two planes meeting in an extended Euclidean line or an idealdre often shown as the
first or second figure, respectively, in Figure 4.10.
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Ficure 4.9.  Designing a model of a cube

y

Ficure 4.10. A convention for representing planes

We have used this convention already in, for example, Fgire and 2.19, and in Propo-
sition 4.22.

Exercise 4.29. Figure 4.11 contains an illustration from a linear algebraxt. What do
you think of it? Are the intersections of pairs of the plarikessirated in an appropiate
way?

ConstructioN 4.30. Suppose that all the vertices of a non-pladagon in extended Eu-
clidean space are Euclidean points. Draw, and make a mod¢he#i-gon. Do the same
for three other non-plana#-gons containing, respectively, one, two adjacent, and two
opposite, ideal vertices.

ConstrucTion 4.31. Draw a combinatorial cube whose vertices are Euclidean. viDea

combinatorial cube, one of whose vertices is ideal. Draw mlsmatorial cube four of
whose vertices are ideal. Can you think of a satisfactory aefagnaking a model of the
Euclidean parts of the last two cubes?

Tueorem 4.32. Desargues’ Theorem is true in extended Euclidean space,iraedch
extended Euclidean plane.
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-3x+y-z=41

x=3+2:=1

2x+ 5y +1l2=-5

Ficure 4.11.  Anillustration from a linear algebra text

Proor. Theorem 4.16 ensures that Desargues Theorem holds fordjeeiive space
EES. Let two triangles 123 and 456 belong to an extended Euclig@neEE?. Each
pair of corresponding sides of the two triangles intersigcsspoint of the projective plane
EE?. Suppose that the lines\14, 2V 5, and 3v 6 are concurrent. As the two triangles
belong to the projective spadeES, from Theorem 4.16 we have that the three points of
intersection are collinear. O

Thus the assumptions underlying Constructions 1.13, 3481 and 3.45, and Problem
1.14 are valid and our world Besarguesianthe proof for non-coplanar triangles being
much easier than the proof for planar triangles. The planae @roof is only possible

because the plane of the two triangles is in a projectiveespac

There could be no guarantee that a planar universe would $ergleesian. What sort
of non-desarguesian geometry, and consequent physioatigtes, could exist in such a
universe is a matter open to conjecture.

Exercise 4.33. Devise a test that enables me to use a pencil and roller inrdaldecide
whether the lines A, B and C in Figure 4.12 concurrent.

o

Ficure 4.12.  Three lines on the page

Exercise 4.34. ConditionP7 of Theorem 4.6 ensures that extended Euclidean space con-
tains five planes, no four of which contain a common point. cBlee a combinatorial
figure whose points are the points of intersection of eackettof these planes.
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Construction 4.35. Make a model of a non-planar Desargues figure.

We can now summarize the position regarding Desargues gdaeme

Tueorem 4.36. A planar Desargues geometry is a combinatorial figure, a pfamon-
Desargues geometry is not a combinatorial figure. A non-pidesargues geometry is a
combinatorial figure. There is no non-planar non-Desarggesmetry.

Proor. The first and second claim follow from Lemma 1.12 and Theotetfi. Simi-
larly, Theorem 4.16 ensures that an attempt to construchgptenar Desargues figure will
succeed.

Suppose that 123 and 456 are two triangles, not in the same,@ad that the lines\14,

2 Vv 5, and 3v 6 are concurrent. Suppose further that 2 and 4v 5 meet in the point
9. Suppose that the other two pairs of corresponding siddsedfiangles meet in 8 and
7, respectively. Each of the points 7, 8, and 9 is in the plane2lv 3, by Lemma 2.21.
Similarly each pointis in 4/ 5v 6. If the points 7, 8, and 9 were non-collinear, then we
would have Iv2v 3=7v 8Vv 9=4v5v 6. But this is not possible as triangles 123 and
456 are not coplanar. Thus the assumption of the existere@aofi-planar non-Desargues
geometry leads to a contradiction, and so no such geometrgxgst. O

ConstrucTion 4.37. Let X be a combinatorial figure isomorphic to that drawn in drig
4.13. Suppose further that the points labelednd 2 in X are each ideal. Deduce a
consequent property of the line through the points of X thatabeled4, and6 and the
line through the points of X that are label&dand7. Draw the figure X.

Ficure 4.13.  Afigure of Euclidean points

5. Coordinatizing extended Euclidean space

In this section, in a treatment analogous to that given ini@e®, we attach labels to the
points of extended Euclidean space. As well, we assigndabehe planes of extended
Euclidean space.

This coordinatization enables us to identify extended i@eean space with an isomorphic
geometry defined on the set of one-dimensional subspacesrier product vector space,
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transforming questions about geometry into questions tadlgebra andrice versa The
rules, given in Theorem 4.42, for investigating problemsxiended Euclidean space are
easy to use in practice and certainly justify their placerig eontinuing examination of
Euclidean geometry. In particular they provide us with avemient introduction to per-
pendicularity.

We begin by recalling the usual Cartesian coordinates ofif@sn space. It is the practice
to label each Euclidean point by an ordered tripley(2), of real numbers, allocated as
in Figure 4.14. So common is this practice that we blur thérdison between label and
point, talking of “the Euclidean poini(y, 2)" rather than “the Euclidean point with label
(xy.2)".

xy.2)

Y

0,0,0)

Ficure 4.14.  Cartesian coordinates of Euclidean points

We proceed to attach labels to each point of extended Ealigeace, including the direc-
tions. But now each label is an ordered 4-tuple of real nusbEre point having Cartesian
coordinatesX, y, 2) is labeled (1x,y, 2). Our labeling of the directions of an extended Eu-
clidean plane in Section 6 was equivalent to labeling theation of the line (00) v (a, b)

by (0, a, b). We use the spatial analogue of this in labeling the diosadif the line through
the points with Cartesian coordinates@X) and &, b, c), where not all ofa, b, andc are
zero. This direction is labeled by @ b, ¢). We go further, giving more than one label to
each point of extended Euclidean space by also allocatatatiel kxo, kxi, kxo, kxg), for
each non-zero real numblgrto the point with labelXo, X1, X2, X3). We sum up this process
in the following lemma:

Lemma 4.38. Each orderedd-tuple of real numbers, not all of which are zero, is a label
of exactly one point of extended Euclidean space. Each pbaxtended Euclidean space
is labeled. Two ordered-tuples(Xo, X1, X2, X3) and (x;, X, X;, X;) label the same point
exactly when kx= x;, kxi = X, kx = X; and kx = x; for some non-zero real number k.

Proor. For xg # 0, the 4-tuple Xo, X1, X2, X3) labels the Euclidean point that has
Cartesian coordinates;(/ Xo, X2/ Xo, X3/ Xo). The 4-tuple (0xy, X2, X3) labels the direction
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of the line that contains the origin and the Euclidean poatifig Cartesian coordinates
(X1, X2, X3). Thus each ordered 4-tuple labels one point of extendetidean space.

Each direction belongs to a unique extended Euclidean tireugh the origin, ensuring
that we have labeled each point of extended Euclidean space.

Two labels with non-zero first coordinates label the samdigemn point if and only if they
are multiples of one another. Two Euclidean points that alnear with the origin have
Cartesian coordinates that are multiples of one anothsuramg a well-defined labeling of
each direction by 4-tuples that are multiples of one another O

Derintrion 4.39. The orderedi-tuple of real numbers that makes up any label of a point is
called a set of real homogeneous coordinates of the point.

It is also convenient to label planes, as follows. The exterguclidean plane whose Eu-
clidean points satisfy the equati@ax + by + cz = d is labeled by the ordered 4-tuple
[ka, kb, ke, —kd], for each non-zero real numb&r The ideal plane is given the label
[0,0,0,K], for each non-zero red&. We use square brackets in order to distinguish labels
of planes from labels of points.

Derinition 4.40. The orderedd-tuple of real numbers that makes up any label of a plane
is called a set of real homogeneous coordinates of the plane.

Lemma 4.41. Each orderedi-tuple of real numbers, not all of which are zero, is a label of
exactly one plane of extended Euclidean space. Each plamdaided Euclidean space is
labeled. Two ordered-tuples]xo, X1, X2, X3] and[xg, X;, X;x;] label the same plane exactly
if kxo = Xg,kx1 = X}, kK = X; and kx = x; for some non-zero real number k.

Proor. The proofis similar to that of Lemma 4.38. O

As in Section 6, the justification for this seeminglgl hocallocation of labels is the sim-
plicity of the associated arithmetic of an inner productcgpaMe now give the basic rules
for applying this arithmetic to geometric purposes.

Let us writeR?* for the four-dimensional vector space on the{§gi, X1, X2, X3) : eachx; is
a real number with respect to component-wise addition, component-wisdiplication
by scalars, and a component-wise inner product. Thus we have

(X0, X1, X2, X3) + (X, X, X5, X5) = (Xo + X, X1 + X, X2 + X5, X3 + X5),
a(Xo, X1, X2, X3) = (axo, axe, aX%, axs), and

(X0, X1, X2, X3).(Xp, X1, X5, X5) = XoX + X1X| + X2X; + X3X5, for each real numbexrand each
pair of membersxo, X1, X2, X3) and (, X3, X5, x3) of R
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We now regard each subspaceR3fas the set of its one-dimensional subspaces, giving the
following geometry on the set of one-dimensional subspatgg.

TueoreM 4.42. Let E be the set of one-dimensional subspaces'olBtL be the set of
two-dimensional subspaces of,Rind letP be the set of three-dimensional subspaces of
R*. Then E L andP are the sets of points, lines and planes, respectively, sbggtive
space. We call this geometry real homogeneous space.

Proor. The setskE, L andP satisfy Conditiond.1 andP1 to P7 of Theorem 4.6,
ensuring the existence of the required projective space. O

ProposiTion 4.43. Extended Euclidean space is isomorphic to real homogersmace.

Proor. We start by pairing each point of extended Euclidean spatiethe unique
one-dimensional subspaceRf that contains any one of the labels of the point. To show
that this pairing is the required isomorphism, we need taldisth that it induces a pairing
of circuits as required by Definition 2.63. This is done in ae@y-case investigation of
the circuits of extended Euclidean space listed in Lemmad.A/% require a set of labels
of a circuit ofn points to span am(— 1)-dimensional subspace Bf, for eachn = 3,4,
and 5 and conversely. We will not do this. O

The isomorphism can also be demonstrated rigorously inadheniing way. Extra con-
ditions are added to the requirements of Euclidean spaceseTtequirements, which are
intuitively quite acceptable, typically involve the ideafgairs of points “separating” other
pairs of points, and of “distance”. Extended Euclidean spadefined as before and it is
then shown that, to within isomorphism, that there is onlg geometry satisfying these
conditions. Real homogeneous space is then shown, usipgies of the real number
system, to satisfy the conditions. Thus real homogenecarsesgnd extended Euclidean
space are isomorphic. We will not carry out this lengthy pssc

As a consequence of this isomorphism we identify the twogmtdje spaces, giving the
following simple algebraic tests in extended Euclidearcepa
ProposiTion 4.44. In extended Euclidean space a pa(rg, X1, X2, X3) belongs to the plane

[X5, X1 X5, X5] if, and only if, %Xxg + X1 X] + X2X;, + X3x; = 0.

Four points(Xo, X1, X2, X3), (X5, X}, X5, X3), (X35> X7, X5, X5) and(x;’, X;”, X5’, x3”) are copla-
nar if and only if the determinarft) is zero.

(1) Xo X1 X2 Xa
4 4 4 4

o % %

XX XX

X(I)I ’ X;L, ’ XI2I 7 Xlsl ’

Four planesxo, X1, X2, Xa], [, X, X5, X5], [Xg, X/, X5, X5] and [x;’, x}”, X;’, x4'] are con-
current if and only if determinarit’) is zero.
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Proor. The inner product ofxp, X1, X2, X3) and &, x;, X5, X3) is zero if and only if
(X0, X1, X2, X3) IS orthogonal to X;, x;, X5, X3). The definition of ki, x;, X5, X;] implies that
this is equivalent toXp, X1, X2, X3) belonging to the three-dimensional orthogonal subspace
that is the line labeledy, X}, X5, X3].

The second test is a restatement of the requirement thadrapboints belong to a com-
mon three-dimensional subspaceRSf

The last test follows from the second after noting th@t X1, X2, Xa], [ X5, X3, X5, X5], [Xg
X/, x5, 5], and x5, X{”, X, x’] are concurrent if and only if a non-zero membeRbiis
orthogonal to each okg, X1, X2, X3), (X5, X7, X5, X5), (X5, X7, X5, X5), and &g’, X", X5, X3").
This requires the four vectors to belong to a three-dimeraisubspace d®’. O

Proposition 4.44 reduces questions about extended Eaalisjgace to questions about the
arithmetic of a real inner product space. It gives us two ipdessnethods of investigating
any problem we meet. For example, we now have two methodstirigenvhether two lines
are parallel. The first method is by the procedures of Seétitying a roller along one line
and rolling it to the other line. The second method is thelalgie technique of checking
that the two lines share a point labeled by a 4-tuple that lz@s@first coordinate.

ExampLE 4.45. Let us test in two ways whether or not the lirffg0, 0,0) v (1,2, 1,0) and
(1,0,1,0)v (1,4, 3,0) are parallel.

(0,0,1,0)
A / (0,2,1,0)
(1,0,1,0)
/ (1,2,1,0)
/’J(l 0,0,0) » (0,1,0,0)

Ficure 4.15.  Two parallel lines

We can draw the two straight lines and use a roller to checkthiey are parallel. We
see that the direction of the first line is any linear comboraof (1,0,0,0) and (12,1, 0)
having O for its first coordinate. The 4-tuple (1.0,0) - (1,2,1,0) = (0,-2,-1,0) is the
required direction. Similarly, (1, 1,0)- (1,4, 3,0) = (0,-4,-2,0) = 2(0,-2, -1, 0), the
same direction, belongs to the second line.

In Theorem 3.54 we gave an algebraic proof of Desargues’ fEinedor two coplanar
triangles. An algebraic proof, without the restriction dduparity, is straightforward and
we give it as an example of the power of algebraic methods. &&el the following useful
result.
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Lemma 4.46. Let three distinct points of extended Euclidean space bineal. Then
they have label§ag, a1, ap, a3), (bo, b1, b2, bs3), and(co, c1, ¢z, C3), respectively, so thata
b + ¢, foreachi=0,1,2, 3.

Proor. Labels of the three collinear points belong to a two-dinamea subspace of
R*. Consequently their labels are linearly dependent. Tfag ai, ay, as)+58(0o, by, by, b3)+
v(Co, C1,C2, C3) = (0,0,0,0), for some reak, 8 andy. As labels of distinct points are not
multiples of one another, none®fB andy is zero. The result follows fromyag, aa;, aaz, aag) =
(—=Bbo, —pb1, —Bb2, —Bbs) + (—yo, —yC1, —yC2, —¥Cs). o

Tueorem 4.47. Desargues’ Theorem is true in extended Euclidean space.

Proor. Let (Xo, X1, X2, X3)(Yo. V1. Y2, ¥3) (20, 21, 22, z3) and
(Xg» X1 X5, X5) (Yo V10 Yoo Y3) (%0 44, Z,, Z;) be two triangles in real homogeneous space so that
the lines through corresponding vertices are concurrerit, Rigure 4.16

X Xpo X0 Xg) = 0 Yy Y0 V)

Ficure 4.16.  Proving Desargues’ Theorem

Using Lemma 4.46 we may choose labels so thgtd, a, a3) =

(XO’ X1, X2, X3) + (XE), X,17 X’z’ )%,) = (y07 Y1, Y2, YB) + (yE)’ y,17 ylz7 yé) =

(20,21, 2, 23) + (%, 2, Z,, Z;). Therefore Yo, Y1, Y2,Y3) — (20, 21, 22, Z3) =

(4)’ Zlv é’ zg,) - (yzy y§|_’ y,2’ y,3)1 (207 21, 2o, 23) - (X07 X1, X2, X3) =

(XE)’ X1 )%” Xlg) - (267 Zl’ Zz’ Zg,)! and Q(Oa X1, X2, X3) - (y07 Y1, Y2, YB) =

(Yo Y1 Yo Ya) — (X5, X, X5, X3). Each side of these equations is a name for the intersection
of two corresponding sides of the two given triangles, ay éaa linear combination of
points in a side and therefore itself in the side. The sumayf, the lefthand side of each
equation is zero, that is the three intersections belongttmadimensional subspace —
they are collinear. O

91



We note that this proof works equally well, regardless of tluke the two triangles are
coplanar or not.

6. Perpendicular lines and planes

In this section we use pairs of orthogonal directions in tiveei product spacB* in or-
der to define and develop some properties of perpendiculand®&d Euclidean lines and
planes. We conclude by giving, in Theorem 4.57, conditiamgHe existence of a special
tetrahedron. This result is invaluable in our investigatim Chapter 8, of the distortion
that occurs in perspective drawings of rectangular boxes .

DerintTion 4.48. Two directions(ag, a;, ag, ag) and (bg, by, by, b3) are orthogonal to one
another if their inner product is zero, that is, ifla + axb, + aghs = 0. Two extended
Euclidean lines are perpendicular to one another if theiedtions are orthogonal to one
another. An extended Euclidean line and an extended Eacligiane are perpendicular
to one another if the line is perpendicular to each extendadiBean line in the plane.

This definition does not sensibly extend to include ideadinWe writeA LB to indicate
that two linesA andB are perpendicular, an&lL P to indicate that the linéd and planeP
are perpendicular. We note that two skew lines may be perpalad We sum up the main
properties of perpendicular lines and planes in the folhgaheorem:

Tueorem 4.49. (i) Let A and B be parallel lines and A and C be lines perpenidicto one
another. Then B and C are perpendicular to one another.

(i) Let A and B be coplanar, but not parallel, lines and leetline C be perpendicular to
each of A and B. Then C is perpendicular to the plane that éogtaoth A and B.

(iii) Let p be a Euclidean point and A be an extended Euclidéa p ¢ A. Then there
is a unique extended Euclidean line through p, intersecfing a Euclidean point, and
perpendicular to A.

(iv) Let p be a Euclidean point and P be an extended Euclidéanep Then there is a
unique line through p and perpendicular to P. This line istxts P in a Euclidean point
called the foot of the perpendicular from p to P.

(v) Let a be a Euclidean point and A be an extended Euclidean Then there is a unique
plane through a and perpendicular to A. This plane intersécin a Euclidean point.

Proor. To prove (i) we need only observe thiaandB share a common direction, and
this direction is orthogonal to the direction ©f

In order to prove (ii) we let, b, andc be the directions oA\, B, andC, respectively. Any
directiond in the planeP that contain®A U B is collinear witha andb. Consequently any
label ofd is a linear combination of a label afand a label ob. This ensures thatis also
orthogonal tac, as required.
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The line A contains a directiom. Within the 3-dimensional subspadev p of R?, the
two-dimensional subspaee that is orthogonal to the one-dimensional subspace ofdabel
of the directiona is a line and contains a directiah# a. Then the linep v d meetsA in

a point (as both are two-dimensional subspaces of a thraerdiional vector space). This
point is notd and therefore is a Euclidean point. The directiarsndd are orthogonal
giving (p v d)_LA as required in (iii).

The proof of (iv) is similar to that of (iii). We select the dittiond in the 1-dimensional
subspace orthogonal to the 3-dimensional subspaufeR*. The required line ip v d.

We prove (v) by choosing the 3-dimensional subspad@ afrthogonal to the direction of
A. This subspace does not contain the directioA.oThus it is a plane that meets the line
Ain a Euclidean point. O

We use the standard notations, shown in Figure 4.17, toateltbat two intersecting lines,
or aline and a plane, are perpendicular to one another.

s 7

Ficure 4.17.  Perpendicular lines and planes

We note in passing that part (i) of Theorem 4.49 is exactly ithformation used by a
builder, when erecting a post of a wall, to test by set-sqtlaatthe post is perpendicular
to the floor. This is the reason for the usual notation, shawkigure 4.17. Just as we now
have two methods of testing lines for parallelism, we alseettevo methods of testing for
perpendicularity. We may either prove the inner produchefdirections of the two lines
in question to be zero, or we may use a set-square in theitmaaitvay shown in Figure
4.18.

-~
<
L/
&:

L

1
Ficure 4.18.  Using a set-square
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7. Pythagoras’ Theorem, length and angle

Our understanding of the idea of the distance between a p&udidean points as an
allocation of a number to a pair of points is strengthened lifeime of using ruler and
tape measure. This process does not extend sensibly talédivections, but we can
phrase our definition of distance between any two Euclide@intp in terms of homo-
geneous coordinates. Thus tiiistancebetween two Euclidean points,@d;, ap, ag) and
(1, by, by, b3) is the numbery/(a; — by)2 + (a2 — by)? + (ag — bg)2. This definition allows
us two techniques for measuring, hamely an algebraic tlonl and the usual use of a
marked straightedge, or ruler. Writingl(a, b)” for the distance between poingésandb,
we can prove the following three basic properties of distaticectly from the definition:

Tueorem 4.50. Let a, b and ¢ be three Euclidean points. Then
(i) d(a, b) > 0, with equality holding only if & b,
(i) d(a, b) = d(b, a), and

(i) (Triangle Inequality) da, b) + d(b, ¢) > d(a, ).

Thesegmentonsisting of all the Euclidean points between the Euclidezintsa andb is
familiar to anyone who draws part of a Euclidean line withraightedge. We writegh]

to stand for the segment and call the distance between erds ségment ittiength It is

a routine piece of arithmetic to check thais in [ab] if it is collinear with botha andb

and satisfiesl(a, X) + d(x, b) = d(a, b), and this could be taken as an algebraically based
definition if we had wished.

The following fundamental theorem is named after the Greathematician Pythagoras.
It links perpendicularity and distance. Its truth justifeemethod of constructing the large
wooden set-squares that are often used to guarantee thaglfok large rectangular ce-
ment slabs is in shape, although the agreement of the algdbgsa of perpendicularity

with practical physical tests relies on an appropiate giafsihoice of axes for allocating
Cartesian coordinates to Euclidean points.

Tueorem 4.51. (Pythagoras’ Theorem)Let a, b and ¢ be distinct Euclidean points. Then
(av b)L(bV c)if and only if(d(a, b)) + (d(b, c))? = (d(c, a))2.

Proor. If a=(1,a,ap,a3), b = (1, by, by, b3), andc = (1, ¢, ¢y, C3), then the direction
ofavhbis (0,b;—ay, by —ay, bz —a3), and the direction dbv cis (0, c; — by, ¢, —by, c3—Db3).
Thus @V b).L(bV c)if and only if Zﬁzl(bi —a)(ci — by) = 0. This can be rewritten as the
conditiony,? , (b — &)? + (¢ — b))% - (& — 6)? = 0. o

It is interesting to note that the test for perpendiculagdiprovided by Pythagorus’ Theo-
rem is independent of the particular choiceadf the linea v b andc in the lineb v c.
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Leta, bandc be three distinct Euclidean points. The s#][U[bc] is anangle We denote
this angle byabc or cha and speak ofthe angle abtor “the angle cba The pointb is
theapexof the angle.

The angleabc is anacuteangle if @(a, b))? + (d(b,c))> < d(a,c))?, the angleabcis a
right angle if @(a, b))% + (d(b, c))? = d(a, ¢))?, and the anglabc is anobtuseangle if
(d(a, b))? + (d(b, ))? > d(a, c))*

It follows thatabcis a right angle if and only if the linesv b andbv c are perpendicular. If
the vertices of the trianglebcare Euclidean points, then the anglab][U [bd], [bc] U[ca]
and [ca] U[ab] are theangles of the triangleThe triangle isacute-angledf all three angles
are acute. The following two results are immediate consecgeeof Pythagoras’ Theorem.

Lemma 4.52. Let a, b, and ¢ be three non-collinear Euclidean points. & ofithe angles
of the triangle abc is a right angle, then the other two anglesacute. If b is between a
and the Euclidean point'aand one of bc and dbc is acute, then the other is obtuse.

We could phrase a definition of tmeeasureof the angle, in terms of coordinates, but it is
not a simple process. Where needed we will accept the wadituse of a protractor as a
practical means of measuring, or assigning a number to, gle.afihe most common units

of measurement for angles allegreesandradians a protractor being usually graduated
to measure in degrees. Our definition, based on Pythagohasrém, enables us to con-
veniently distinguish between acute angles, right angielsabtuse angles. By protractor,
the measure of an acute angle is less tha&n &@d a right angle measures exactly.90

For example, in Figure 4.19;bcis acuteabcis a right angle, andsbcis obtuse.

c

Ficure 4.19.  Measuring angles

We are often concerned with modeling triangles. If the eegiof a trianglebcare Eu-
clidean points, then we sometimes model the triangle byngutiut a piece of cardboard
bounded by the segment]], [bc] and [ca]. In this context these segments are often called
thesidesof the triangle. We speak of the lengths of these segmenthadengths of the
sides of the triangle”.

Simple experimenting, by drawing intersecting arcs wittompass, makes the following
converse of Condition (iii) of Theorem 4.50 plausible:

Tueorem 4.53. There is a triangle with the Euclidean vertices a, b, and cnflanly if
d(a, b) < d(b,c) + d(c, a), d(b, ¢) < d(c, a) + d(a, b), and dc, a) < d(a, b) + d(b, c).
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Tueorem 4.54. Two triangles abc and’aé’c’ aresimilarif, for some real numberk,(d, b) =
kd(a’, b’), d(b, ¢) = kd(b’, ¢’) and dc, a) = kd(c’, &).

Note that each two triangles in Figure 4.20 are similar.

kb
a
b kb ka ke
Cc
ke
Ficure 4.20.  Four similar triangles

Suppose that is a Euclidean point in the plarf® and that is any positive real number.
Thecircle in P with center candradius r > 0 is the planar set of pointp : d(c, p) = r}.

If pointsa andb are collinear withc and belong to the circle, thealj] is called adiameter
of the circle. The following result follows from the defirgtis of perpendicularity and
distance and Pythagoras’ Theorem.

Tueorem 4.55. Let[ab] be a diameter of a circle that is in the plane P. Then a point x of
the plane belongs to the circle if and only if the triangle axbight-angled at x.

8. The existence of a tetrahedron

In this section we prove that the existence of a right-antgéhhedron depends on the
existence of a certain acute-angled triangle. This resifishour analysis in Chapter 8 of
distortion in perspective drawings .

Derinition 4.56. We say that a tetrahedron pxvs is right-angled at p if each two of the
lines pv vy, pV v, and pV vz are perpendicular.

As the following theorem is neither commonly available nduitively obvious we give a
detailed proof.

Tueorem 4.57. Let v, Vo and ;3 be three non-collinear Euclidean points. Then a Euclidean
point p exists so that the tetrahedrompws is right-angled at p if and only if the triangle
V1VoV3 is acute-angled.

Proor. First we suppose that a poiptexists so that the tetrahedrpmv,vs is right-
angled atp. We repeatedly use Theorem 4.49. lcebe the foot of the perpendicular
from p to the planev; v v, v v3. As p V vy is perpendicular t@ Vv v, and top Vv vs,
then it is perpendicular to every extended Euclidean linp inv, Vv vs. In particular it is
perpendicular to the ling, v v3. As pV cis perpendicular to each extended Euclidean line
in the planes; v v, V vs, itis perpendicular to the ling Vv v3. Thusv, V vz is perpendicular
to bothpvv; and topV ¢, and hence to each extended Euclidean line in the atte/ v, .
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Ficure 4.21. A tetrahedropwviV,vs, right-angled ap

In particularv, Vv vg is perpendicular to the ling v c. In a similar way we prove that the
line v, v cis perpendicular to the ling; v vy, and the linevs v cis perpendicular to the
linevi vvo. The linesv; v ¢, v vV ¢, andvs v ¢ are called thaltitudesof the trianglev,vovs
and their point of concurrence is tbethocenterof the triangle.

From an application of Pythagoras’ Theorem to each of thist+dggled triangles; pvs
andv, pvs we have that(vy, v3) > d(p, v1) andd(vz, v3) > d(p, v2). Combining these facts
with an application of Pythagoras’ Theorem to the trianglev. gives that ¢i(v1, va))? +
(d(vo, v3))? > (d(v1,Vv2))? and the anglenVivs is therefore acute. Similarly, each angle
VoV Vs andvs\ibvs is acute and the trianglgvovs is acute-angled as required.

Conversely, we suppose that the triangle,vs is acute angled. Then lek be the inter-
section of the liney; v v; with the perpendicular from the poing, for {i, j, k} = {1,2, 3}.

If ug is not in the segmentvjv;], but, without loss of generality, hag between it and
vi, thenwVjuy is acute, andiV;v; is obtuse. This is a contradiction to our assumption
that the trianglesvovs is acute-angled. Therefore eaghis in the segmentv;]. Let

c= (V1 VUui)N(v2V Up). Thenw,€u is acute and su,Cv; is obtuse.

From the definition of acute and obtuse angles given eaviersee that there is one dis-
tancex satisfying the equationd(c, v1))? + x%) + ((d(C, v2))? + X?) = (d(v1, v2))? if vi&v,

is obtuse, but none W,€w is acute. We may therefore choose a pgrthat is on the
perpendicular to the plang Vv v, Vv v3 with foot ¢ and that satisfied(p,c) = x. Then
(d(p, v1))? + ((d(p, v2))? = (d(v1,Vv2))? and consequently the lingsv v; andp Vv v, are
perpendicular.

We now argue as follows: ag Vv v is perpendicular ta v v, andv; V v is perpendicular
toc v p, thenvy Vv vz is perpendicular t@ v p v V. In particularv; V vs is perpendicular
to pVv vo. Thenp Vv vs is perpendicular t@ Vv vy V vs. In particularp v v, is perpendicular
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Ficure 4.22.  Right-angles gt

to p v vs. Similarly p v v; is perpendicular t@ Vv v3. Thus the tetrahedropvivovs is
right-angled ap. O

We note that there are exactly two suitable tetrahedra, btegreed by choosing the point
p above the plang; v v, v v3 and the other by choosingthe same distance from) but
below the plane.

9. Summary of Chapter 4

We have examined projective spaces in some detail. Theseoar@lanar geometries
in which each pair of coplanar lines have a non-empty int¢ice, and in which each
plane and line have a non-empty intersection. Not every géyns a sub-geometry of a
projective space — contrasting with the case of planar gédeseand projective planes.
However, Desargues’ Theorem is valid in every projectivacsp

Combinatorial figures can be thought of as sub-geometri@sofivenient projective space,
namely extended Euclidean space. Consequently, we now Resargues’ Theorem to
be true in the Euclidean geometry that describes our world.

We laid a foundation for future algebraic investigation®ithe geometry of extended
Euclidean space by allocating homogeneous coordinatestomoint and plane, providing
an alternative technique for obtaining geometric resaltel establishing a link between
geometric truth and algebraic truth.
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CHAPTER 5

PERSPECTIVE DRAWINGS

Drawing, in the usual artistic sense, is an attempt to comfeymation about a non-planar
figure to a viewer via a planar figure. Manyffédrent methods of depicting subjects have
evolved over centuries of artistic endeavour. For examiplesome cultures, the more
important of two individuals is drawn larger — regardless$isfplace in the scene. In pre-
Renaissance Russian icons, distant subjects were oftem daeger than the same-sized
subjects closer to the artist.

It was only during the Renaissance that a clearly underdiass for a more realistic treat-
ment of the relationship between subject and image evolUdis understanding, using
scientific method and mathematics, was one of the greatwhients of the Renaissance.
It began with, sometimes incorrect, complicated rules fawdng very special subjects.
The painting The Last Suppéicirca 1308) by di Buoninsegna, shown in Figure 5.1, is a
not wholly successful product of these beginnings.

The understanding developed throughout the 15th and 16threes in the work of Alberti,
Brunelleschi, da Vinci and many othe], and began the modern theory of perspective
drawing. It culminated, perhaps, with the development ofgutive geometry by Desar-
gues in his systematic study of perspective drawing in thb é&ntury.

We use our knowledge of extended Euclidean space to bedgmasstudy, starting with a
definition of perspective drawings. We obtain some of thedoa®perties of perspective
drawings, and learn how to construct simple examples. Welgyrand unify many, ap-
parentlyad hog standard drawing techniques by deriving them in the camteextended
Euclidean space.

But we should remember that art is not just the realistic rdiog of scenes on canvas.
Post-Renaissance artists use skills that are not sciatififenalyzed to give a message to
a viewer's emotions — just as pre-Renaissance artists did.

1. The definition and basic properties of a perspective drawig

We may think of an artist's canvas as a transparent screenghmwhich the artist views a
figure, using one eye only and tracing what he sees. Accdydimg define the process of
perspective drawing as a function that associates eachgf@ne combinatorial figure, the
subject of the drawing, with a point of another combinatdiipure, the artist's drawing.
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Ficure 5.1.  The Last Supper

P

Ficure 5.2.  Drawing a point in practice and in theory

Dermnition 5.1. Let E be a combinatorial figure and let p be a point that is noEinLet

P be an extended Euclidean plane not containing the pointp.flinction that associates
each point x of E with the point x (xVv p) NP of P is a perspective rendition of the figure
E.

We say that Xis the image of x, for each x in E, and call the combinatorialfggE =
{X'|x € E} a perspective drawing of E, drawn from the viewpoint p in tlzap P.

We can think of perspective rendition as the process of adrgwand we can think of a
perspective drawing as the result of this process.

ExamrLE 5.2. An image in a camera obscura and a photograph taken by a pénterhera
are examples of perspective drawings.

Each perspective drawing is a planar figure. In fact one ofudeful features of this
form of art is exactly this property, perspective drawingsnlg quite easy to carry and
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Ficure 5.3. A 16th century illustration of @eamera obscura

stack. However this same feature guarantees that, in deagrerspective drawing is not
isomorphic to the subject drawn.

< -
L

Ficure 5.4.  Circuits in perspective drawings

Itis the “squashing” of images, as in two of the four persjpeatenditions shown in Figure
5.4, that may prevent a perspective drawing of a figure baiognorphic to the figure. We
now specify the conditions under which this “squashingtosc

ProposiTion 5.3. Let E' be a perspective drawing of a combinatorial figure E, dravamfr
a viewpoint p. Suppose that x, y and z are three points of En The

(i) The two points x and y have a common image if and only if #hépsx, y} is a circuit;
and

(ii) The set of images of x, y and z is a circuit if and only iftbtiie sef{p, x, y} is not a
circuit and one ofx,y, z} and{p, x, Y, z} is a circuit.

Proor. We first prove (i). The two points andy have a common image if and only if
X, y andp are collinear. From Theorem 2.14, this is equivalerid@, p} being a circuit.
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Now we prove (ii). We first suppose thit, X, y} is not a circuit and one dofx,y, z} and

{p, X, Y, 2} is a circuit. If{p, X,y, z} is a circuit, then neithep, y, z} nor{p, X, z} is a circuit.
From (i), the three images of y andz are distinct. If{x, y, Z} is a circuit and p, y, zZ} were

a circuit, then Conditio©4 would lead to the s€fp, x, y} being a circuit. As this is not so,
{p, X, y} is not a circuit. A similar argument shows tHat x, z} is not a circuit. Thus the
images of each of, y andz are distinct. In both cases the set of the three images iin th
intersection of the planp v x v y and the plane of the perspective drawing. It is therefore
a three-point circuit.

Conversely, from (i) we know that none @b, X,y}, {p,Y, 2} or {p, X, Z} is a circuit. The
pointsx, y andz are coplanar with the line that contains the image of eachcantains
the pointp. Therefore{p, X, Y, z} contains a circuit. This circuit can only H&,y, z} or

{p, XV, 2. O
Exercise 5.4. Figure 5.5 shows three perspective renditions of a tetrabred Let the

vertex-set of the tetrahedron B& 2, 3,4}. In each case list the circuits that contain the
viewpoint and are subsets of thepoint union of{1, 2, 3, 4} and the viewpoint.

Ficure 5.5.  Three perspective renditions of a tetrahedron

Proposition 5.3 gives the required conditions for a perspedrawing to accurately reflect
the three-point circuit structure of its subject. It suggelse following definition.

DerintTion 5.5. Let E be a figure. A point p that does not belong to any threetpmi
four-point circuit of EU {p} is a general viewpoint of E.

ExampLE 5.6. The question of which of the six figures in Figure 1.15 is apertive draw-
ing of a model of al-gon is equivalent to the question asked in Exercise 1.16.fif$t is
drawn from a general viewpoint of thepoint figure of the vertices of thiiegon but not of
the model (remembering that the model consists of four segmna he viewpoint of each
of the second, third, and fourth perspective drawings isheeia general viewpoint of the
4-point figure nor of the model. Neither the fifth nor sixth figig a perspective drawing.
Perspective renditions of the first and second figure are shiowigure 5.6.

We now prove that perspective rendition from a general vaengpreserves the three-point
circuit structure of a figure. This leads us to two questidfisst, what diterence is there
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Ficure 5.6.  Two perspective renditions of a model 4-gon

between perspective drawings of the same figure? Secondr winht circumstances is a
figure isomorphic to its perspective drawing?

ProrosiTion 5.7. The perspective rendition of a combinatorial figure from agml view-
point is a pairing of the points of the figure with the pointstefperspective drawing. If
paired points are given the same label, then the list of thremt circuits of the figure is
identical to the list of three-point circuits of the persfiee drawing, and the list of lines
of the figure is identical to the list of lines of the perspeetirawing.

Proor. From condition (i) of Proposition 5.3 we have that the agd@mn of each point
with its image is the required pairing. It follows from cotidn (ii) of Proposition 5.3 that
the two lists of 3-point circuits are identical. It then fmNs from Theorem 2.14 that the
two lists of lines are identical. O

CoroLLArY 5.8. Any perspective drawing of a non-planar Desargues figurwdrfrom a
general viewpoint, is a planar Desargues figure.

Proor. From Proposition 5.7 we know that the collection of cirsuif the perspective
drawing satisfies the requirements of Definition 2.37. O

Lemma 5.9. Two planar geometries are isomorphic if the points of the fies1 be paired
with the points of the second, and paired points given theedabel so that a list of three-
point circuits of the first geometry is identical to a list bfée-point circuits of the second
geometry.

Proor. A set of four points in a planar geometry is a circuit if andyoifit does not
contain a three-point circuit. Thus the two geometries hdegatical lists of circuits, and
from Definition 2.63, are isomorphic. O
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Tueorem 5.10. Any two perspective drawings of a combinatorial figure, drdwm the
same viewpoint, are isomorphic. Any two perspective drgsvof a combinatorial figure,
each drawn from a general viewpoint, are isomorphic.

Proor. A perspective drawing of a figure is also a perspective drgwi any other
perspective drawing of the original figure that is drawn fribw@ same viewpoint. Applying
Proposition 5.7 and Lemma 5.9 to this second perspectiwditi@m, and noting that any
viewpoint of a planar figure that is not in the plane of the fegisra general viewpoint, we
have the first isomorphism.

Applying Proposition 5.7 in turn to each of two perspectieaditions of a figure from
general viewpoints gives labelings of the perspective drgsvfor which the two perspec-
tive drawings have identical lists of 3-point circuits. Lera 5.9 guarantees that the two
perspective drawings are isomorphic. O

Next we prove that a figure and any perspective drawing ofitisidrawn from a general
viewpoint are as “alike” as possible. Unintended imprassiof collinearity are avoided,
no points are “lost” in the image, and a good impression ofpticeured figure is given.
However the result is not perfect in every case.

ProrosiTion 5.11. Let a perspective rendition of a combinatorial figure E frorgemeral
viewpoint be given. Then any restriction of the perspecatwnelition to a sub-geometry of
E is an isomorphism if and only if the sub-geometry is planar.

Proor. The viewpointis also a general viewpoint for the restointof the rendition to
any sub-geometri; of the figureE. If E; is planar, then we apply Proposition 5.7 and
Lemma 5.9 to provéds; isomorphic to its image. Conversely, B; is isomorphic to its
image then every four-point subsettf contains a circuit and by Theorem 2.27 theEBget
is planar. O

We are now able to state exactly the requirement of a peigpairtawing for it to accu-
rately portray the geometric structure of the figure drawn.

Tueorem 5.12. Let a perspective rendition of a combinatorial figure be giv&hen the
perspective rendition is an isomorphism between the fignekis perspective drawing if
and only if both the figure is planar and it is drawn from a geaaietiewpoint.

Proor. First let the figure be drawn from a general viewpoint. ThespBsition 5.11
implies that the figure is planar if and only if it is isomorphd its perspective drawing. To
complete the proof we need only note that Proposition 5.8aqniaes that only a rendition
from a general viewpoint can be an isomorphism. O

Consequently, the most useful perspective drawings ametdoawn from general view-
points, shown by Theorem 5.12 to contain as much as possithle geometric structure of
their subject. Unfortunately it is not always feasible tstriet our discussion to perspective
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drawings from general viewpoints. The following lemma methat a figure containing
the union of two skew lines has no general viewpoint.

Lemma 5.13. Let A and B be two skew lines and p a point on neither. Then theranique
three-point circuit containing p, a point of A, and a point&f

Ficure 5.7. A line intersecting each of two skew lines

Proor. The planep v A meets the lindB in a pointb. The linep v b is the required
line as it is coplanar witl® and therefore meesin a pointa. The linear seta, b, c} is the
required circuit. O

2. Perspective drawings in a combinatorial geometry

In this section we briefly indicate how perspective drawiimggieometries that are not
figures might be defined. Our use of a non-planar Desarguegfigthe second part of the
proof of Theorem 4.16 suggests that the notion of perspedtiswing may be applicable
in any projective space. Indeed, Definition 5.1 can be usethinprojective space, and
consequent results hold in that more general context.

In fact our definition of a geometry in terms of its circuittoals the notion of a “perspec-
tive drawing” of a geometr( to be defined even (& is not a sub-geometry of a projective
space. The following result shows how this is achieved. thetplanar geometng/, C')
plays the role of the perspective drawing®f

Tueorem 5.14. Let G be a geometry, where(B) = E’ U {p} and p is not in E. If no
three-point circuit ofG contains p, then the collection of minimal members of the set
C’ ={C—{p}: C € C(G)} is the collection of circuits of a planar geometry oh E

Proor. The proofis left as a long but straightforward exercise hich the validity of
the four condition<C1 to C4 of Definition 2.1 for the se€(G) enables one to prove their
validity for the setC’. O

However we will not pursue this idea further here, insteadrieting our attention to per-
spective drawings in our world, that is, in extended Eudidspace. In the remainder
of this chapter our discussions concern only figures, thegaametries of extended Eu-
clidean space.

105



3. Practical perspective drawing methods

In this section we develop some practical methods of coatstigiperspective drawings of
some simple figures. As the artist cannot, in practice, geeugh his canvas with one eye
at his proposed viewpoint, the other closed, and trace ohdt e sees he must use other
techniques based on Lemmas 5.15 and 5.21 for locating in@igesp

Mechanical aids were used, as we see from Albrecht DurArsst draws a Lutg, but the
process shown is cumbersome.

Ficure 5.8.  Artist draws a Lute

Nowadays we can make a photographic slide, project it, apg it® main outlines on the
canvas — and many artists do this. It is not at all obvious,aven necessarily true, that
the result of this process is a perspective drawing.

We can also now use computer help, but we first need give th@utmcorrect rules for
carrying out its task. These are just the rules that artistsgieometers have spent many
of the last five hundred years developing and practicingyTindude the simple rules we
derive below. Using them is the only technique availablemibeginning the outlines of a
physically possible scene drawn from the artist's imagamat

The following basic result is the origin of the term “lineagrppective”$?] used in art
books to describe perspective rendition. From it we know tira need only find the
images of two points of a line in order to construct the imafhe line.

Lemma 5.15. Let E be a perspective drawing of the figure E. The image of any liset
of points of E is a linear subset of Hn particular the image of a line & b that does not
contain the viewpoint of the drawing is the line containihg tmage of a and the image of
b.

106



Proor. Suppose thdt is drawn in the plan® from the viewpointp and that the linear
setAis asubsetod Vv b. If p € av b, then the image oA is the single pointgv b) N P. If
pis notinav b, then suppose thatis any point of & v b) — {a, b}, ensuring thatx, a, b} is
a circuit. Then, from Proposition 5.8,andb have distinct image&’, b’ respectively and
the images ok, a andb form a circuit. Therefore the image ghbelongs to the line’ v b'.

Any pointx’ € & Vv b’ is the image of the point of intersection of the coplanardirev p
anda Vv b, and consequently v by is the image o v b. O

Ficure 5.9. A visibility convention for skew lines

We know from Lemma 5.15 above that the image of each of two $kew in a perspective
drawing is a line. When drawing in Chapter 1 we emphasized fikes by drawing them

as in the first figure of Figure 5.9. It is useful to refine thisneention a little for use in a
perspective drawing. Let the union of two skew lileandB have a perspective drawing
in which a pointa of A and a point of B have the same image. We draw them as in the
second part of Figure 5.9 whenever we wish to emphasize théfatb is betweera and

p. Such a visibility convention is useful for clarity, for exple, in illustrating the answer
to Exercise 1.16 or in illustrating the proof of Theorem 4.46even in Figure 5.9 itself.

It is clear that any planar figure is a perspective drawingtsdli. Of more interest is

the fundamental question of whether a given planar figure perapective drawing of

some non-planar figure. We pursue this question with someessdn Chapter 7 and later
chapters.

Derinition 5.16. A scene is a perspective drawing of a non-planar figure.

Exercise 5.17. Decide whether the visibility suggested in each of the figafé-igure 5.10
is compatible with each figure being a scene.

It is also sometimes useful, if part of a plane is farther fribve viewpoint than part of a
line or part of another plane, to show it as in Figure 5.11 kameple.

Exercise 5.18. Decide whether the visibility suggested in each of the figaféigure 5.12
is compatible with each being a perspective drawing of tHeruof three planes.
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Ficure 5.10.  Three possible scenes

Ficure 5.11.  Visibility conventions for lines and planes

ExampLe 5.19. In Figure 5.13 we reproduce part of the visible images of titersections
of each two of the three planes shown in Figure 4.11 of Exe#i29. This shows that the
appropriate visibility convention of Figure 5.11 is notlfsked. We conclude that Figure
4.11 is not a perspective drawing.

We found in Exercise 5.17 that, even for a simple figure, it maybe easy to decide
whether a given visibility is compatible with the figure bgia scene.

Exercise 5.20. We know that both planar and non-planar Desargues figurest.eXry to
devise a visibility for a planar Desargues figure that woukldonsistent with it being a
scene. Either devise a visibility for a Pappus figure that dae consistent with it being
a scene or prove that it is not a scene.
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Ficure 5.12.  Possible images of a set of three planes

Ficure 5.13.  Part of a linear algebra text illustration

Lemma 5.21. The image of any set of concurrent lines in a perspective ihgwione of
which contain the viewpoint of the perspective drawing, $&Bof concurrent lines.

Proor. If the pointx belongs to a liné, then the image of belongs to the image of
Aand, from Lemma 5.15, the image Afis a line. O

Exercise 5.22. Do you have any comments on the illustration of a saw-homa fihe
Hobart, Tasmania “Mercury” newspaper reproduced in Figlre 5?

4. Vanishing points

In the context of extended Euclidean space a family of paréfies is concurrent. In
this section we use this property to construct the imageaddliel lines in a perspective
drawing.

DerintTion 5.23. Let L be an extended Euclidean line of the figure E. In any matsge
drawing of E, the vanishing point of L is the image of the dimtof L.

Parallel lines share a common direction and thus in any petisie drawing the lines share
the same vanishing point and we call it the vanishing poinheffamily.
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Exercise 5.24. The perspective drawing of a building in Figure 5.14 congdime images
of three families of parallel lines. Using pencil and rolleheck that the image of each
family is a concurrent family of lines.

.

PARTTEU I
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Ficure 5.14. A perspective drawing of a building
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Ficure 5.15.

111



Exercise 5.25. One family of parallel lines drawn in “The Last Supper”, show Figure
5.1, does not have a well-defined vanishing point. Find imagehree of the lines of the
family. Is the painting a perspective drawing?

As the world abounds with objects containing parts of pat#ities, an artist needs a quick
and easy method of drawing images of a family of paralleldin€he following theorem
provides a practical method for locating the vanishing pofrsuch a family. This point is
on the image of each line of the family. Consequently, usiagina 5.15, an artist needs
only the image of one other point to be able to construct thegierof a line of the family.

Tueorem 5.26. The vanishing point of a family of parallel lines is the irgection of the
plane of the perspective drawing and the line of the famiy tontains the viewpoint.

Proor. From Definition 5.1 the image of any direction is the intet&m of the line, in
that direction and containing the viewpoint, with the plafi¢ghe perspective drawing.o

Ficure 5.16.  The vanishing pointof a line L drawn from a viewpoinp

CoroLrLary 5.27. Let L be a line parallel to the plane of a perspective drawifen the
vanishing point of L is ideal, and lines parallel to L have gea parallel to the image of
L.

Proor. An extended Euclidean line meets an extended Euclideare pfaan ideal
point if and only if the line is parallel to the plane. The ineagf two lines are parallel if
and only if their intersection is an ideal point of the plafi¢h® perspective drawing. O

ExampLE 5.28. Proposition 5.26 explains why the moon accompanies us orlkeataight.
No matter how fast we walk it remains by our side! All the lights from it that reach us
are approximately parallel, thus it would not matter where ghose to sit and draw, we
would place the moon in the same part of our canvas.
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ConstrucTioN 5.29. Locate the vanishing point of the horizontal lines on théntigand
side of the building drawn in Figure 5.14. Is any side of théding parallel to the plane
of the perspective drawing?

ExampLe 5.30. The plane of the following preliminary sketch for da Vin¢pgloration of
the Kings” is vertical and parallel to the front steps.

Ficure 5.17.  Adoration of the Kings

Often the plane of a perspective drawing is vertical, as @seen from the usual artist’s
easel. This is convenient for viewing, as pictures are gshaing vertically, and vertical
lines then have vertical images.

Ficure 5.18. An easel

ExampLe 5.31. The plane of the perspective drawing in Figure 5.14 is notivak, but the
plane of Direr's “ Melencolia” in Figure 5.19 is vertical.
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Ficure 5.19. Melencolia
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A photograph taken by a visitor to a city may not be in a veltane when exposed. This
is one reason why it may look “distorted” — we usually “exgedtrtical lines to have
parallel images. How should we hold and look at a photogrdphtall building that is
shot from ground level?

Ficure 5.20. A photograph of tall buildings

There are many uses of vanishing points, and we are in a @osdiunderstand most of
those given in instructional books, although we may find tliemched in cumbersome
terms. This should not surprise us as they are for the usgistisawho will not necessarily
have a strong background in geometry. We will look at one nomm@mon application

based on the following:

Tueorem 5.32. Let Q be an extended Euclidean plane. In any perspectiveidgadrawn

from a viewpoint p in a plane P, the vanishing points of linasaliel to Q are collinear,

each belonging to the line of intersection of the plane P dredlane parallel to Q that
contains the point p.

Proor. The lines in question are exactly those whose directiotmgeo Q. A direc-
tionis inQif and only if it is in a line parallel taQ and containingp. The image of each
of these directions is therefore both in the plane parail€) that contains the poin and
in the planeP. O

CoroLrLary 5.33. In any perspective drawing, the vanishing point of a hortabline is in
the intersection of the plane of the perspective drawing tie horizontal plane contain-
ing the viewpoint.

Artists call this line thehorizon lineof a perspective drawing. It is often the first construc-
tion line drawn to help them set out their picture.
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Exercise 5.34. Find a painting or drawing in which the horizon line plays dwable role.
If the picture shows the sea, then where is the horizon lineyWV

A sequence of five applications of Lemma 5.32 enables us tmenthe perspective
drawing of the roof in Figure 5.21.

Ficure 5.21. A partially drawn house

Referring to Figure 5.22, we give the required construction

ConstrucTtion 5.35. The pointl is a vanishing point of a horizontal line, as is the pant
each being the intersection of two images of parallel hariablines. Hence the lingé v 2
is the line of vanishing points of horizontal lines.

Also the pointl is a vanishing point of a line in the plane P, as is the p@intlencel v 3
is the line of vanishing points of lines in the plane P.

Similarly the line2 v 3is the line of vanishing points of lines in the plane Q.

The line B has vanishing poi The line A is in plane P and therefore has vanishing
point4.

Each of A and B is in plane R. Consequently the Bne4 is the line of vanishing points
of lines of R.

Similarly the linel v 5 is the line of vanishing points of lines contained in the pl&h.
The required line C is in both R and S. Therefore its vanisipioigt is(2 v 4) N (1 v 5).
Knowing two points of the line C enables us to draw the line.

ConstrucTioN 5.36. Let us test our mastery of perspective! Draw a book standingro
end, and having its pages fanned open.
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Ficure 5.22.  Completion of the house roof

5. Perspective drawings of a box

Many man-made constructions can be thought of as made up@fadoxes. For exam-
ple, the building shown in Figure 5.14 can be imagined as shovFigure 5.23. Conse-
quently perspective rendition of boxes is a basic artidiit, and we investigate it in some
detail in this section.

Ficure 5.23. A collection of boxes

Exercise 5.37. If you are able to, give a young child a piece of paper, peaeif building
block or some other box and ask for a drawing of the model. &edpés procedure every
six months or so. The resulting collection of drawings widlise your curiosity.

How should we make a perspective drawing of a box? Havingezhasviewpointp we
may locate the vanishing point of each of the three familfgsasallel lines that contain
edges of the box. Each vanishing point is on a line throughitepoint that is parallel to
an edge of the box. It is the intersection of such a line withglane containing the page.
Let{0,1,2,3,4,5,6, 7} be the set of corners, or vertices, of the box. We label thestiarg
point of the line Ov i by v; , for eachi = 1, 2, 3.

ConstrucTion 5.38. We begin to draw the box in the plane P containing the pageyitg
the imagd)’ = (pVv 0)n P of the poin0, drawing the imagd’ = (p Vv 1)n P of of the point
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Ficure 5.24.  Perspective rendition of a box

1, drawing the image’ = (p v 2) N P of the poin®, drawing the imag&® = (pv 3)N P
of the point3, and so on.

But by using the three vanishing points and the poiitd’, 2/, and3’ we can save some
time. A2V 4is parallel toOv 1, then2’, 4 and v are collinear. Similarlyl’, 4 and v are
collinear, givingd’ = (v1 v2')Nn(v2 v 1’). Similar arguments give’ = (v3v 1) N (vy Vv 3),
6=(MWVv3)n(vzv2)and? = (vyVE)N (v V5).

Completing the image, we notice that the poihis7on the three lineg; v 6, v, vV 5 and
vz vV 4. Consequently the resultant image is automatically a digdanar figure and we
have the following result:

Lemma 5.39. The eight-point figure consisting of the images of the vestiaf a box in a
perspective drawing, drawn from a general viewpoint of tighepoint set of vertices, is a
closed planar figure.

The above construction produces the imaged’(02',3',4',5,6', 7/, of the vertices 0, 1,
2,3,4,5, 6, 7 respectively, of the box.
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Ficure 5.25. A perspective drawing of a box

We adopt the time and notation saving habit of labeling thegenof a point by the point,
so rather than using as a label for the image afin the above perspective drawing we
label the image of by i, foralli = 0,1,2,...,7. As we previously mentioned follow-
ing Construction 1.4 in Chapter 1, it is common practice teadpof “a box” when it is
understood that we mean “a perspective drawing of a box”.

When drawing a box we have several choices of presentatiofgraexample in Figure
5.26. Do we show just the visible surfaces, do we highligattartices, do we show all the
edges, or do we highlight some edges according to the vigibdnventions we discussed
earlier? The answer depends on the context and the purposakifig the drawing. Is it
part of an artistic scene, is it part of a construction blugprThe answer determines the
detail of the presentation.
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Ficure 5.26.  Diferent drawing styles

ConstrucTion 5.40. Using a roller and a pencil, draw three boxes, that each haveesame
vanishing points, from the one viewpoint. Shade some facekthen erase parts of the
construction, leaving only the surfaces of boxes that asiold from the viewpoint.

We can certainly draw various boxes, using the instructigi@onstruction 5.38. However
we may as well relieve ourselves of the tedium of repeatedidgaby using a computer
to carry out the task for us, by means of a mathematics padwgeasMathematica or
Maple. For example, thélathematica code given in Program 5.41 draws a cube with
shaded faces of fierent colors. The pointg0, 0,0}” and “{1, 1, 1} represent the coor-
dinates of opposite corners of the cube. The “Viewpeint{1.3, —2.4, 2}" option to the
“Show” command gives the standard coordinates of the vigwpsed byMathematica.
The output of this program is illustrated in Figure 5.27.

Procram 5.41. Perspective Drawing of a Cubic Box

g=Cuboid[{0,0,0},{1,1,1}]
Show[Graphics3D[g],ViewPoint— {1.3,-2.4, 2}]

Program 5.41 enables us to vary the viewpoints of the cuble aviminimum of €ort.
For example, the various viewpoints of the cube are deatiitb¢he following table by
changing the pointl.3, -2.4, 2} in the “ViewPoint” command to the given point (see the
Mathematica Help Browser’s “ViewPoint” listing).
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Ficure 5.27.  The cube from Program 5.41

Point Perspective
{0,-2, 0} directlyin front
{0,-2, 2} infrontand up
{0,-2,-2} infrontand down
{-2,-2, 0} left-hand corner
{
{

2,-2, 0}  right-hand corner
0,0, 2} directly above

Using coordinates to specify the box, the viewpoint and thagof the perspective draw-
ing, the computer quickly uses the appropiate linear alyébconstruct the required per-
spective drawing according to the rule given in Definitioh.30nly the panels of the box
that are visible to the viewer are drawn, as can be seen ind-la8, for example.

ExampLe 5.42. Figure 5.28 is a perspective drawing of several boxes. Ed¢heboxes
has the same three vanishing points.

ExampLE 5.43. Figure 5.29 is a perspective drawing of several boxes, nddwae@s having
the same vanishing points.

There is a striking dierence between, for example, the perspective drawingsguaréi
5.14 and in Figure 5.17, or between the various boxes in Ei§L#9, or between the three
boxes in Figure 5.30. This is explained by taking note of tileWwing distinction between
perspective drawings of any figure that contains three itapdfamilies of parallel lines:

DerintTion 5.44. A perspective drawing of a box, or of any figure containingséhcon-
current, but non-coplanar, extended Euclidean lines, Boint perspective drawing if
the vanishing point of each of the three lines is Euclidedntwb vanishing points are
Euclidean and the third is a direction, that is if an edge dof thox is parallel to the plane
of the drawing, then the perspective drawing i8-point perspective drawing. If one van-
ishing point is Euclidean and the other two are directiormttis if a face of the box is
parallel to the plane of the drawing, then it isla point perspective drawing.
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Ficure 5.28. A perspective drawing of several boxes

ExampLE 5.45. Figure 5.30 contains three perspective drawings. The fgst B-point
perspective drawing, the second i2#goint perspective drawing, and the third isla
point perspective drawing.

An advantage of using extended Euclidean space as thegsktiour discussions is that
1-point, 2-point and 3-point perspective drawings can eltlbawn with roller and pencil,
starting with an appropiate triangle of vanishing pointshia extended Euclidean image
plane, and using Construction 5.38.

Construction 5.46. Using a pencil and a roller, or a computer drawing packageaod
a box on a sheet of paper so that you may maldepaint perspective drawing of it. Re-
arrange the box in order to make Zpoint, and then dl-point, perspective drawing of
it.

Exercise 5.47. Decide whether the perspective drawing in Figure 5.311smint, 2-point
or 3-point perspective drawing.
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Ficure 5.29. A perspective drawing of more boxes

U\

Ficure 5.30.  Three perspective drawings of a box

Ficure 5.31. A scene containing images of parallel lines

ConstrucTion 5.48. Perhaps we should again test our mastery of perspectiveidgawet
us make &-point perspective drawing of a small staircase of thre@ste
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Ficure 5.32.  Breakfast

We should remember that not every painting is drawn accgriithe rules of perspective.
For example, Breakfast by the Cubist Juan Gris may not reward any attempt to find a
preferred viewpoint.

How do we explain the impression we have of the sides of a readerging into the
distance away from us in both directions? Thinking abouhsygestions led artists to
wonder whether or not the rules of perspective are apprigpgigides for their work.

There is a practical tlierence between an artist’s perspective drawing and theeinmag
camera obscurar pinhole camera. In applying Definition 5.44 an artist Ulyuaas the
image between the artist’s eye and the subject of the draveumgthe pinhole separates
the image taken by a pinhole camera from the subject of theoghaph. We have not had
much experience examining images of points having the veéwetween them and the
picture plane! Let us experiment with such a perspectivditiem.

ProeLem 5.49. Imagine your head enclosed in a translucent box with one fiacallel to
a sheet of paper. Draw the box, including all its edges, orpidyeer.

Solution to the problem of drawing a translucent box:
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Ficure 5.33. A translucent box enclosing the head of the artist

Exercise 5.50. Just in case we feel that we have mastered ideas that retieeattention
of Renaissance giants, perhaps we could ask ourselves iglifehbest seat in the cinema?
Where should we sit to watch television?

Again we stress that artists try téfect our emotions and give us messages in whatever
way they feel appropriate. lllusion and uncertainty may & pf the message. What, for
example, do we make of Boring'#other-in-Law (see Figure 5.34)?

6. Perspective rendition from an ideal viewpoint

In our discussions so far we have tacitly thought of viewpoas Euclidean points, but our
results hold for any point of extended Euclidean space agpat. In fact it is common
to use a direction as viewpoint in technical illustrations. this section we show some
advantages of choosing a non-Euclidean viewpoint.

DerintTion 5.51. An gffine projection is a perspective drawing drawn from an idealwi
point.

An affine projection image approximates to the photographs addairsing a telephoto
lens, or the view through a telescope, of a distant sceneariglen dfine projection image

is best viewed from some distance! It is quickly drawn usimglker and pencil because of
the following consequence of Theorem 5.26.
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Ficure 5.34. Mother-in-Law

Tueorem 5.52. In an gfine projection the vanishing point of each extended Euctidies
is a direction. Parallel lines have parallel images in affiae projection.

Proor. A line containing the viewpointand another direction isatland consequently
the image of each direction is a direction. Thus, from Theo®e26, we have that each
vanishing point is ideal. The images of the members of a faofiparallel lines are lines
containing the vanishing point of the family. Thus in dfirge projection parallel lines have
parallel images. O

As a consequence, in anffiae projection a rectangle has an image that is a paralletogra
This is the explanation for the convention we agreed on inp@had to denote planes.
The illustrations in this book are ofterfime projections and typical rectangular pieces
of pictured planes are drawn as parallelograms. For exartidour possible scenes of
Exercise 5.18 arefine projections and are quickly drawn using a roller and aihenc
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The choice of a direction rather than a Euclidean point aspent is much more conve-
nient for small projective drawings. The choice of a Euciideiewpoint that is far enough
from the page to allow our eyes to comfortably focus on theepgauld give at least one
Euclidean vanishing point some distance beyond the eddeqgfdge. It is much easier to
draw parallel lines with a roller and pencil, than to use #hhique of Construction 3.45,
to draw lines meeting, say, one metéf the page. But the fierence between two such
lines and two parallel lines is slight, and so a perspectragvohg with an ideal viewpoint

and a perspective drawing with a convenient Euclidean viéwpnay appear very similar.

Any box drawn in &ine projection will have all three vanishing points idealfdnt there
is a very simple test to determine whether or not a partiqudaispective drawing is an
affine projection.

Tueorem 5.53. A perspective drawing is anfane projection if and only if the vanishing
points of three concurrent, but non-coplanar, extendediliean lines are ideal.

Proor. Suppose that the viewpoint is Euclidean. Then at most twbethree lines
are parallel to the plane of the perspective drawing, and/godrollary 5.27, at most two
of their vanishing points are ideal.

Conversely, if the viewpointis ideal, by Proposition 5.&8Ryanishing points are ideal.o

A quick examination of the saw-horse of Exercise 5.22, uaingjler, suggests that it is an
attempted fiine projection.

Exercise 5.54. Figure 5.35 contains some perspective drawings of boxesidBeavhich
are 1-point perspective drawingg;point perspective drawing8;point perspective draw-
ings, or gfine projections.

If an affine projection has, as its viewpoint, the direction orthajomits plane the projec-
tion is called arorthographicprojection. Engineering and architectural drawings cetnsi
of, typically, three orthographic projections. The prdiec from the vertical direction is a
plan, and the projections from horizontal directions akevations

Exercise 5.55. Using roller and pencil, draw a plan and two elevations of alyr@pic
victory podium.

7. Summary of Chapter 5

We defined perspective drawings and examined their geonitrperspective drawing is
from a general viewpoint it is as realistic as possible. Vée glave conditions for a figure
to be isomorphic to its perspective drawing.

We developed several practical technigues for drawinglgifigures. Our use of extended
Euclidean space enabled us to maki@edent styles of perspective drawings in a unified
way. We saw the simplicity of the rules for drawing from andtieiewpoint. But we must
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Ficure 5.35.  Six possible perspective drawings of boxes

remind ourselves that art remains more than the formulati@ncollection of rules — no
matter how mathematically appealing they may be.
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Ficure 5.36.  Two elevations and a plan of a building
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CHAPTER 6

BINOCULAR VISION AND SINGLE IMAGE
STEREOGRAMS

As useful as perspective drawing may be as a way of recordifognation about the
world, it cannot exactly duplicate our vision, as we eachvgiéle two eyes. In this chapter
we begin to unravel the mystery of how the human brain inetggimultaneous messages
from the left eye and the right eye.

1. Binocular vision

In this section we analyze binocular vision and carry outesexperiments in order to test
our conclusions. Each eye collects information, and tHisriation is combined and in-

terpreted by our brain. The process is complicated, and atbisderstood. Nevertheless,
each of us continually and successfully carries it out. Isstueast begin to unravel a little
of its mystery.

left eye / right eye\:

Ficure 6.1.  Deceiving the Eyes

Looking at a poini, each eye turns towards If, instead ofx, the left eye saw_ and the
right eye sawxg as in Figure 6.1, could we be tricked into believing that wi saw the
point x? There are some obstacles to such an attempted deceptioexdrople, as well
as turning, each eye changes the shape of its lens to focus @ject. In some way we
are aware of these physical states of our eyes and extractriafion from them about any
viewed object.
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We will try a series of experiments to indicate whether orwetcan trick our eyes and
mind. Perhaps a better way to look at the experiments is & aftevhether, and how, our
minds can create a non-planar world from only planar infdioma

/f slots for cards 1 and 3

slots for cards

removable center
partition

30cC

30

X

- N

view from here

Ficure 6.2. A stereoscopic viewing box
Construction 6.1. Make a viewing box as indicated in Figure 6.2. Copy, fulesiach of
the six cards shown in Figure 6.3.

An old shoe-box will do for the viewing box, a hole in its endabling us to view the first
and third cards from a suitable distance. The partition eahibged to the floor of the box
with adhesive tape. Its role is to help each of our eyes cdrateon its image. Painting
the interior surface matt black also helps each eye coratertn the appropriate image.

Exercise 6.2. Test whether you can distinguish between the first two catdsjng Card
1 60cm from the viewer, and then placing Ca2d30cm from the viewer as suggested in
Figure 6.2.

This test gives practice in persuading the mind that sepa@htsx, andxg, seen by each
eye respectively, can be a satisfactory substitute forgespointx seen by both eyes. Let
us be a little bolder.

Exercise 6.3. Repeat the experiment using CaRland4. Then look at each of the Cards
5 and6, placing eactB0cm from the viewer.
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Card 1 Card 2
Card 3 Card 4
Card 5 Card 6

Ficure 6.3.  Stereograms

Our viewing box is a rudimentary example of the once-popsti@reoscope, invented by
Charles Wheatston@g] in the middle of the nineteenth Century. Cards 2, 4, 5 ande6 ar
simple examples of the photograph-pairs used in them, ichvtiie two photographs are
taken from slightly diferent positions. Their erstwhile popularity suggests ithatust be
possible to persuade our minds, at least partially, thatwiséng them we are looking at a
non-planar figure.

Each of the photograph-pairs used in the Wheatstone stamgesind each card that we
use in our viewing box is the result of combining two persjweatrawings. We formalize
this concept in the following definition.

DerintTioN 6.4. A stereoscope of a figure E is a pair of perspective renditadnis, each
drawn from a general viewpoint, drawn in the same plane. Tieruof the two perspective
drawings is a stereogram of the figure E.
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Just as a perspective drawing is planar, so is a stereograih. g/e information about
non-planar figures in terms of planar figures.

TueoreM 6.5. The two perspective drawings in a stereogram are isomorphic

Proor. The result is an immediate consequence of Theorem 5.10. O

Let E. be a perspective drawing of the figuEe drawn from a general viewpoirgd, in
a planeP. Suppose also thdty is a perspective drawing d, drawn from a general
viewpointpg in the same planB. We writex, for the image of any point € E in the first
drawing andxg for its image in the second. The isomorphism of Theorem 5difsp
with xg, for eachxin E.

The pointsp. andpg are usually chosen so that the stereogEam Er can be viewed with
the left eye ap, and the right eye simultaneously@t. The stereogram inducetereopsis
(the perception of distance) when the viewer's mind undeds enough, at least, of the
above isomorphism to know that, for some poirts E, an image ofk_ on the left retina
corresponds to an image ®$ on the right retina.

The old-fashioned Wheatstone stereoscopes forced eath eyecentrate on the appropi-
ate perspective drawing by physically separating the petspge drawingsE_ not being
visible to the right eye anfir not being visible to the left eye.

Another way to encourage each eye to concentrate on thectpaespective drawing in a
stereogrank, U Eg is to color the figuree, red and the figur&g blue. Viewing through
spectacles having a blue left lens and a red right lens lets @z see only the appropiate
drawing, avoiding the need for a viewing box. The blue lensoalrs the red light from
E., causing its outline to appear black to the viewer. All lighiowed through this lens
is blue and scEg is barely noticeable. Similarly the right lens encouragdnesright eye
to concentrate olkg. It is an imperfect technique, it beingfficult to exactly match the
colors of the lenses and figures in practice.

Exercise 6.6. Copy Card6 of Figure 6.3 in red and blue, coloring the figure on the left-
hand side red and the figure on the right-hand side blue. Miglwough spectacles with
cellophane lenses, one red and one blue. Is the result mokeserconvincing than that
experienced in Exercise 6.3?

A more modern use of stereograms is wiraual reality headset. This consists of two small
screens, one fixed to the headset in front of each eye. Theckefen displays a computer-
generated sceng, that has the left eye’s position as viewpoint, and the otlsplays
Egr, drawn from the right eye’s position. Sensors in the heait$etm the computer of
the eyes’ positions and the displays are re-calculated riargs each second. Together,
at any moment, they give a stereoscopic view of a fixed imagjroa “virtual”, subject
drawn from the position of the appropiate eye. Thus the imeyi subject remains fixed
relative to the real world as the wearer of the headset moves.
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With practice, we can view a card without using a viewing boxaoring images. Each
eye of the viewer then sees both images on the card. If thetage# slightly, then the
viewer’'s mind identifies the inner image from each eye anerprets the result as a non-
planar subject which in the case of Card 6, for example, isxa Bbe viewer then “sees”
a box (flanked by a pair of flat drawings which are the imageandEg seen by the right
and left eye, respectively, and not not used in creating éimé¢ral impression of the box).

We might wonder how our minds cope with the problem, for exiamef an Euclidean
point x._ corresponding to a directiorz. But, as we now see, in practice this does not
arise.

Lemma 6.7. Let the line containing the viewpoints of a stereoscope Ivallgato the plane
of the stereogram. Then the isomorphism of Theorem 5.1@ jRaiclidean points with
Euclidean points and directions with directions.

Proor. If xis a point collinear withp, andpg, thenx_ = xg. Otherwise the lingor v X
is parallel to the plane of the stereogram if and only if themnglx v p_ Vv pris parallel to
the plane of the stereogram. An analogous argument showthibi#s the case if and only
if the line p_ v x is parallel toP. Thus in each casg_is Euclidean if and only ifg is
Euclidean. O

2. Binocular vision and random-dot stereograms

It has been argued that the process of believing that we aimegseon-planar objects when
viewing a stereogram relies only on our prior knowledge #zath image is an outline of a
familiar non-planar object, in the above case a box, and doegely on binocular vision
at all. In this section we investigate this claim.

In a famous experiment, Adalbert Ames, Jr. covered theiottsurfaces of a room by
leaves. In monocular vision, the shape of the room was nohgly evident, but an ob-
server was easily aware of its shape when viewing with bo#is.ey

In 1960 the American psychologist and engineer Bela Jukz4] took this idea a step
further and replaced any recognizable outline in a stesgodyy a collection of pairsy
and xg, of dots, each pair to represent a single poinés in Figure 6.1. In this way no
recognizable outline was available iy or in Er to prompt the mind of the viewer of a
stereogranic, U Eg.

ProeLem 6.8. Can all the information our brains receive during binoculdsion be ob-
tained by monocular vision alone?

Solution. Place a copy of Card 7, shown in Figure 6.4, in the viewing bokexamine it.

If you see something that you recognize as a simple non-pkgure, then you have
disproved the argument mentioned above, and shown that i nmavoidable use of
your binocular vision to observe the world around you in a wayjch cannot be duplicated
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Ficure 6.4. Card7

by monocular vision. When you succeed you will be in no doukte clarity is quite
stunning. O

Consequently, perspective drawing alone cannot be a fatigfactory method of informa-
tion transfer, in planar form, about our world.

If you have dificulty with this experiment there are a variety of suggestj@t designed
to encourage you to turn your eyes in, only a little, so thatldft looks directly ai, and
the right atxg, for some pointx beyond the card. It may help if you imagine that you are
looking through the box to a poimtbeyond and let your eyes “glaze” a little, that is let the
focus of their lenses wander.

If still in di fliculty, viewing Cards 8 and 9, above, in the viewing box mayplyelu interpret
stereograms containing randomly chosen points. The bdxesiof Card 8 may help fuse
the corresponding dots of the left and right images. Alteritavith Card 9 until you feel
at home with the latter. Then try Card 7 in the viewing box agai

Derinition 6.9. Let a figure E be chosen, the points of E forming a reasonabigaoa

collection on the surface of an object. Then any stereogritimedfigure E is a random-dot
stereogram of the object.

The stereogram on Card 7 is an example of a random-dot staraotf was created by the
following Mathematica program. You may like to experimentarying the functiorf in
order to give cards that may be viewed in the viewing box.

ProGram 6.10. Random Dot Stereogram of a Surfacef (x, 2) =
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Ficure 6.5. Card 9

The code “leftViewPt” and “rightViewPt” specify the two wigoints from which the per-
spective drawings that constitute the stereogram are draiva surface being examined
has equatiorf(x,2) = y.

leftViewPt={1,-3,-30,0};
rightViewPt={1,3,-30,0};
f[pair_]:=40+pair[[1]];

“SubjectDomain” is a square containing a random collectémairs ,2). The code
“stereoSubject” is the corresponding collection of poifXsf(x, Z),Z). This collection is
E, that part of the surface defined lhythe subject of the drawing.

subjDomain=Table[{Random[Real,

{-3,3}]1,Random[Real, {-3,3}]1},{7003}];
stereoPt[m_]:={1,m[[1]],£f[m],m[[2]11};
stereoSubject=Map[stereoPt, subjDomain];
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The function “leftShadow” specifies the perspective drawieftStereo” of “stereoSub-
ject” that is drawn from the viewpoint of the left eye in coorate form. Similarly, “right-
Shadow” specifies the perspective drawing that is drawn fitterviewpoint of the right
eye in coordinate form.

leftShadow[subj_]:=Module[
{u},
u=m*subj+n*leftViewPt;
First[u/. Solve [{u[[1]]==1, u[[3]]==0}, {m,n}]]
1;
rightShadow[subj_]:=Module[
{v},
v=r*subj + s*rightViewPt;
First[v/. Solve[{v[[1]]==1, v[[3]1]1==0}, {r,s}]]
1;
dot[image_]:={image[[2]], image[[4]1]1};

leftImage=Chop[N[Map[leftShadow, stereoSubject], 3]1];
leftStereo=Map[dot, rightImage];

rightImage=Chop[N[Map[rightShadow, stereoSubject], 3]];
rightStereo=Map[dot, rightImage];

The function “RDStereogram” collects the two drawings tonidhe required stereogram,
and “Show” prints the stereogram. The “AspectRatio” partte code ensures that no
distortion takes place in the setting out of the output.

RDStereogram=Graphics[
{Map[Point, leftStereo], Map[Point, rightStereo],
Line[{{_ss_s}! {5;_5}; {5’5}’ {_5;5}; {_5’_5}}]}
1;
Show[RDStereogram, AspectRatio-> 1, PlotRange -> All]

3. Single-image stereograms

In this section we show how to construct so-called “randahstkreograms”.

As we see, for example in Figure 6.6, when making stereogadradigureE that is too
big or too close, the two imagé&s andEg overlap inE; U Eg and their points are jumbled
with each other. In other words, some points of the sterendrave two labels, one as a
member ofE. and another as a memberB§. The only way to view such a stereogram
might seem to be with colored spectacles, as suggested beBxercise 6.11.

Exercise 6.11. Copy the card shown in Figure 6.7, coloring the left-disgldoutline red
and the right-displaced outline blue. View it through spetts having a blue left lens and
a red right lens.

138



Ficure 6.6. A point of a stereogram that is seen by both eyes

Ficure 6.7. A colored stereogram

But perhaps by a suitable choice of points on the surface obgtt we may construct a
stereogram of a figurg that could be understood without the need to resort fiedint

colors.

If we could select the points d&, as for example in Figure 6.8, and train our eyes to move
in partnership, then many points of the stereogram woulddssl dwice, once by each
eye. The plethora of d¢tee-table books containing so-called random-dot stereogia
testament to the fact that we can successfully do this.

The points of these stereograms are obtained in the follpwely. Suppose that we wish
to visualize a figurdsy by means of a stereogram. We choose a pRaad two pointg,
andpg, neither inP. We define two function§ andfr as follows: Suppose thatis in Eg.
We writee. = (pL Ve N Pandeg = (prV € N P, and definefr(e.) = eg and f_(er) = €.
Thusfr o f_ is the identity function defined on some subset of the pRne
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Ficure 6.8. Many image points that are seen by both eyes

We construct a sef| and a seEr as follows. We select a poitof P. Each pointf2(x),
for which the compositiorf,;”l(x) = fro fR(X) is defined, is included i, . Each point
f1(x), for which the compositiorf™*(x) = f_ o f(X) is defined, is included iEr. We
note that these points are collinear, each being in the fing@rsection ofP and the plane
PLV PRV X

We repeat this process, choosing points upti$ reasonably densely covered. It follows
thatEg = {fr(X) : x € EL} andE, = {f.(X) : X € Eg}. ThenE_ U Eg is a stereogram of
the figureE = {ee€ Ep : e = (pL V X) N Ep, X € EL}. The set of points of the figur is a
reasonably representative subset of theeget

It is not really appropiate to call the resultant stereogearandom dot stereogram, as is
usually done. C. W. Tyler and Maureen Claid], the originators of the idea, coined
the phraseuto random dot stereogranfPerhaps a more appropiate namsiigyle-image
stereogram This encapsulates the distinguishing feature, the altotat overlap of left
and right perspective drawings. This removes the annowaictions, on size and loca-
tion, of the objects viewed in traditional stereoscopesinyle-image stereogram can be
of an arbitrarily large object, and is restricted only bybiligy of the mind to cope with
unexpected changes in the distance between successivia ttsstereogram.

There is an increasing number of programs available fortcocting single-image stere-
ograms. A good example is ti##S Mathematica packagdf).

Exercise 6.12. Examine the single-image stereograms in Figures 6.10 ahtlié.the light
of the above discussion. If infficulty, use any of the techniques which helped when using
the viewing box.
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Exercise 6.13. Why is each dot “seen” so clearly in a stereogram? Is it eastefsee”
all dots more clearly than if they were painted on the actusface represented?
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Ficure 6.11.  Another single image stereogram

4. Summary of Chapter 6

Some experiments with stereopsis proved that binoculé@rvis essentially dferent to
monocular vision. In particular we constructed and ingzgtd four methods of creating
the dfect of non-planar figures in our minds from planar informatistarting with old-
fashioned stereoscopes and ending with the currently popirgle-image stereograms.
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CHAPTER 7

SCENE ANALYSIS

In Chapter 5 we developed some techniques that enable uski® peaspective drawings
of a figure. We now tackle the converse problem of determimihgther a planar figure
is a scene, that is, a perspective drawing of a non-planarefigBicene analysis the
identification of any given planar figure as a perspectivevdrg of a non-planar figure.

We use our results both to investigate planar figures thatlammed to be scenes and to
make perspective drawings of subjects that exist “in ourdsiin

Our methods would enable “flat folk” with no experience of anfpdanar world to theo-
retically deal with non-planar figures by means of their iemgleciding whether a plane
figure does represent something beyond their experiendbdmrtetically possible. This is
analogous to what we would do when discussing geometry afdimnensions. We would
look at the images or “shadows” that its objects cast in outdvo

When drawing figures that contain parts of planes we oftew doaitlines”, that is, parts
of lines that are the images of the intersections of thesseglaThe nature of our drawing
implements makes this a natural procedure. Shading oringldoes help — but outlines
are perhaps the main clue to subject recognition.

[ NN

Figure 7.1.  Outlines and shading

In Chapter 5 we drew boxes. That was quite straight forwand, \@e commented in
Lemma 5.39 that the resultant perspective drawings aredlfigures. We know from our
experiments in Chapter 1 that drawing closed figures mayeagyht with dificulty. So we
begin our scene analysis with the task of drawing “imagihboxes in mind. We broaden
the scope of, and at the same time simplify, our analysis Inkitlig of boxes, and many
other figures, as parts of sets of planes.
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1. Perspective drawings of intersections of planes

We begin by examining a planar set of lines and prove thateundrtain conditions, it

is a scene. We do this by constructing a set of planes. Thenwfithe given lines is

a perspective drawing of the union of the pairwise inteisastof these planes. We first
prove the following simple lemma:

Lemma 7.1. Let p be a point and Pand P, be two planes, neither containing p. Suppose
that M and N are two lines in Pconcurrent with the line of intersection ofRnd P..
Then the lines M anfp v N) N P are coplanar, say belonging to the plane P. The images
of PN Py and Pn Py, in any perspective drawing in the plang &awn from the viewpoint

p, are M and N, respectively.

P>
(pV N)ﬁ P,

P1

Ficure 7.2. A plane containing two given lines

Proor. The common point of the three planeg P, andp v N is in each of the lines
(pvN)NnP; =N, PinPyandP, n(pV N). Therefore it is the point of concurrence of
P1 N P, N andM. Therefore the lined andP, N (p v N) are coplanar. O

We now derive a condition shicient to ensure that a given planar $etof lines is a
perspective drawing of the pairwise intersections of a $qtlanes. The condition en-
ables us to label each line &f by ij , so that we are able to construct a suitable set
P={P :i=12...,n}of planes. The planar union of the lineslofis a perspective
drawing of the non-planar union of the lines of the@&tN P; 1 i, j =1,2,...,n}.

Tueorem 7.2. LetL be a planar set of finitely many lines with the property that@ontains
more than three lines, then they are not all concurrent. Tienfollowing two conditions
are equivalent.
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1. The sel is a perspective drawing, drawn from any given point p as piEnt, of the
pairwise intersections of a sétof planes. No plane d? contains the viewpoint.

2. There is a natural number n so that, for eaghj} C {1, 2,...,n}, the symbol ij labels
a member oL ; the two symbols ij and ji label the same membek pthree lines labeled
ij, jk and ki are concurrent; and if ij and jk label the samedirthen ik is also a label of
this line.

Proor. First suppose the Condition 1 to be true. BPet {P1, Py, ..., Py}. We label
the image of each intersecti®hn P; in the perspective drawing by andji. Lemma4.11
guarantees thd&; N P;, P; N Py andPy, N P; are concurrent. Lemma 5.21 ensures that their
images are also concurrent. If a line is labeled by bptind jk, thenp is coplanar with
each of the line®; N P; andP; N Py. As pis not inP; the two lines are equal and therefore
equal toP; N Py. Thus Condition 2 holds.

Conversely, suppose that a labeling of the line& &fatisfies Condition 2. We choose an
arbitrary viewpointp not in the plane containing the lines bf We choose this plane as
P;. If L is not empty, them > 2. As P, we choose a plane containing the line labeled
12 but not the poinp. For each = 3,4,...,nwe apply Lemma 7.1, with the line labeled
by 12 asP; n P,, the line labeled byilasM, and the line labeled byiasN, in order to
define a plan®; that contains both the linéd and (pv N) N P,. It may be helpful to think

of eachP; being “hinged” at the line labeled by &nd swung about this hinge out of the
planeP; until its intersection withP, has an image, viewed from of the line labeled by
2i. Thus we have a sé& = {P1, P, ..., Py} of planes.

An ambiguity arises in defining; if M and (N v p) N P, are the same line. This occurs
only if 1i and 2 label the same line, and consequently 12 also labels thes Buppose
that the line labeled by 12 and 21 has another label. On theame, there may be another
member ofL that has only two labels. In this case a permutatiofilg®, ..., n} gives a
re-labeling of the members &f for which the line re-labeled by 12 has 12 and 21 as its
only labels. This re-labeling satisfies Condition 2. Sugpas the other hand, that each
line of L has at least three labels. In this case leé any member ofL, 2,...,n}. If aline

is labeled byir and jr, then it is also labeled byj. Therefore each line df has a label
not containing. We delete all labels containingleaving each line labeled at least twice.
Continuing to delete labels in this way until some line haly dmo labels, we are left with

a labeling for whichij labels a member df, for each{i, j} C {r1,r2,...,rm}. We replace
eachr; by i, and permutindl, 2,..., m} if necessary, we obtain a labeling that satisfies
Condition 2 and in which the line labeled by 12 has only 12 ahd2labels.

Thus, without loss of generality, there is a labeling for efhihe above procedure gives a
well-defined set of planes.

If the point p were in one of the planes, s&y, then 1 and 2 would label the same line.
Then 12 would label this line, contradicting the fact thastline has only two labels.
Thereforep is not in any of the planes d¢.
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We can be sure that each intersectiym Pj is a line. If not, then the plang® andP;
would not be distinct andilnd 1j, and thereforgj, would label the same membleof L.
As well, 2 and 2}, and thereforéj, would label the same membbt of L. ThusL = M
and 1 and 2 would both label this line. Consequently 12 would also lgbelline. But
this could not be so as 12 and 21 label a line that has only theida

From our choice of planes we have that the imag®ph P; is the line labeled byl
and that the image d?, N P; is the line labeled byi2in the perspective drawing of the
non-planar union of the s¢®; N P; | i, j = 1,2,...,n} of lines from the viewpoinp.

We need to check that the intersection of any two pldheendP;, where neither nor j

is in {1, 2}, has the required image. The liffe N P; contains the poinPy N P, N P; =
(P1n P) n(PLn Pj). This point is the intersection of the line labeled byahd the line
labeled by 1, and so belongs to the line labeled ijy Also P; n P; contains the point
P>n PN P; = (P2nP;)n(P2.N P;j). This point has an image belonging to the line labeled
by 2i and to the line labeled byj2This point also belongs to the line labeledipy

ThusP;NP; has the line labeled [y as its image, unless possibly the imag®eof PN P;
and the image oP> N P; N P; is the same point. Ag is not inP1, Lemma 2.21 ensures
that this could only occur iPy, P2, P;, andP; were concurrent. But then certainly, 1j,
and 12 would label concurrent lines. We know that not alldioéL are concurrent. But
the concurrence of lines labeled by, Tor all r, would force the concurrence of all lines
of L as, for eachr, three lines labeled byrl1sandrs are concurrent. So, without loss of
generality, there is a line labeled by 13 that is not coneumaéth the lines labeled byil
andij. We replaceP; in the above argument s and thereby prove th&; N P; has the
line labeled byij as its image as required. O

We now refer to each line af by any of its labels, saying “the liri¢” rather than the more
tedious “the line labeled bij”. We take care not to confuse a labglfor a line with the
more common usagev j for a line containing pointsand j. The labelij reflects the fact
that the line is an image of the intersection of two plane®ime perspective drawing.

CoroLLary 7.3. Let the lines oL be labeled so thati # 1j. Then the planes;Rand P,
are distinct.

Proor. If the planesP; andP; were not distinct, the®, N P; andP, N P; would be
the same line and have the same image in any perspectivendrawi O

The following example proves that Theorem 7.2 may fail sdow allow all the lines of
L to be concurrent.

ExampLE 7.4. The union of the seven lines in Figure 7.3 is not a perspedtiaeing of the
pairwise intersections of seven planeg Py, ..., P in which the image of i P; is the
lineij, foralli,j=1,2,...,7.

If Figure 7.3 were such a scene, by intersecting the sevarephaith an eighth planig
that is not concurrent with them, we would obtain the plarguré shown in Figure 7.4.
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12=23=31

25=56=62

36=67=73
14=46=61

Ficure 7.3.  Incorrectly labeled lines

This supposed figure is a Fano geometry which, we know fronolzoy 3.57, does not
exist as a figure. Therefore the set of seven planes doesistt ex

12=23=31

24=47=72

15=57=71
| 125
r
34=45=53

25=56=62

36=67=73

14=46=61

Ficure 7.4.  The intersections d¢¥s with seven planes

We have restricted ourselves so far to discussing possiblees drawn from a viewpoint
that is not in any of the planes & Precise necessary andffitient conditions can be
given for the union of the lines df to be a scene drawn from a viewpoint belonging to
some of the planes ¢. In this case certain intersection lines may have pointmagées.

As a representative result we give the conditions for themoif a planar sdt of lines to
be a scene drawn from a viewpoint in one of the planes.
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Tueorem 7.5. LetL be a planar set of finitely many lines with the property that@ontains
more than three lines, they are not all concurrent. Then dileding two conditions are
equivalent:

1. The setll is a perspective drawing, drawn from any given viewpointhef pairwise
intersections of a sé? of planes. Exactly one member®tontains the viewpoint.

2. There is a natural number n so that, for edehj} € {1,2,...,n}, the symbol ij labels
a member oL ; the two symbols ij and ji label the same membek pthree lines labeled
ij, jk and ki are concurrent; the two symbaddsand 3k label the same line; and if & 3
andijand jk label the same line then ki is also a label of tiig!l

Proor. The proof follows that of Theorem 7.2, except tRatis chosen to be the plane
containing bothp and the line labeled 13. O

Exercise 7.6. Figure 7.5 contains a perspective drawing of a box, drawB-jmoint per-
spective from a viewpoint coplanar with one face of the baawDextra lines and assign
labels to the lines of the resulting figure that support theatosion that it is indeed a
perspective drawing of a box.

Ficure 7.5. A box drawn from a viewpoint coplanar with a face

2. Scenes and other planar figures

In this section we give some varied applications of TheoreA first application verifies
the following intuitively satisfying result. It enables tsbe certain, for example, that our
illustration for Theorem 4.16 in Figure 4.4 is a perspectiv@ving.

Tueorem 7.7. Any planar Desargues figure is a perspective drawing of a plamar De-
sargues figure, drawn from a general viewpoint. Converselgerspective drawing of
any non-planar Desargues figure, drawn from a general viéatpes a planar Desargues
figure.
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Ficure 7.6. A labeled planar Desargues figure

Proor. Applying Theorem 7.2 to any planar Desargues figure labateth Figure
7.6 gives a set of five planes. We note, as we did in Exercisé, 4kt the pairwise
intersections of these five planes are the lines of a nonaplaasargues figure that has the
planar Desargues figure as its perspective drawing.

As both figures contain the same number, ten, of points thepdet is not in a 3-point
circuit of the non-planar Desargues figure. As well, bothriéglcontain the same number,
ten, of 3-point circuits, ensuring that the viewpoint is moany 4-point circuit of the non-
planar Desargues figure. From Proposition 5.3 we now havéiteaiewpoint is a general
viewpoint.

The converse statement is Lemma 5.8. O

We continue our use of Theorem 7.2, applying it to the Pentrigegle:

DerintTion 7.8. The Penrose “triangle”, described by L.S. Penrose and thid€r mathe-
matical physicist Roger Penro$g1] in 1958 and used to greatfgect by Maurits Escher
in several lithographi2, 54, is the planar figure shown in Figure 7.7

ProeLem 7.9. Is the Penrose “triangle” a scene in which each shaded reg#otihe image
of a planar set?
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Ficure 7.7.  The Penrose “triangle”

Solution. If Figure 7.4 were to be a scene then the three labeled linEgire 7.8 would
be the images of pairwise intersections of three planes.tigyt are not concurrent, and
consequently from Theorem 7.2 we have that the Penrosglei&gnot a scene. O

Ficure 7.8. A labeled Penrose “triangle”

The following easily stated but non-trivial question of pdaprojective geometry would
seem to have little to do with non-planar matters. This prFobl

ProsLem 7.10. (Pons Asinorum or “Asses Bridge”) Let P be a plane. If A, B, and C are
three concurrentlinesin P, and a, b, and c are three nonkoedr points in P, then is there

a triangle with vertices on each of A, B, and C, respectivelyand sides through each of
a, b, and c, respectively?

Solution. A few attempts to draw such a triangle will rapidly lead to ttwaclusion that
the question is not a trivial one.

Even through the problem concerns a planar figure, Theor2mlldws us to gain insight
by thinking of the figure as a scene.

We select a poinp. We know that{A, B, C} can be labeled = 23,B = 13, andC = 23,
thus ensuring that their union is a perspective drawing@pthirwise intersections of three
planesP;, Py, P3 from the viewpointp. We think ofa; = Pyn(pv a),b; = Pon(p Vv b),
andc; = P3N (p Vv €) as points on the plandy, Py, P3, respectively.
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Ficure 7.9. A figure containing three points and three lines
If we defineP4 = a; Vb vy, then, in any perspective drawing of the fani{iBBg, P2, P3, P4}
drawn from the viewpoinp, the images oP1 N P4, P> N P4, andP3 N P4 are the sides of
the required triangle.

Conversely, any solution to Problem 7.10 would be the petsmedrawing of the pairwise
intersections of the members{#t, Py, P3, P4} drawn from the viewpoinp.

Thus we deduce that there is exactly one triangle solvingtbblem. O

Ficure 7.10.  Solution to the Pons Asinorum

But how can we construct this unique triangle? Supposediimt point ofC. Then it is
the image of a poind; onP; N P,. Let Ps be the plane; v by v d;. We draw the pairwise
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intersections ofPy, Py, P3, P4, Ps}. We have thaP, N Ps = a; v by, and consequently
aVv b = 45. Alsod is the image oP; N P, N Ps. Therefored is the intersection of 12, 25
and 51. Thusa v dis labeled 15, and similarllg v d is labeled 25. In this scene, 35 must
be concurrent with 13 and 15, so 4315 € 35. Similarly, 35, 13, and 15 are concurrent,
giving 23n 25 € 35. These two points belong to the line 35. Alsor885 € 34, but as
well c € 34, ensuring that v (35N 45) is the line 34. A similar argument ensures that 24
is the lineb v (341 23). The line 14 contains the two points @42 and 34 13. We know
that the three points, 240 12, and 34 13 are each on the image Bf N P, and therefore
the line 14 contains the poiat We are therefore able to construct the (unique) solution as
follows:

Construction 7.11. Choose any point d in the line C. Draw the lineval = 15, draw the
line bvd = 25. Draw the line(Bn (av d)) v (An(bvd)) = 35. Draw av b = 45. Draw the
lines(35n45)v ¢ = 34and(34n 23) v b = 24. Finally, draw the ling(34n 13) v a = 14.
Then the required triangle has sid&4, 24, and34.

3. The existence of boxes

Think back to your work in Construction 5.40. Did you draw xfiimm your imagination,
or did you draw an existing physical model? If you drew fronuyonagination, how can
we be sure that a box having that perspective drawing coaltyrexist?

We are asked to believe that the existence of a planar figuamgtees the existence of a
special non-planar figure. In this section we prove thisnelay examining a likely con-
struction for the perspective drawing, labeling the resulfigure, and applying Theorem
7.210 it

We first examine the requirements of the {sgfv,, v3} of proposed vanishing points of the
scene in the light of Definition 5.44 and Theorem 5.53.

Lemma 7.12. Let Ly, Ly and Lg be three concurrent, but non-coplanar extended Euclidean
lines. Suppose that the lines are drawn from the viewpoimdthat, for eachiifl, 2, 3},

v; is the vanishing point of ;L If p is Euclidean, therjv;, v, v3} is a set of three non-
collinear points. If p is ideal, thefvy, v», v3} is a set of two or three collinear ideal points.

Proor. Suppose that the viewpoiptis Euclidean. Then the set of directions of each
of Ly, Ly, andLs is non-linear and the set of these directions together withnon-planar.
From the first conclusion of Proposition 5.3 we thereforegtinat no two of the vanishing
points are equal, and from the second conclugny,, vs} is a set of three non-collinear
points. Alternatively, ifp is ideal then, from Theorem 5.52, the set of vanishing pasmts
a set of ideal points belonging to an extended Euclideanepland consequently linear.
The pointp can be collinear with at most two of the set of three non-nelir directions,
ensuring that at least two of the vanishing points are distin O
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Therefore if we hope to draw a box from a Euclidean viewpdimen we must begin by
choosing three non-collinear pointg v, andvs to be vanishing points and follow the steps
of Construction 5.38.

ConstrucTion 7.13. Let v, V» and \ be three non-collinear points of an extended Eu-
clidean plane. Choose a poif@iin the plane. Draw the linejw 0 and choose a pointi on
Ov v, foreachi= 1,2, 3. Draw the linesyv 1and v Vv 2, and construct, their point of
intersection. Similarly, draw the poinfs= (v3v 1) N (vy v 3),6 = (v3 Vv 2)N (v Vv 3), and
7=(1V6)N(v2VD5)

We noted in Lemma 5.39 that when drawing an existing box desrof perspective draw-
ing, based on Lemmas 5.15 and 5.21, ensure that the threts goify and/; are collinear.
This collinearity guarantees that Construction 7.13 tesnl a closed figure. It is only
when drawing a box from imagination, as artists constantlytdat the existence of the
associated closed figure comes into question. The folloRimgosition deals satisfacto-
rily with this question and enables us to derive a labelirzg fatisfies the requirements of
Theorem 7.2.

Ficure 7.11. A possible scene that is a closed figure

ProposiTion 7.14. Construction 7.13 results in a closed figure.

Proor. Apply Desargues’ Theorem to the two triangles 306 and 51Cafstruction
7.13to ensure that (@6) N (vo vV v3) = (1V 7) N (v2 vV v3). The converse of Desargues’
Theorem applied to the two triangles 062 and 174 ensuresdhatd v 7. This ensures
that the figure orfvy, vo,v3,0, 1, 2, 3,4, 5, 6, 7} satisfies the requirements of Definition 3.28
and is closed. O

We now concentrate particularly on the $etconsisting of the non-trivial lines of the
construction, together with the three linesv v,, v, Vv v3, andv; v v3. We label each of
these lines as in Figure 7.12.

The labeling satisfies the requirements of Condition 2 ofofem 7.2. From this theorem
and Corollary 7.3 we have the existence of seven distinctgaR;, P,, P3, P4, Ps, Pe,
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Ficure 7.12.  The possible scene of labeled lines

andP; with the property that the union of the fifteen distinct liridgpairwise intersection
of these planes has the union of the lined . odis a perspective drawing. There are eight
points that are each the intersection of exactly three opkiees. The figure of these eight
points has the figure of0, 1,2, 3,4, 5, 6, 7} as its perspective drawing. Already we have
succeeded in proving that Construction 7.13 gives a scehe. gliestion now is: How
special do we need this scene to be before we are happy t¢ ttelimage of a box?

Lemma 7.15. Let P be any extended Euclidean plane and p any Euclidean potrin P.
Then the figure ofD, 1, 2, 3,4, 5, 6, 7} that results from an application of Construction 7.13
in the plane P is the perspective drawing of a combinatonidie, drawn from p. Each set
having an image that is one ¢f, 4,5, 7}, {2, 4,6, 7}, {0, 2, 3,6}, {0, 1, 3,5}, {0, 1, 2,4}, and
{1,2,4,7}is planar.

Proor. The points withimages 1, 4, 5, and 7 are on the pRyn@nd no subset of three
is collinear. Thereforé¢l, 4,5, 7} is a circuit. From similar arguments we have that each of
the other five 4-point sets is planar as required, and thanaygeants of Definition 2.43 are
satisfied. O

It is clear that if the plan®; were chosen to be ideal, then the plaRegndPs would be
parallel, the planeB; andP4 would be parallel, and the planBs andPs would be parallel.
We will call the resulting cube of Euclidean pointbax or parallelepipedthinking of the
six planar 4-point sets above as flaeesof the box. Each two opposite faces would then
belong to parallel planes. We call the two-point intersettf each two non-opposite faces
anedgeof the box.
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We now prove that we are able to choose the pln&o be the ideal plane in the appli-
cation of Theorem 7.2 to Figure 7.12. Lptbe any Euclidean point, and |€ be any
extended Euclidean plane not containpgSuppose thdt is any set of lines obtained by
Construction 7.13 if°. LabelL as in Figure 7.12.

Let P’ be an extended Euclidean plane that contains the idealfitteeglanep v 17 but
does not contain the poiqt LetL’ be the set of image-lines of the perspective drawing,
drawn fromp in P’, of the union of the lines oE. From Proposition 5.7 we have that
the perspective drawing is isomorphic to the figure on themwoif the lines oL, and we
can label each member &f by the labels of the corresponding membeto$o thatL’
then satisfies Condition 2 of Theorem 7.2. In particular wierloat the ideal line oP’ is
labeled by 17.

We now interchange the numbers 2 and 7 wherever they occoe ilabels of.’, and then
apply Theorem 7.2, choosing the ideal pland’asWe interchange the labels 2 and 7 on
two of the resulting seven planes, thus giving the idealthe labelP;.

It only requires the comment that the collection of pairwigersections of these planes
has both the union of the lines bf and the union of the lines &f as perspective drawings,
to complete the proof of the following theorem:

Tueorem 7.16. Let p be any Euclidean point and P be any extended Euclidesareptot
containing p. Then any figure obtained by Construction 7nlB is a perspective drawing
of a box drawn from the general viewpoint p.

This is quite a remarkable result. We have argued that th&temde of a planar figure
implies the existence of a corresponding non-planar figWwe.have successfully shown
that the existence of a “shadow” proves the existence of gdngenon-planar having that
“shadow”. Think how useful this method of arguing would be@we to contemplate the
existence of a four-dimensional world!

As we mentioned in Chapter 5, an advantage of using extendelidéan space as the
setting for our discussions is that 1-point, 2-point ando8pperspective drawings can
each be constructed using only roller and pencil, by apgly@onstruction 7.13 to an
appropiate choice of non-collinear vanishing powtsv,, andvs.

In Chapter 8 we complete our analysis of perspective drasvirfigpoxes from a Euclidean
viewpoint by specifying in Theorems 8.6, 8.11, and 8.16 ttececonditions under which
any result of Construction 7.13 is the perspective drawfragrectangular box. In Theorem
8.23 we also detail conditions for Construction 7.13 to leeithage of anfiine projection
of a rectangular box.

ConstrucTioN 7.17. Using a computer drawing program such as The Geometer'sBket
pad, follow the instructions of Construction 7.13 to makepoint perspective drawing of
a box. Dragging the poird, or dragging a pointialong alin® vifori = 1,2 or 3, gives

a perspective drawing of a parallel box. Dragging a vanighpoint gives a perspective
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drawing of a diferently oriented box. The comments below apply particyleriThe Ge-
ometer’'s Sketchpad and, taken in conjunction with the Hoilswing Construction 1.13,
may be helpful.

Open a newsketchand use thé@oint tool to construct four pointey, v,, vz, and 0. Select
Ray from theLine menu in theToolbox (see the second box from the right in Figure 1.13).

Click on 0, and drag to the poit to produce a ray from 0. The reason for using ey
tool rather than the&ine tool is merely to avoid unnecessary parts of lines cluttedp the
screen. Repeat the process to construct lines0and OV vs.

Use thePoint tool to construct on OV v;, fori = 1, 2, 3. Use theRay tool to construct the
lines j v v, for the various values of andk required by Construction 7.13, being sure to
click on j first in each case. Then construct the points 4, 5, 6 and 7 age€elq

You may like to use a computer drawing program with shadirilifigls, shading appropiate
faces and then hiding the construction lines used.

The following comments also apply particularly to The Geterie Sketchpad and may be
helpful.

Decide on the faces to be shaded and carry out the procedseela following Con-
struction 1.26 for each of these faces. To hide the linesettnstruction, choodeay,
from theEdit menu choos&elect All Rays then from theDisplay menu chooselide All
Rays If you would also like to remove the points, chodagint, Select All Points Hide
All Points. Do not forget that th&ndo option is available in th&dit menu if things get
out of hand.

A computer-generated result of Construction 7.17, drawmfa viewpoint of the left eye
of an observer, can be displayed on a small translucentrsthegéis fixed to a headset in
front of the eye. Sensors in the headset inform the compditbeeceye’s position and the
display is re-calculated many times each second. At any mgnitegives a perspective
drawing of a fixed imaginary, or “virtual”’, box drawn from thosition of the left eye.
Thus the imaginary box remains fixed relative to the real vad the wearer of the headset
moves. It appears to the observer as if the imaginary boxaly/rpresent. More complex
virtual reality may be used in order to investigate the appearanceféect ef a proposed
building in a cityscape, thus giving city planners a bettertce of discovering unexpected
surprises before building is commenced. We discuss stewpasvirtual reality, produced
by simultaneously using this technique for each eye, in @hap

4. Completing a partial scene

Often we see only part of a figure, although we suspect thdtittden part exists. In this
section we add lines to a planar figure and apply Theorem #tgtaugmented figure, in
order to prove that the initial figure is itself a scene.
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As an example we look again at the technique we used to comjeConstruction 5.35,
the image of the house roof shown in Figure 5.22. The requiinedcan be obtained by
labeling the lines of the scene as shown in Figure 7.13.

Ficure 7.13.  Labeled lines of a house image

We use the concurrence of lines 13, 17, and 37, and the cemuerof 35, 57, and 37 to
draw two points of 37. A similar argument constructs the #ide Finally the concurrence
of the lines 13, 14, and 34 and the concurrence of lines 3418 47 gives two points of
the required line 34.

Our approach in general is as follows. We suspect that a $ieesfforms a desired scene.
To verify this we interpret the scene as the perspective idigpoef some, but not all, of
the pairwise intersections of a d&bf planes. We add other lines to the scene to give the
images of all pairwise intersections of the member®oénabling us to apply Theorem
7.2.

For instance we can think of Figure 7.14 as an attempt at peetige drawing of a trian-
gular plateau with three sloping planar sidefsli Applying Theorem 7.2 to Figure 7.14
we have that pairs of the @i must intersect in three concurrent lines for the figure to be
the required scene. That is not the case, and so the figurédspaospective drawing of a
triangular plateau.

23

Ficure 7.14. A possible triangular plateau
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Let us examine the figures in Figure 7.15 in this spirit. Eaely foosely be thought of as
a possible perspective drawing of a plateau with slopingaaliff sides. The lines of the
first figure can be labeled as in Figure 7.16.

We need to add lines 34, 15, and 25 in order to satisfy the rexngints of Theorem 7.2.
These lines, and the existing lines, must satisfy concayrennditions. Looking at these
conditions in detail, we see that the following triples néethe concurrent{12, 23, 13},
{12,24, 14y, {12,25,15}, {13,34, 14}, {13, 35,15}, {14, 45,15}, {23, 34,24}, {23, 35, 25},
{24, 45, 25}, and{34, 45, 35}. Those concurrences marked with an asterisk follow diyectl
from our labeling.

In order to satisfy all requirements of Condition 2 of Theuré.2, we choose 25 through
the two points 231 35 and 24n 45, we choose 34 through the two pointsr224 and
13n 14, and we choose 15 through the two point$x25 and 1335 = 14N 45. This can
always be done, as in Figure 7.16, for example. So the firstdiggua scene, a perspective
drawing of a flat-topped mountain.

bo?
e

Ficure 7.15. Some plateau

Similarly, we investigate the second figure of Figure 7.1% Mbel it as in Figure 7.17.
Lines 16, 24, 26, 35, 36, and 45 are needed to augment the fmaneossible perspective
drawing of the pairwise intersections of six planes. We d2dw (12N 14) vV (23N 24),
35=(13n15)Vv (23n 25), and 26= (24N 46)V (25N 56). To be able to draw the required
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25
24

34

35
23

15

Ficure 7.16.  Images of pairwise intersections of the first plates a
its cliffs

line 45 we need the points 4556, 34n 35, and 240 25 to be collinear. An application
of Desargues’ Theorem to the figure so far completed provsgdibe true, enabling us
to draw 45. Similarly we add lines 16 and 36 that satisfy al@grency requirements of
Condition 2 of Theorem 7.2, and consequently the originalrégs a perspective drawing
of a four-sided plateau.

23

46

25

Ficure 7.17. A four-sided plateau

Exercise 7.18. Is the third figure of Figure 7.15 part of a scene?
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We label each of the fourth and fifth figures of Figure 7.15 aBigure 7.18. In order to
prove that each is a scene we need only check the concurrgiiv@8, 13}, {12, 24, 14},
{12, 25,15}, {13, 34,14}, {13, 35,15}, {14, 45, 15}, {23, 34, 24}, {23, 35, 25}, {24, 45, 25},
and{34, 45, 35}. Those marked with an asterisk are certainly correct. lih ease we need
the existence of lines 24 and 35, satisfying the above coecces, to complete a scene.
Clearly (13n 15)V (23n 25) is the unique possibility for 35. We could find a suitalirhe|

24 exactly if 12n 14, 23n 34 and 251 45 were concurrent. If this were so, then Theorem
7.2 would guarantee that the figure was a scene. Thus thénffigure is, and the fifth
figure is not, a scene.

14

45
34

Ficure 7.18. A scene and a figure that is not a scene

N

Ficure 7.19. A possible plateau and ridge
Exercise 7.19. Is Figure 7.19 part of a scene?
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5. Two problems

To complete this chapter we illustrate the wide-rangingtasehich Theorem 7.2 may be
put by applying it to two quite disparate problems, Probl@n29 and 7.21. The latter in
particular seems initially to have little in common with oumork.

The first problem is a very practical one. Derelict gardemésrare a common sight, many
with only the frames of some panels remaining.

ProeLem 7.20. A friend made a framework for a panel of a garden fence but & warped
— even through each of the six pieces of timber remainedgsitaiHe drew it for me.
Figure 7.20 contains the result of his drawing. Did he succeemaking a perspective
drawing of the framework?

Ficure 7.20. A warped framework

Solution There may be some doubt that my friend could make such a frankewe put
in three posts, unfortunately pairwise skew, as in Figu2&.7Then he noted (and from our
knowledge of Lemma 5.13 it should not surprise us) that hédcoail a rail to any point
that he chose on the first post so that it touched each of thex ptists. This he did, and
completed nailing it to each post where it touched. Two mails completed his attempt
at the fence panel.

We could possibly make some progress with the problem if vwedcthink of his drawing
as part of the image of the intersections of a family of plangs this end we note that
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Ficure 7.21.  Three posts and three rails

each pair of nailed intersecting lines in the framework hgboto a unique plane. We label
these nine intersection points as in Figure 7.22, and calpthne determined by thth
intersectionP;. After a little thought we see that the lines of my friend’saing must be
labeled as in Figure 7.22 if we are to apply Theorem 7.2.

12=23=31

45=56=64

78=89=97
36=69=93

14=47=71 25=58=82

Ficure 7.22.  Labeling intersections, posts, and rails

In order to apply Theorem 7.2, we need the image of the intdoseof eachpair of the
nine planes;, Py, ..., Pg. ExaminingP; andPs for example, the plan; contains the
line 1v 2, andPs contains the line & 5, ensuring that the point 2 is Py N Ps. Similarly
the point 4 is inP; N Ps, giving thatP; N Ps = 2 v 4. Therefore we should add a line
through 2 and 4 to the drawing and label it by 15. We are imagiai skew 4-gon 1254 in
P1 U Ps that has four pieces of wood as its sides.

We repeat this argument for each of the seventeen other laoiasp4-gons with wooden
sides that has a pdi, j} of nails as opposite vertices, labeling the line throughrtieges
of the other two vertices of the 4-gon by

In order to use Theorem 7.2 we must establish the concurm@ntibe three linesj, jk,
andki, for {i, j,k} € {1,2,3,4,5,6,7,8,9}. Four diferent cases arise, depending on the
configuration of the points j, andk and shown in Figure 7.24.

162



Ficure 7.23.  Labeling lines of the augmented drawing

BB A A

Ficure 7.24.  Testing concurrent lines

In the first case, concurrence follows directly from the ladggof the images of the posts
and rails. In the second case, the points are images of tlirdke wertices of a 4-gon
contained in the frameworkj being the image of a posjk the image of a rail, anHi the
image of the diagonal of th 4-gon througlas required. In the third possibility, two of the
lines are diagonals that share a point with the third imagerafl (or post).

There are six possibilities for the fourth case, namgl; 59, 91}, {16, 68, 81}, {24, 49, 92},
{26,67, 72}, {34,48,83}, and{35,57, 73}. From Desargues Theorem and its converse ap-
plied to the triangles 124 and 968 we have that the concuereht5, 59, and 91 is equiv-
alent to the concurrence of 35, 57, and 73. Similar argumeititsthe pair 287 and 463,
the pair 746 and 328, the pair 146 and 982, and the pair 9642t drbve that any one of
the above six concurrences implies the remaining five.

Consequently the drawing is a perspective drawing of a skemédwork if and only if
we can choose points, j, k} € {1,2,3,4,5,6, 7,8, 9}, with no two on the same line of the
original drawing, so that the added linigs jk, andki are concurrent. O

In Figure 7.25 we apply the test to my friend’s illustration.
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Ficure 7.25.  Testing my friend’s drawing

Lastly we take a whimsical look at a problem that seems to be@ikin to a jigsaw puzzle
than a question of geometry. dalissonis a French sweet that has a rhombic cross-section,
looking like two equilateral triangles that share an edgeckihg a layer of calissons in a
box shaped like a regular hexagon gives rise to an integestmbinatorial problem. If
the box, with side-length, is filled with sweets of side length 1, then each sweet wilkha
one of three possible orientations.

ProeLEm 7.21. What can we say about the number of calissons in each of tbe pussible
orientations in a filled hexagonal box?

Solution. Let us examine the example of such a packing in Figure 7.26.

Coloring all sweets that share the same orientation the satoegives the very suggestive
diagram in Figure 7.27. If this were a perspective drawinpafes, then there would be
twenty-five facing left, twenty-five facing right and twemrtfiye vertically up and the answer
to our question would be clear.

But are these the directions faced by the boxes? Often, gkt Figure 7.27 for a few
moments will cause our perception of the cubes to reverseofEim 5.53 suggests that if
we are indeed looking at a perspective drawing then it isfAhneaprojection. Our later
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Ficure 7.27. A colored packing of calissons

discussion of distortion infine projections, following Figure 8.18 in Chapter 8, willdea
0 expect such a lack of certainty in perception.

—
— ©

I er to prove our argument we show that the illustratioove is indeed a perspective
drawing of the pairwise intersections of three parallel ifea®s of planes. Our intuition
leads us to guess that the planes should be labeled as shéiguie 7.28.

i=14,7,...,16 j=25,8,...,17 k=3,6,9,...,18



> <

Ficure 7.28.  Three families of parallel planes

Some consequent labeling of images of@ = 153 pairwise intersections of the planes
is shown in Figure 7.29. For eacland | differing by a multiple of 3, the lab¢] is given
to the ideal line of the page.

Ficure 7.29.  Some labeled image lines

There are 18 choices faoy j andk, giving (138) = 816 concurrences to be checked. If each
of us successfully verifies a representative sample of tA&6aequired concurrences we
can be reasonably confident of any conclusion based on taeietation of Figure 7.27
as a scene.

We could carry out an analogous argument for a box of sidgtfen, for any natural
numbern, and we conclude that consequently, in any packing of @alissthe number
with any given orientation is one third of the total numbettia box. O
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6. Summary of Chapter 7

When given a set of labeled lines purporting to be the imagmofvise intersections of a
set of planes, we used Theorem 7.2 as a simple internal tést tihes which determined
the truth of the claim.

In particular we used the test to give a construction forpertve drawings of boxes.

We also investigated whether other common planar figurescamees. Finally, we applied
it to solve two seemingly unrelated problems, #ans Asinorunand a sweets packing
problem, by treating them as possible scenes rather thaglyn@anar figures.
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CHAPTER 8

DISTORTION AND ANAMORPHIC ART

We have applied rules, derived from the definition of perpecrawing, in order to draw
various simple subjects. But what is the justification fas tharticular form of planar
representation of figures? Why do it? Are perspective drgsvparticularly easy represen-
tations to interpret? Are they intuitively convincing, ares it require anféort of intellect
to use and understand them? Together with words, they taiestiur major attempt to
exchange information on paper about the world around us.tlgiyt sometimes produce
an uneasy feeling in the viewer that they may be misleadimaf, they “just do not look
right”. We should find out why.

1. Viewing perspective drawings

In this section we decide how best to view a perspective drgwiet us begin by drawing
some more boxes. We already have a perspective drawing esbeach box having the
same vanishing points, in Figure 5.28. We also have a pergpalrawing of boxes, in
which no two boxes have the same vanishing points, in Figi@. 3Ve use Program 5.41
to obtain some more perspective drawings, each fronffardint viewpoint.

ExamrLE 8.1. Figure 8.1 contains a collection of perspective drawingsh&f same box,
each drawn from a gfierent viewpoint.

The pictures we drew in Figures 5.26, 5.28, 5.29, and 8.1,samde others drawn in
Chapter 5, look terrible! Surely five hundred years of Eusspart can lead to something
better. What is wrong?
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Ficure 8.1.  Boxes drawn from dierent viewpoints

We can do no better than quote the following translatih pages 325-6] of Leonardo da
Vinci;

“... If you want to represent an object near you which is to hitneegfect of nature, it
is impossible that your perspective should not look wronith every false relation and
disagreement of proportion that can be imagined in a wretoherk, unless the spectator,
when he looks at it, has his eye at the very distance and haightlirection where the eye
or the point of sight was placed in doing this perspective.
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If we view a picture, with one eye, from the viewpoint of iteator we can be confident
that it will not appear distorted to us. Definition 5.1 ensutieat, seen from the view-
point, the outlines on the canvas coincide exactly with ¢hafsthe subject. Viewed from
elsewhere, or with two eyes, we can have no such expectdtiout he appearance of a
perspective drawing. Binocular vision — using both eyes -sem complex physiologi-
cal and psychological questions which neither the scientiir the artistic community are
able to satisfactorily answer. We discussed some aspebtaafular vision in Chapter 6,
and proved that it diers fundamentally from monocular vision. Here we concéatoa
viewing with one eye, trying to determine where to place e e

There seems to be no one spot from which all the boxes in F@dré8look right”. This
would agree with our hypothesis that each needs to be oltk&om its particular view-
point.

Exercise 8.2. By viewing from dferent positions with one eye open, find a point from
which the scene in Figure 5.14 “looks right”. A little experentation may suggest that it
is very close to the page, perhaps less than 5 cm above it.

Looking at Figures 5.28 and 5.29, we may also find distortddeést when each is viewed
from close to the page.

A disadvantage of such a viewpoint is thédulty of looking at the drawing as it is meant
to be viewed, from its viewpoint, as the viewer’s eye canmailg focus on the page from
a point so close.

On the other hand, a disadvantage for the artist in usingvepdnt far from his canvas is
the necessity of drawing lines that meet at vanishing paifithe canvas. He then has the
time-consuming need to use techniques like that of Constiu8.45, whereas we noticed
in Construction 5.38 how easy it is to draw a box if the thremistaing points used are on
the page.

The conflict of these two requirements of a viewpoint is exaated whenever we look at
small reproductions of paintings in art books.

Exercise 8.3. When next you visit an art gallery try to locate the viewpoihsome of the
paintings by looking at each from several locations. (Cawtistart from afar and move
in. Curators are suspicious of close observers.)

2. Anamorphic art

In this section we discuss the use that artists make of thdtlata perspective drawing
has a preferred viewing position. Hidden meaning in figuassfor example we saw in
Boring’s “Mother-in-Law” in Figure 5.34, has been a constidmeme of artists. In its most
general usage the teranamorphic artincludes figures drawn on non-planar surfaces,
figures which need to be viewed via non-planar mirrors, andréig whose message is
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disguised in any of a variety of ways. In Chapter 6 we inveddd a modern manifestation
which needs binocular vision for its interpretation, thecatled “random-dot stereogram”.

The simplest, and possibly earliest, technique of anamoii is that of making a per-
spective drawing from an unlikely viewpoint, so that it isely initially seen from this
point. As the understanding of perspective developed amiind the Renaissance it is not
surprising that the earliest examples are found in Leondaddinci’s drawings.

Ficure 8.2.  Sketch of a baby’s face

Figure 8.2 contains a sketch, probably drawn before 1498 folio 35, versag, of the
Codex Atlanticus20]. Experiment suggests that the baby’s face was drawn frorave-v
point about 2 cm above the right-hand edge of the page.

JAN

Ficure 8.3.  Cross-sections of columns
In Figure 8.3 da Vinci demonstrates that images of cyliralolumns far from the view-
point are bigger than images of closer columns, quite a simgrresult.

Anamorphic techniques were a significant part of an art&stisory for some centuries. In
1639 Johann Heinrich Glaser engravéthtist with the Crown of Thorns, Flanked on the
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Right by the Fall from Grace and on the Left by the ExpulsiomfiParadis& Christ is
drawn anamorphically, and His “unseen” presence duringiabwviewing of the Fall and
Expulsion is a significant part of the artist's message. Westearlier seen such examples
of figures, parts of which are drawn fromfidirent viewpoints, for example the three parts
of Figure 5.30 or sections of GrisBreakfastin Figure 5.32.

—

Ficure 8.4.  Two perspective drawings of the same cubic box

Figure 8.4 contains two perspective drawings of the samie &udx. The viewpoint of the
first is very close to a vertex of the box, the second is drawmfa viewpoint close to the
right-hand edge of the page. We repeat the advice of da Vinci:

InsTrRUCTION 8.4. If We view a perspective drawing, with one eye, from the vigmf its
creator we can be confident that it will not appear distortedis.

To test this advice we view some examples. But we need rudésuili enable us to locate
the supposedly correct viewing position in each case.

We may have tacitly thought of each box we have studied aamgatar, and of course
most buildings and other subjects we draw do have edgesmgestiight-angles. But our

investigation thus far has relied only on the fact that eatdeeof a box belongs to one of
three families of parallel lines as defined following Lemmb5/ When discussing whether
the image of a particular box “looks right” we perhaps neeklrtow more about the box

itself.

DerintTion 8.5. Each line that contains an edge of a box belongs to one of flaradies
of parallel lines. The box is rectangular if the directionsthese families are pairwise
orthogonal. Itis cubic if it is rectangular and the distanoetween the each pair of vertices
of an edge is the same.

In fact each box that we have drawn so far is rectangular. regy6.28, 5.29, and 8.1
contain perspective drawings of identical cubic boxes. sEhdrawings and the ones that
follow in this chapter will repay careful study in the light ®heorems 8.6, 8.11, 8.16,
and 8.23. The theorems may also explain any dissatisfagbarfelt with the results of
Construction 5.46.
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3. Distortion in 3-point perspective drawings

We now locate the viewpoint of a 3-point perspective dravadhg rectangular box, using
only clues that are contained within the drawing. We thetttessusefulness of da Vinci’s
Viewing Advice 8.4 on various examples.

Tueorem 8.6. Let a box be drawn ir8-point perspective (see Figure 5.24). Let p be any
Euclidean point not in the plane of the perspective drawifidien the scene is also a
3-point perspective drawing of a box drawn from the viewpgint

If the triangle of vanishing points of the scene is not aangled, then the scene is not a
perspective drawing of a rectangular box from any viewpoint

If the triangle of vanishing points is acute-angled, themshene is the perspective drawing
of a rectangular box drawn from the fourth vertex of the umigight-angled tetrahedron
whose base is the triangle of vanishing points.

Proor. The perspective drawing is obtained by Construction 5B38.this is exactly
the process of Construction 7.13, and Theorem 7.16 guasitiiat the resultant figure is
the perspective drawing of a box that is drawn from any Eeelidviewpoint using the
original vanishing points;, v, andvs. Theorem 5.26 ensures that each edge of the box
is parallel to one op v v1, pVv v, andp Vv v3. Consequently the box is rectangular if and
only if the tetrahedromwiVovs is right-angled ap. From Theorem 4.57 we know that this
happens if and only if the triangle of vanishing points istaeangled. O

The vanishing points of the first scene in Figure 8.5 are thices of a triangle that is not
acute-angled. The vanishing points of the second scenguré-B.5 are the vertices of an
acute-angled triangle.

ExampLE 8.7. The first scene in Figure 8.5 isdapoint perspective drawing of a box, drawn
from a viewpoinB8cm above the- sign. It is not a perspective drawing of a rectangular
box from any viewpoint. The development of the box is alsashdhe second scene is
a 3-point perspective drawing of the same box, drawn from a p@emt 8cm above the
sign. This scene is also a perspective drawing of a rectardudx from some viewpoint.

Of course in practice most “boxes” drawn are rectangulaortter to check the claim that
itis best to look at a scene from its viewpoint it will be udefuve have a practical method
of locating the viewpoint of such a scene.

Consider any 3-point perspective drawing of a rectangudar drawn from a viewpoinp,
and having vanishing pointg, v, andvs. We saw in Theorem 4.57 that the viewpoint is
on the line, perpendicular to the plane of the perspectigevig, that passes through the
orthocenter of the triangle of vanishing points.

As the linep v v; is perpendicular to each extended Euclidean ling ofv, v v3 it is
perpendicular to the lin@ v a. After drawing a semicircle on the segmeat/], and a
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Ficure 8.5.  Two views, and a development, of a parallelepiped

Ficure 8.6.  Locating the viewpoint of a 3-point perspective drayin

perpendicular to the lina v vy, both in the plane of the drawing, as in Figure 8.7, we can
measure the distance between the intersection of the sestd@-and the perpendicular and
the pointc. This is the height of the poirt above the perspective drawing plane.
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Ficure 8.7.  Construction in the perspective drawing plane

Thus to locate the unique viewpoint, above the page, of aiBtperspective drawing of a
rectangular box, we carry out the following process.

Construction 8.8. Locate the Euclidean vanishing points v», and \s. Draw the ortho-
center c of the trianglew,vs. Draw a semicircle on an altitude of the trianglewvs in
the plane of the drawing. Draw a perpendicular through c tis thititude. Measure the
distance of the intersection of this perpendicular with seenicircle from c. The correct
viewpoint is this distance above c, on the perpendiculahéoage through c.

Exercise 8.9. Using the above method find the viewpoint of the scene in Ei§ut4,
comparing it with the result of your experimentation in Eoise 8.2.

Exercise 8.10. Find the viewpoint of the pinhole camera photograph in Feg8r8.

4. Distortion in 2-point perspective drawings

Turning our attention to 2-point perspective drawings, we the methods of the previous
section to locate the possible viewpoints of a perspectiagvithg of a rectangular box,
using only clues that are contained within the drawing. Wairatest the usefulness of da
Vinci's Viewing Advice 8.4 on examples.

Tueorem 8.11. Let a box be drawn ir2-point perspective. Let p be any Euclidean point
not in the plane of the perspective drawing. Then the sceabs@sa2-point perspective
drawing of a box drawn from the viewpoint p.

Suppose that the direction s the ideal vanishing point, ancd\and \ are the two Eu-
clidean vanishing points, of the scene.
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Ficure 8.8. A pinhole camera photograph

If the direction y and the direction of ¥V v3 are not orthogonal, then the scene is not a
perspective drawing of a rectangular box from any viewpoint

If v; and the direction of ¥ v vz are orthogonal, then suppose that V is the plane that
contains y Vv v3 and is perpendicular to each line that has directign ¥urther suppose
that p is any point of the circle thatis in the plane V, is natia plane of the scene, and has
the segmenfv,vs] as diameter. Then the scene is a perspective drawing of arrgatar
box drawn from the viewpoint p.
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Proor.

Ficure 8.9. A 2-point perspective rendition of a box

The first part of the proof is exactly as in Theorem 8.6, using<iruction 7.13 and Theo-
rem 7.16. We thus establish that the figure is a 2-point petsgadrawing of a box, drawn
from any Euclidean viewpoint.

If the scene is a perspective drawing of a rectangular bar iziewpointp then each pair
of the three linep v v1, p v v, andp Vv vs is perpendicular. Consequently, the lipe v;
is perpendicular to the plarmeV v, Vv v3, ensuring that the direction is orthogonal to the
direction of the linev, Vv va.

Conversely, suppose thatis orthogonal to the direction of the ling Vv vs. From Theorem
4.49 we have that there is a lihehroughvs; and perpendicular to the plane of the perspec-
tive drawing. Any line having directiom; is perpendicular to the plaré = v, v L. Let

p be a point of the circle that is in the planeand hasV,v;] as diameter. From Theorem
4.55 we have that the lingsVv v, andp Vv v; are perpendicular, and each is perpendicular
to the linep v v;. Theorem 5.26 then ensures that the box drawn from the vieavpas a
rectangular box. O

ExampLE 8.12. The first scene in Figure 8.10 isZpoint perspective drawing of a box,
drawn from a viewpointLlOcm above ther sign. It is not a perspective drawing of a
rectangular box from any viewpoint. The development of twe ib also shown. The
second scene is 2point perspective drawing of the same box, drawn from a pdemt
8cm above the sign. This scene is also a perspective drawing of a rectaardadx from
some viewpoint.

There is an inherent uncertainty about the location of tee/gbint of any 2-point perspec-
tive drawing of a rectangular box.

ConstrucTtion 8.13. Locate the Euclidean vanishing pointg,and . Any point p, of the
semicircle that is on the segmdntvs] and in the plane perpendicular to the plane of the
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Ficure 8.10.  Two views, and a development, of a parallelepiped

scene, is a correct viewpoint of the scene &sgoint perspective drawing of a rectangular
box.

Thus, for example, we cannot say whether Figure 8.11 is tihgppetive drawing of a
shallow box, or a deeper box, without additional informatio

Exercise 8.14. Choose, on the appropiate semi-circle above the page, dvepaint from
which you think a cubic box was drawn to give ypoint perspective drawing in Figure
8.11

We often unconsciously use extra information to help uspret drawings. For example,
we may look at a human figure in a scene knowing approximateyrelation of height

to width of the person. This information cannot be derivaarfrthe scene alone. This
is dramatically illustrated in the famous 1950'’s experit&fithe American psychologist
Adalbert Ames, Jr. in which a trapezoidal room, shown in @ad in a photograph in

Figure 8.12, was built deliberately to mislead the viewer.
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Ficure 8.11. A 2-point perspective drawing of a rectangular box

Ficure 8.12. The Ames room

Exercise 8.15. Locate the possible correct viewpoints of the scene in B@il3. Us-
ing any clues given by the impression that images of famdlgects make, choose the
viewpoint which you think is the most appropiate.
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Ficure 8.13.  An etching of an interior

5. Distortion in 1-point perspective drawings

In this section we concentrate on 1-point perspective drgsyiusing the methods of the
previous sections to locate the possible viewpoints of apemtive drawing of a rectangu-
lar box, using only clues within the drawing. We again test tisefulness of da Vinci's
Viewing Advice 8.4 on examples.

Tueorem 8.16. Let a box be drawn id-point perspective. Let p be any Euclidean point
not in the plane of the perspective drawing. Then the scemlsasthe perspective drawing
of a box, drawn inl-point perspective from the viewpoint p.
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Suppose that the directiong &nd \ are the ideal vanishing points and is the Euclidean
vanishing point.

If the directions y and v are not orthogonal, then the scene is not a perspective argwi
of a rectangular box drawn from any viewpoint.

If the directions y and v, are orthogonal, suppose that L is the line through the point v
that is perpendicular to the plane of the scene. Supposbkduthat p is any Euclidean
point of the line L other thangv Then the scene is a perspective drawing of a rectangular
box drawn from the point p.

v

ProoF.
Ficure 8.14. A 1-point perspective rendition of a box

Again we use Construction 7.13 and Theorem 7.16 exactly @ahé@orem 8.6 in order to
show that the figure is a perspective drawing of a box, draam finy Euclidean viewpoint
and using the original viewpoints.

If the scene is the perspective drawing of a rectangular b some viewpoinp then
the linesp v v1, pV vo andp Vv v are pairwise perpendicular. Therefargandv, are
orthogonal directions.

Conversely, suppose thatandv, are orthogonal directions. Thenandv;, are directions
in the plane of the scene. Suppose further fhat a point on the lind.. Then the lines
pVvy, PV Ve andpV vs are pairwise perpendicular. From Theorem 5.26 we havelteat t
box drawn fromp is rectangular. O

ExampLE 8.17. The first scene in Figure 8.15 is lpoint perspective drawing of a box,
drawn from a poinbcm above the- sign. Itis not a perspective drawing of any rectangular
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box. The development of the box is also shown. The same boaws dgain, from a
viewpointécm above the sign. This scene is a perspective drawing of a rectangular bo
from some viewpoint.

N

Ficure 8.15.  Two views, and a development, of a parallelepiped
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As in the 2-point perspective case, there is uncertaintytthe location of the viewpoint
of any 1-point perspective drawing of a rectangular box.

Construction 8.18. Locate the Euclidean vanishing point VAny point p on the perpen-
dicular to the plane of the perspective drawing through thasishing point is a correct
viewpoint of the scene as a perspectlvgoint perspective drawing of a rectangular box.

Thus, for example, we cannot say whether Figure 8.16 is tlgéof a shallow box, or a
deeper box from further away, without additional inforroati

Exercise 8.19. Choose, on the appropiate line perpendicular to the page vibwpoint
from which a cubic box was drawn to give th¢oint perspective drawing in Figure 8.16.

Ficure 8.16. A 1-point perspective drawing of a rectangular box

Exercise 8.20. Locate the possible correct viewpoints of “Adoration of Kiags” in Fig-
ure 5.17. Choose the viewpoint which you think is the mostogigute.

Exercise 8.21. Calculate the position of the viewpoint for some ffa@-table art book”
old-master reproduction. Does the representation seenemmonvincing when viewed, by
one eye, from this point?
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Exercise 8.22. Locate the possible correct viewpoints of the scene in B@ul7. Us-
ing any clues given by the impression that images of famdlgects make, choose the
viewpoint which you think is the most appropiate.

Ficure 8.17. A perspective drawing of a folly

6. Distortion in affine projections

We have investigated scenes drawn from Euclidean viewpaimid seen how important it
is to look at them from their viewpoint in order to avoid falagpressions.

It is obviously not possible to view an image of affime projection from its viewpoint.

However the choice of a direction as viewpoint is much moreseaient for drawing small

pictures than any Euclidean viewpoint which is conveniefat enough from the page to
allow our eye to focus on the page. We commented earlierthaight be best to view an
affine projection from afar, and again we quote Leonardo da dei Wirtranslation:
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“... unless indeed you make your view at least twenty timdaragf as the greatest width
or height of the objects represented, and this will satisfy apectator placed anywhere
opposite to the picture”

Many perspective drawings contain images of parallel likgem Theorem 5.52 we have
that these images are themselves parallel in dhgeaprojection, whereas when drawn
from an Euclidean viewpoint the images are parallel only nvtie lines themselves are
parallel to the plane of the drawing. We might feel that th&tattion observed by the
viewer of an #ine projection image would be slight. It is certainly muchiea® draw
parallel lines, using a roller and pencil, than it is to draves meeting, say, one metef o
the page using the technique of Construction 3.45. THergince between the two images
is slight, and so a smallfiane projection and a small perspective drawing drawn from a
viewpoint 1 or 2 meters from the page appear very similar.

o~

Ficure 8.18.  Two 3-point perspective drawings

However there is one aesthetic disadvantage offaneaprojection not shared by a per-
spective drawing drawn from an Euclidean viewpoint — an utagety it induces in the
viewer. Even though distortion may be low when viewed froneasonable distance, the
eye lacks clues as to whether one is looking “up into” or “dawro” the subject. The
reason for this is our inability to associate a directionhvahy one particular “end” of a
Euclidean line in our construction of extended Euclideaacsp

The first scene in Figure 8.18 is the image of a cubic box dramBxpoint perspective, or
more precisely, it is the image of those three panels of thxevisible from the viewpoint.
The second scene is the image of the same box with those tane¢spemoved.

Figure 8.19 contains arffae projection of each subject of the scenes in Figure 8.18. It
possible to tell which of the two scenes in Figure 8.18 is Whithis is not the case with
the two scenes in Figure 8.19. Each of the two shells showtigiaré 8.20 has the same
affine projection from the directiop. Without external clues, such as a shadow, it is not
possible to distinguish between the two from the projection
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Ficure 8.19.  Uncertainty inherent infiane projections

Ficure 8.20.  Two shells sharing the samf@r@e projection

The brain of a viewer is uncertain which interpretation to@be. This results in unex-
pected dificulties when scenes, such as that in Figure 8.21 for exaemglejewed without
interruption for a minute or so. Of course, uncertaintiessmmetimes sought by the artist.
Boring, in his ‘Mother-in-law’ shown in Figure 5.34, wants us to ponder on the flickering
transition between young girl and old woman.

The question of from which direction arfiie projection is drawn is, as we might expect
by now, dificult.

Tueorem 8.23. Let a box be drawn infiine projection, and suppose that p is any direction
not in the plane of the drawing. Then the scene is also ffiregprojection of a box drawn
from the viewpoint p.

There exists a direction so that the scene is ffi@@aprojection of a rectangular box drawn
from that direction.

Proor. We vary Construction 7.13 by choosing the vanishing poigts,, andvs to
be (necessarily collinear) directions, leading to a vdr@nTheorem 7.16 in which the
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Ficure 8.21.  Looking down on, or looking up to, some boxes?

point p is ideal. Using this result, the first part of the proof follothe first part of the
proof of Theorem 8.6.

In order to complete the proof, in théiae projection we choose an internal vertex image
and label it, without loss of generality, by.0We draw an acute-angled trianglg213;,
whose vertex; is on the edge’Ov i’, for eachi = 1,2, 3.

From Theorem 4.57 we have that there is a point 0 above the quadethat 012;3; is

a tetrahedron, right-angled at 0. Suppose that the directid v 0’ is p. We define
i=(0vi))n(pvi),foreachi =1,2, 3. Consequently any box, with corners 1,2 and 3
each adjacent to 0, is rectangular and has the original st®ite #fine projection when
drawn fromp. O

ExampLE 8.24. Each figure in Figure 8.23 is anfne projection of a box. Each figure is
also an gfine projection of a rectangular box from some direction.
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Ficure 8.22.  An dfine rendition of a box

7. Summary of Chapter 8

We specified the exact circumstances that allow a perspedtawing of a box to also be
a perspective drawing of a rectangular box.

We proved that each 3-point perspective drawing of a boxdgs al 3-point perspective
drawing of a box drawn from any Euclidean viewpoint. Fronoimfiation contained within

the perspective drawing we determined whether the imageperspective drawing of a
rectangular box. If so, the information enabled us to lotiateviewpoint of this particular
rendition of a rectangular box. We were then able to view trevihg from the point

recommended by Leonardo da Vinci, and test his advice.

We performed similar analyzes of 2-point and 1-point pectipe drawings. In these cases
additional information is needed in order to locate the mespoint from which to view
the drawings.

We discussed the advantages and disadvantagé$ma projection, in particular the exis-
tence of an inherent uncertainty in our interpretation of afine projection.
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Ficure 8.23.  Affine projections of three boxes
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CHAPTER 9

PLANAR BAR-AND-JOINT MECHANISMS

Throughout our geometric investigations we have drawn aadeied figures in order to
help us visualize them and understand their properties.

In Chapter 5 we began an analysis of perspective drawingguafefs. We examined the
similarities between a figure and its drawings and developled for perspective rendition.
In this chapter and in Chapter 10 we pay more attention to fsaddigures. Our models
are simple examples of the grander works that engineers aitdets engage in. This
guarantees us a plentiful supply of examples to engage tmntian.

We focus on some properties of the models that make themlusefngineers. In particu-
lar we look at the question of the rigiditg$] of models. The builder of a construction such
as the Tacoma Narrows bridg#,[shown in Figure 9.1 during its last moments, would be
very interested in this question of overall rigidity.

Ficure 9.1.  The Tacoma Narrows bridge in a strong wind

The models we make, and man-made constructions in geratalafurally into two types
— those in which parts may move relative to other parts, anddtin which the distance
between any two parts remains unchangedmdéchanisnis a model in which the rigid
components (bars or panels, say) are able to move relativedanother. A model in
which no part can move relative to anotherigid.

The model of the cube in Construction 2.55 was designed te hgslanar unassembled
format for convenience of storage. As it is folded into itsexabled position, the panels
move relative to one another and their corners no longer heodkanar set. In its assem-
bled form the corners model the points of the designated.d@baerally, one mechanism
may model a family of distinct figures as the parts move neddth one another.
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We examine models from an engineer’s point of view, usinglteproved about mecha-
nisms to make practical use of examples. A structural ergirexjuires a building to be
rigid, but a mechanical engineer wants his engine to be a amésm.

1. Bar-and-joint models

There are two common engineers’ constructions, those bglether by their “skin” and
those in which a “skeleton” plays the main structural rolecakdboard box and a typical
skyscraper of the 1940’s are examples of thefieding approaches to structural integrity.
In some ways it is more enlightening to draw the first type oictre, and to model the
second. In this section we examine models of the second type.

Strong leverage forces sometimes make it impractical ferjoins of rigid bars of such
“skeletons” to be designed to resist rotational movemennefbar relative to another. We
examine models that are designed to accept this limitation.

DerntTion 9.1. A bar-and-joint model consists of rigid bars, their onlyerdaction being
that members of a subset of bars may each have an end heltiéag8tich a connection
is often called a universal joint.

The adjective “universal” emphasizes the fact that barsatieehed as freely as possible,
able to move relative to one another subject only to the d¢mmdthat the ends remain
together. Even though any two bars may share only a univieiaglthe overall rigidity of

a bar-and-joint model may befticult to determine.

DerintTion 9.2. A bar-and-joint mechanism is a model in which the rigid barms able to
move relative to one another. A model in which no bar can meiative to another is
rigid.

Designers of structures such as the Tacoma Narrows Bridgersim Figure 9.1, and the
Forth Railway Bridge re-built in 1890 and shown in Figure, &2 interested in the rigidity
of bar-and-joint models.

Ficure 9.2.  The Forth Railway Bridge

192



Simple bar-and-joint models are widely used in our everyddes. The simplest inter-
esting bar-and-joint model is shown in Figure 9.3. It is Ulsuealled a flail and is a

mechanism. It can be made of two pieces of wood hinged by hdeatrip and used to
thresh grain. Unfortunately it also has a manifestatiorhasitinchukof martial arts no-

toriety. It is also the only successful model of the golf sgyiduplicating very closely the
swings of great players. One bar represents the arms, amditeemodels the club. The
joint models the wrists. The model’s success is due to thetlfiat at the important part
of a golf swing, at contact with the ball, the wrists hingesfge In Figure 9.3, taken from
“The Dynamics of the Golf Swihfy D. Williams [66], the motion of the flail derived
from these assumptions closely resembles stroboscoptogdaphs of actual swings.

81 1b /‘()v b
—

y-20

0
S

F

Ficure 9.3.  Aflail as a golf swing model

Another simple bar-and-joint model is a triangular framewdérom Lemma 4.53 we have
that a triangular framework exists exactly if the length atle bar is no greater than the
sum of the other two bar lengths. It is not a mechanism andeido#tsic shape in most
rigid engineering bar-and-joint frameworks. It is repelfigpresent in the Forth Bridge,
in scdfolding, and in the octahedral-tetrahedral trusses thatemgkspace-frames, for
example.

The dfficulty of constructing freely movable universal joints iraptice makes non-planar
models more of interest to structural engineers than to ar@chl engineers. It is easier
to make a non-planar model that stays rigid than a satisfatdog-lasting machine with
moving universal joints.

2. Four-bar linkages

In this section we investigate bar-and-joint models in wahttee models themselves always
remain planar. Any penknife, or pair of scissors, or pair lidrg serves as a reminder
that joints which allow movement freely in a plane are compiace and reliable. We can

easily make planar bar-and-joint models by using a 2cm widee ef stiff cardboard for
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each bar, and punching a hole at each end of the bar. The chdt@tween hole centers is
thelengthof the bar. Bars can be connected by paper fasteners in tee.Hother than a
flail, the simplest bar-and-joint mechanism is the follogein

Dermnition 9.3. A 4-bar linkage is a planar bar-and-joint model offagon.
Lemma 9.4. Any four bars can be made intodbar linkage if and only if the length of

each bar is no greater than the sum of the lengths of the othieetbars. The linkage is a
mechanism if no bar has length equal to the sum of the lengtie mther three bars.

Ficure 9.4.  Assembling a 4-bar linkage

Proor. From Theorem 4.53 we have that the separation of the endiailfia at most
the sum of the lengths of its two bars. In turn this ensuresttigaseparation of the ends of
a chain of three bars is at most the sum of the lengths of tleeti80 such a chain could
not be completed to a 4-bar linkage by a fourth bar of lengédatar than the sum of the
lengths of the members of the chain.

Conversely if we choose a longest bar, assemble the othersichain where ends are
separated by the length of this largest bar, then the linkagebe completed. From our
discussion following the Triangle Inequality in Chapten® have that an assembled link-
age remains linear if the length of the longest bar is equedeécsum of the lengths of the
remaining bars. O

Construction 9.5. Make a4-bar linkage, composed of bars of lenditm,6cm, 7cm, and
7.5cm respectively. Make a second linkage modeling a pargtalm with two8cm bars
and twol4cmbars.

Experimenting when assembling the linkages confirms thelt @ the two models is a
mechanism. Examples of 4-bar linkages are all about us, ttoeewell disguised. With
a little practice we will be able to find them in surprisingq#a. Let us examine one such
example.

ExamrLE 9.6. Water from the hose spins the driving crank of the sprinkKs& in Figure

9.5 via a little water-wheel connected by gearing to the &rats the crank turns it moves
the spraying tube and distributes the water in a rectangyplattern. Each setting of the
clamping screw gives a fierent pattern of coverage as the spraying tube moves back and
forth. The length of one bar of thebar linkage underlying this mechanism is determined
by the screw setting, the other lengths not being adjustable

Exercise 9.7. Locate a4-bar linkage in each of the crane and auto-hood hinge in Fegur
9.6.
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Ficure 9.5. A garden sprinkler

Ficure 9.6. A crane and an auto-hood hinge

In order to analyze the behaviour of 4-bar linkages we oleséime motion of one bar
relative to another. Observed change in an observed olgpetrdis also on any change in
the observer. Thus two observers, one standing and oneispilike a top, would dier

in their descriptions of the sun’s motion. Let us agree, authoss of generality, that we
take clockwise as a direction of positive rotation in thegafye may sum up the situation
in the following lemma:

Lemma 9.8. Let two rigid bodies be confined to a plane. If the first turmstigh an angle
0, as seen from the second, then the second turns through de afgas seen from the
first. In particular, one makes a full turn relative to the sad exactly if the second makes
a full turn relative to the first.

Ficure 9.7.  Two rigid bodies moving in a plane
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For example, an observer on the Earth sees the Milky Way tdiyifi 24 hours — while
an observer in the stars would see the Earth turn once ddvinggtme 24 hours, but in the
opposite sense.

Exercise 9.9. Confirm that we can move the bars of the parallelogram mod€buwfstruc-
tion 9.5 so that the linkage remains a model of a parallelogréhe short sides staying
parallel to each other as they turn fully relative to eachtwd tonger bars. Rephrasing this
in the light of Lemma 9.8, we say that each long bar is able tateocompletely relative to
each short bar.

3. Rocking and rotation in 4-bar linkages

Linkages are typically used to transform one type of inputiomo(rocking or rotation) into
an output motion (again, rocking or rotation). In this seetive classify 4-bar linkages
by the possible transformations they can carry out. Thesiflaation reflects the uses to
which they are put. Jacob Leupold, an early 18th centuryresggj was perhaps the first to
attempt such a systematic classification and the followlregitem, proved in 1883 by F.
Grashof B(], is the key to it.

Tueorem 9.10. (Grashof’s Theorem) A bar of a4-bar linkage can rotate completely,
relative to each of the other bars, exactly when itis a shatfbar and the sum of its length
and the length of a longest bar is no greater than the sum ofethgths of the other two
bars of the linkage.

Ficure 9.8. A 4-bar linkage

Proor. We denote the bars of the linkage AyB, C andD, and their lengths bg, b,
c andd respectively.

Consider two adjacent bafsandD such that, without loss of generality,< a. Then the
barD can rotate fully relative t@\ if and only if the figures in Figure 9.9 exist.

From Lemma 4.53 this requirement is equivalent to theased < b+ ¢, b < (a+d) + ¢,
c<(a+d)+b,andc<b+(a-d),b<c+(a-d),a-d< b+ cofsix conditions.

This set is equivalent to the set+ d < b+ ¢,c+ d < a+ b, andb + d < a+ c, of three
conditions. This set can be restated as:
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Ficure 9.9.  Stages in a full turn dD relative toA

d+ length of any bak sum of the lengths of the remaining two bars.

Using a similar argument witbin place ofa, we prove that this condition determines also
whetherD is able to rotate fully relative tG.

Ficure 9.10.  Adding bars to the original linkage

In order to answer the question of whet2rcan rotate fully relative td we need to
consider the modeVl in Figure 9.10 wheré\' has lengtta andB’ has lengttb. As we saw
in our experiments with the parallelogram model in Congiounc9.5, the parallelogram
linkage A’B’AB allows B’ to rotate fully relative toA, with B remaining parallel tdB’
during the motion.

ThusD can rotate fully relative t@ in the linkageABCD exactly if it can rotate fully
relative toB in the 6-bar modeM of Figure 9.10. BuD can rotate fully with respect tB
in this model if it can rotate fully relative t8’ in the linkageA’'B'CD.

As D andB’ are adjacent in this linkage we can apply the result we haeady proved to
the linkageA’B’CD. From this,D can rotate fully relative to each & andB if and only
if the following inequalities hold in the linkagt’' B'CD:

d+ length of any bak sum of the lengths of the remaining two bars.

As the bar lengths ara, b, c andd this is the condition we have met twice before, once
enablingD to rotate relative té\ and once enablinD to rotate relative t& in the original
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linkage. To finish the proof we need only note that for thisditan to hold,D must be a
shortest bar. O

Derinirion 9.11. The Grashof condition for d-bar linkage is the requirement that the sum
of the lengths of a shortest and a longest bar does not exbeeslim of the lengths of the
other two bars. A linkage satisfying this condition is a Graklinkage.

Thus a bar of a 4-bar linkage is able to turn fully relative écle of the other bars exactly
if it is a shortest bar of a Grashof linkage. It is perhaps 8simg that the cyclic order of
the bars plays no role in this condition.

Exercise 9.12. Decide by measurement if the linkage in Example 9.6 is a Gifdstkage.

Decide by measurement if each linkage of Construction 9@ ashof linkage. Does
this confirm the results of your experimentation with thegtlafogram linkage in Exercise
9.9? Test the other linkage by holding each bar in your hartdin, and attempt to rotate
the others of the model relative to it.

Dernirion 9.13. The base, or frame-link, ofé&bar linkage is a selected bar of the linkage.
One bar adjacent to the base is called the input, and the athealled the output of the
linkage. The remaining bar is the coupler, or connecting;mf the linkage.

This nomenclature reflects practical applications in whtoh base of a 4-bar linkage is
fixed, and the input bar moved, thereby giving motion in a ement form to the output
bar via the coupler. Unless otherwise stated, motion ofpara linkage is usually taken
to mean relative to the base of the linkage. A standard pattootation is shown in Figure
9.11.

coupler

Ficure 9.11. A notation that distinguishes bars of a 4-bar linkage

DermniTion 9.14. A double-crank, or drag-link, mechanism is a Grashof linkégwhich
the base is a shortest bar of the linkage. Both input and dutpls are called cranks of
the mechanism.

A cranlrocker mechanism is a Grashof linkage in which the input ib@rtest bar. The
input is the crank, and the output is the rocker, of the meigman
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A rockeycrank mechanism is a Grashof linkage in which the output isatest bar. The
input is the rocker, and the output is the crank, of this meda.

A double-rocker mechanism is either a non-Grashof linkaga,Grashof linkage in which
the coupler is the shortest bar. Both input and output baescalled rockers.

We sum up the behaviour of these mechanisms in the follovemgna:

Lemma 9.15. A crank of anyd-bar linkage is free to fully rotate relative to the base oé th
linkage, but a rocker is restricted to oscillatory motioratve to the base.

Proor. An input or an output bar of a Grashof linkage is a crank ifi@itit or the
base is a shortest bar of the linkage. From Theorem 9.10 we that this is exactly the
condition enabling it to rotate fully relative to the base. O

Exercise 9.16. In which of thed-bar linkage types of Definition 9.14 is the coupler able to
rotate fully relative to the base?

We draw arcs of circles, as in Figure 9.12, to show the pasgibkitions of the coupler
joints relative to the base of a linkage and help us visudiligeage motion, but this is no
substitute for making models and experimenting with them.

Exercise 9.17. Choose thé7cm bar as the base in the first model of Construction 9.5.
Remove the fasteners of the two joints of the base (and thddedf). Place a sheet of
paper between the model and a reasonably soft backing bdzeglace the fasteners by
thumb-tacks, pushed into the backing board. You can nowerdently investigate the
motion of the model. Trace, with a pencil through a joint of ttoupler, the possible
positions of the joint. Repeat the experiment with the otloeipler joint. Do the results
agree with those expected from Theorem 9.15?

Repeat these experiments with Ban bar chosen as base. Does this experiment lead
you to doubt the possibility of wide-spread practical us¢heffull range of motions of a
double-crank mechanism?

ExampLe 9.18. The lawn sprinkler of Figure 9.5 is a cramcker mechanism — the ro-
tary motion of the water-driven crank being transformeaiah oscillating motion of the
spraying arm.

ExampLE 9.19. A treadle sewing machine uses a roggkenk mechanism. The operator of
a Spong cgiee-grinder is part of a rockgrrank mechanism, the user’s upper arm providing
the input rocker, the forearm the coupler, and the handledéhe output crank.

The action of each leg during bicycle riding also is an agian of a rockefcrank mecha-
nism. With respect to the bicycle frame as base, the ridaidhtis the rocker, the lower-leg
is the coupler and the bicycle crank is the linkage crank.

ProerLem 9.20. A small child riding an adult’s bicycle seems to bob up and aowWould
this still be necessary if the saddle could be adjusted tanadonough position?
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Ficure 9.12.  Possible ranges of coupler joint movements

Solution. We have from Grashof's Theorem that, while the child is s#aifeeither the
upper or lower leg is shorter than the bicycle crank then phgsically impossible to
completely rotate the bicycle crank. This is one reason wdry wmall children have
difficulty riding a bike too large for them — it is not their lack dfength or weight alone
that is the problem. A very small child cannot ride in the dadfithe bicycle’s crank is
longer than either the child’s upper or lower leg. O

Exercise 9.21. Can you identify a rock@rank mechanism in a child’s pedal car? Can
you find a4-bar linkage in an automobile windscreen-wiper.

ExampLe 9.22. The lifting mechanism of the plow shown in Figure 9.15 is aldeuwocker
mechanism.

Rotation is not important in the job for which this linkagedesigned. On the contrary,
two locking positions of the linkage, where no further raatis possible, are required.
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Ficure 9.13.  Plotting the positions of coupler joints on backinggra

Ficure 9.14. A cdfee grinder and a bicycle rider

Each of these supports the plow at a fixed height, the loweplfmring and the higher

for transporting the plow. The coupler can be fixed to the whge clutch as required

enabling the linkage to be moved into one of the two lockingjfians, each held stable by
the weight of the plow pulling two bars straight.

ExamrLE 9.23. The double-rocker mechanigi@3] of Figure 9.16 joins an engine and a
massive rotating flywheel used to supply energy for stattiegengine. The output crank
is connected, through step-up gearing, to the starter pimibthe engine. The input crank
is connected by a clutch to a shaft turned by the rotating feeth To start the engine,

the linkage is placed in its “initial” position with the clgh disengaged. The flywheel is
brought up to speed, either by hand crank or electric motdre €lutch is then engaged,
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Ficure 9.15. A plow

the linkage driven to its “final” position (with the flywheelamentarily at rest), and then
the flywheel is disengaged having transferred all its enévghe engine.

Initral position Final position

Ficure 9.16.  An inertia starter for engines
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Substantially shockless transfer of kinetic energy fromthtating mass to the engine is
accomplished. As the input crank rotates 18@m initial to final position, the output
crank also turns 180 The key feature of the design is that the 4-bar linkage isrepqo-
tioned that the angular velocity ratio of input to outputrdtavaries from infinity to zero
during the operating period. A consequence of this is tHarfaof the linkage to satisfy
the Grashof condition. In inertia starters that use a fricttiutch to directly connect a
flywheel to the engine, a large part of the kinetic energy efftilwheel is dissipated in
friction at the clutch faces. The above design avoids thatgnloss.

4. Coupler curves

So far we have thought of each planar 4-bar linkage primasla convenient method of
energy transfer. But as we saw in Example 9.22 they have amative use, as devices for
moving a point along a required path. In this section we erarttiis role of linkages.

In some applications it is a significant over-simplificatimnthink of each bar of a 4-
bar linkage as a segment. By replacing a bar with a more gengicbody, jointed at
two points, we are able to use the linkages more widely. Fampte, in the case of the
automobile-hood hinge of Exercise 9.7 we treat a crosseseof the hood as a coupler
body. We are interested in the motion of the rear of the hao@rder to ensure that it
misses the bulging center of the windscreen.

DerintTion 9.24. Let a planar rigid body replace the coupler bar ofdabar linkage. A
coupler point of the linkage is any point of the body. The $@iossible positions of any
given coupler point is a coupler curve of the linkage.

Construction 9.25. Make the model of the mechanism shown in Figure 9.17 and trace
the curve followed by the coupler point that is labeled by »akMthe model using bars
already to hand, @ 3cm bar, and a slightly over-sized cardboard triangle. Puhcies

the appropriate distance apart in the triangle. Later welwied models of the two other
triangles shown, and you may find it convenient to make ademow. The numbers given
are lengths, measured in centimeters.

At par

Iy 7

Ficure 9.17. A coupler point of a linkage

In the 18th Century, steam was beginning to power the indlisaivolution. James Watt’s
rotative engine made in 1784 was the first to rotate a shaftthrwithout using a water
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wheel fed by a pumping engine. The guiding of the large pistguired was diicult — as
accurate milling was not available to make reliable stragjiding guides. Watt’s solution
was to use the linkage shown in Figure 9.18 to guide the pisidn This seems to have
been the first use of a 4-bar linkage as a means of moving aemeppint along a particular
path rather than as an energy transfer device. It createdigterest in coupler curves that
contain approximately straight sections.

condensate
pump Connecting
— rod
Sungear
Double-acting cylinder, output shaft
19 in. bore 4 ft stroke \‘r
Orbit of planet \/

Ficure 9.18.  James Watt's steam engine

ConstrucTioN 9.26. Model the guidingd-bar linkage of Watt's engine shown in Figure
9.19. Use paper and a soft backing board as in Constructidi € plot the path of the
midpoint of the coupler. It might be helpful to punch a holetiyh the middle of the
coupler and trace the hole’s motion with a pencil through titede. Do you think this
linkage is a satisfactory guide for the piston rod of Wattigme?

Ficure 9.19.  Guiding a piston rod

Some level-Iffing cranes use the approximate straight line motion gerteogté-bar link-
ages in order to load and unload containdigiently. The load is moved a horizontal
distance without un-necessary height change. This saeeg\estress and, above all, time
during loading and un-loading operations.
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Ficure 9.20. A level-Idfing crane

The problem of designing a linkage that will duplicate a rieggi motion is dificult and
there are many methods of tackling it. For example, R. Be§lesHowed that any coupler
curve is specified by polynomial equation of degree at mostdbrauch &ort has since
gone into choosing polynomial approximations to a requimadion.

An alternative approach for design engineers is to choase & large list of known exam-
ples of coupler curves. Figure 9.21 contains one page (fredpages) of the Hrons and
Nelson “Analysis of the Four Bar Linkagg 35|, showing the paths traced by each of ten
coupler points attached to the coupl2iof a linkageABCD, that hasB as its base and

as its input crank. The lengths of the barsare 1,b = 2, andc = d = 3, respectively.
We note that this particular linkage is a cramcker mechanism. Two of the ten coupler
points shown are the joints @f, their paths being shown as non-dashed arcs. One of these
two paths, a full circle, is the path of the end of the cranke Bther, an arc of a circle, is
that traced out by the end of the rocker. The path of each aftther eight possible coupler
points is a dashed curve. Each dash corresponds to the nodtioait coupler point during
10 degrees of crank rotation.
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Ficure 9.21.  Hrons and Nelson: Analysis of the Four-Bar Linkage

ProBLEM 9.27. Let us try our hand at some engineering design work. Chodsimy the
selection of coupler curves in Figure 9.21, design a medrarib slowly slide a box of
food through an ionising chamber and quickly return readyaioother box.
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Solution. There are many possibilities and a final choice may well ddpamong other
considerations, on availability and price of standard congmts. The example illustrated
below in Figure 9.22 is based on a choice of coupler pointfthibaws a coupler curve of
Figure 9.21 having a reasonably straight slow-moving eacind a speedier return path.
The mechanism can be arranged to slip the slide below a wditir, rise and slowly push

the box through the chamber, and then quickly drop and return |
g S5
. - f ;,
o

Figure 9.22.  An ionising mechanism
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Linkages, such as the following Example 9.28, in which saMears are replaced by more
complicated bodies are in common use.

ExamrLE 9.28. The web cutter of Figure 9.23 provides a solution to the probbf cutting

a continuously moving web or strip of material (paper, clatheet metal, etc.) into sheets.
The blades of the shears are attached, one to the coupleqttie to the rocker. As the
driving crank A rotates, the relative motion between linkar@@l D creates the “scissors”
action to cut the web. During the cutting portion of the motibe horizontal speed of the
blades very nearly matches the web speed in order to avoklihgche moving strip.

Driving crank A

|

Ficure 9.23. A web cutter

5. Parallelogram and kite linkages

In this section we see that the motion of even such a simplepbeof a linkage as a par-
allelogram model may give rise to unexpectedly complicatmapler curves. We noticed
in our experiments with the parallelogram linkage of Camndtibn 9.5 that it is diicult to
keep it moving in the shape of a parallelogram should all bacome collinear. We should
not be surprised that parallelogram linkages also move or@s$ed parallelogram” form.
The linkage is certainly a Grashof linkage and Theorem @l tis that each short bar is
able to rotate relative to every other bar, including theeo#hort bar.

Derintrion 9.29. A linkage in which two opposite bars are of equal length areldther
pair of opposite bars are of equal length is a parallelogrankage. A linkage in which
two adjacent bars are of equal length and the other two bdsx) an adjacent pair, are of
equal length is a kite linkage.

In fact the following special case of Grashof’s theorem abtarizes both parallelogram
linkages and kite linkages.
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CororLary 9.30. Two bars of a Grashof linkage are each able to rotate fulhatiek to
all other bars if and only if they are the shortest bars of aglklogram linkage or a kite
linkage.

Proor. Let the bardA, B, C, andD of the linkage have lengthe b, ¢, andd respec-
tively.

Suppose first thad = b, ¢ = d anda < c¢. From applying Theorem 9.10 in turn foandB
we have that each can rotate fully relative to other bars.

Conversely, suppose thatand B can each rotate fully. Then both< b andb < a and
each is a shortest bar. Without loss of generality we maynasgbatD is a longest bar.
As A can rotate fully we have that+ d < b + ¢, givingd < c. Thereforec = d. O

Exercise 9.31. Apply the method of Construction 9.26 to the parallelogramikdge of
Construction 9.5, using a longest side as the base and thpaimtof the opposite side
as a coupler point. Trace a coupler curve and compare it with ¢urve shown in Figure
9.24.

Ficure 9.24. A coupler curve of a parallelogram linkage

Exercise 9.32. Locate a parallelogram linkage in a sewing tidy, in an anglse lamp, in
a child’s pop-up book, in a steam locomotive and in a tree prun

The uncertainty about whether a parallelogram linkage svilitch to “crossed parallel-
ogram” form as it moves through a linear position makes it stimmes a poor choice of
mechanism if full rotation of an input bar is required. Weoat®ted the diiculty encoun-
tered in the use of a double- crank mechanism in the last empat of Exercise 9.17. Why
then does a parallelogram linkage give a successful methtwkang driving wheels of
steam locomotives?

6. Plagiographs

In this section we examine the behaviour of a parallelograutmanism, moving in paral-
lelogram form, in which two bars have been replaced by simrilangular panels.
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Derintrion 9.33. A plagiograph is a parallelogram linkage in which two adjatéars are
replaced by similar triangular panels

We notice that any plagiograph may be moved into the firsttipmsshown in Figure 9.25.
Engineers refer to this as thesign positioof the mechanism. We label three points of the
mechanisny, y andz respectively, as shown in the Figure, and have the followengma:

Lemma 9.34. In any parallelogram position of a plagiograph, the triaegtyz is similar to
each triangular panel.

e
TTTITTTYes
o2
B
P

Ficure 9.25.  Two positions of a plagiograph

Proor. Any position of the plagiograph is obtained from the degigsition by turning
one of the triangular panels relative to the other, as shewarsd in Figure 9.25. Applying
Theorem 4.54 we see that in the second position of the plegpbgthe trianglesuzand
yvzare similar. Hence the two anglgguandyzvare equal. But subtractinguand adding
yzvto the angle/zxgives an angle equal tzu A similar argument proves that the angle
yXzin this position of the mechanism and the angleare equal. As the sum of the angles
of a triangle is constant, the anglgz equals the anglavz From Theorem 4.54 we have
that the trianglexyzis similar to each triangular panel of the model. O

If we pin a plagiograph to a backing boardyatplace a pencil at, and trace out a path
with the pointx then the pencil will trace a path, similarly shaped but tdrtteough the
constant anglevu. Thus any planar figure may be copied on a reduced or enlaogés s
by this plagiograph, invented by J.J.Sylvests][in 1875. We are perhaps more familiar
with a special case, the usyadntographin which the vertices of each triangular panel
collapse to three collinear points witttu = #. This invention by a london barrister A.
B.Kempe} 3 preceded the more general plagiograph.

ConstrucTtion 9.35. Make the adjustable pantograph illustrated in Figure 9.P#ning it
to the paper at y, placing a pencil through a hole at z, anditigahe figure to be copied
with a stylus through the hole at x enables the pencil to cbpyfigure. Re-locating the
pencil and stylus changes the scale of copying.

ExampLE 9.36. The level-lfing crane of Figure 9.27 is a disguised pantograph.
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Ficure 9.26. A pantograph

T a3

Ficure 9.27.  Another level-Iffing crane

We earlier met an example of J.J.Sylvester's work, namelgofém 3.56, and we will
shortly meet a result of Pafnutij Chebydheaisually thought of as a mathematical analyst.
The stereoscope discussed in Chapter 6 was invented byidmisttGeorge Wheatstone,
a pioneer in the understanding of electricity. Prior to #esitury it was not unusual for
engineers and mathematicians to work in many fields — ext@atspiration from one
for use in others. The era of the “universal scientist”, belgy Leonardo da Vinci, was not
then finished. Sadly it may now be over, and perhaps the eggdéparation of theory and
practice in dealing with our world is an undesirable consemge.

ConstrucTionN 9.37. Make a plagiograph, modeling that shown in Figure 9.25, filoans
and triangular panels that you already have available. Wisathe dfference in result
between using it and using the more familiar pantographgiyca figure?

7. Cognate linkages

A former English barrister Samuel Roberts in 1875, and iedéently the St.Petersburg
mathematician Pafnutij Chebydfiegn 1878, used plagiographs to produce an existing cou-
pler curve in more than one way. In this section we give a can8ve proof of this result.

It guarantees engineers a choice from three 4-bar linkagdamésms that generate the
same coupler curve. Moreover if it is possible to use a liekagh a crank to reproduce
this curve, it will be one of the three.
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Derintrion 9.38. A linkage is cognate to another if a coupler point of the fiastgl a coupler
point of the second, have the same coupler curve.

The Roberts-Chebychanethod combines parallelogram mechanisms in order to martst
related 4-bar linkages. We begin in Lemmas 9.39 and 9.40 hgidering the behaviour
of two parallelogram linkages that share a bar. Repeatedfusemma 9.40 then enables
us to prove the Roberts-Cheby¢h€heorem.

Ficure 9.28.  Two linked parallelogram linkages

Lemma 9.39. Let two parallelogram linkages share a triangular pan€l & shown in
Figure 9.28. Then in each position of the mechanism the dvgjl@een the bars A and B
is equal to the anglé of the triangle T.

Proor. The barA is parallel to one side, and the bRiis parallel to another side, of
the triangleT’ in each position of the mechanism. Therefore the angle tetree bars is
equal tod. O

Lemma 9.40. Let the two triangular panels T and f the first mechanism shown in Figure
9.29 be similar. Then in each position of the mechanism thadte abc is similar to each
of TandT.

Ficure 9.29. A mechanism

Proor. We replace one of the two parallelogram linkages by thermdiokage of
Figure 9.29 in which the shortest sides have zero lengtmREr@mma 9.39 we have that
the angle between the ba#isandB is still 8. The barB now coincides with a side of the
triangular panell’. This panel is now attached to the paielThe barA is able to move
in this mechanism exactly as in the original mechanism. Big hew mechanism is a
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plagiograph and so from Lemma 9.34, in all positions thaetgfiexyzis similar to each of
T andT’. O

Tueorem 9.41. (Roberts-Chebychdf Theorem) Each coupler curve of 4-bar linkage is
also a coupler curve of two othdrbar linkages.

Proor. Suppose that the linkade has a given coupler curve. We construct a mech-
anism as follows: first we remove the base and “flatten out’litileage L as shown in
Figure 9.30.

Ficure 9.30.  The linkagé. before and after flattening

Then, by drawing parallel lines, we design the mecharliérthat can be thought of as
adding a bar and trianglg, to the remains off. to form a plagiograph containing triangles
T1 andT,, then adding another bar and trianglgto form a second plagiograph containing
the trianglesl'; andTs. Lastly, we add two bars to complete a plagiograph contgifiin
andTg as in Figure 9.31.

We can be sure thél is a mechanism as the arrangement of each parallelograagknk
is freely determined by the position of two of the trianguanels relative to one another.
Thus, for example, the first plagiograph formed can be agdras required by moving
T, relative to Ty, and the second plagiograph formed can be independentipged as
required by moving s relative toT;.

Starting from the initial design position above, and kegpin and T, fixed relative to
one another, we movie! until the barX is in any desired position relative ;. From
Lemma 9.34 we know that the plagiograph with triangular p@fie and T, is similar to
T1. Applying Lemma 9.40, with this plagiograph in placeTofindT; in place of T’, we
see that trianglexyzremains similar tol'; during the motion. During this movement, we
have from Lemma 9.40 that the plagiograph that containstbg@anelsr; andTs remains
similar to Ty, as in the first illustration of Figure 9.32.

From this position, but now keepiriy andTs fixed relative to one another, we mole
until the barY is in any desired position relative 1q as in the second illustration of Figure
9.32. Again from Lemma 9.40, this time thinking of the rigigiograph ofT; andT3 in
place ofT andT, in place ofT’, we deduce that the shape of trianglgremains unaltered.
Thus in any position oM the trianglexyzis similar toT;
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Ficure 9.31.  Design for a mechanism and the resulting assembleldanestn

In this way we “un-flatten’L, enabling us to reconnect the removed BarThis can be
done in any position of that is attainable by movinly as a 4-bar linkage alone. Thus
the coupler point of. will trace its complete coupler curve as the new mechanisah th
contains the baB, and so contains all df, moves.

During this motionx andy remain fixed relative td. As the shape of the triangbeyz
remains unchanged,s also fixed relative t@® during the motion that moves the coupler
point through all its possible positions. We conclude tltatiag bars k7 and [y to the
mechanism will not hinder its motion. The enlarged mechargsntains three linkages:
the originalL, a second 4-bar linkage with base][and coupler triangld,, and a third 4-
bar linkage with basexg and coupler triangl&3. Each of these linkages share the coupler
pointzand share its coupler curve. O

ConstrucTion 9.42. Construct the linkages cognate to that of Exercise 9.25 moxéng
its base and following the design process described in thefff the Roberts-Chebydfie
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Ficure 9.32. A rotation ofX, followed by a rotation oY

Theorem. Verify the design position of the mechanism shoWwigure 9.33. Satisfy your-
self, by constructing the mechanism and experimenting thigashape of the triangle xyz
remains unaltered during motion of the model. Replace festeat the joints x, y and z
by thumb-tacks into a soft backing board so that x and yl&mm apart. The joints y and
z should be.3cm apart, and x and Z.4cm apart. Verify that each of the three linkages
gives the coupler curve obtained earlier in Constructiop®.

Mechanical motion is most easily available in the form oftmn, by means of electric
motors for example. The following Corollary to Theorem 9ptaves that the above design
process enables us to capture a given coupler curve via &-draven linkage if at all
possible.

CororLary 9.43. Each Grashof linkage has a cognate linkage containing a krdgach
cognate of a double-crank linkage is also a double-crankdge. Each cognate of a non-
Grashof linkage is also a non-Grashof linkage.

Proor. We specify lengths as in Figure 9.34.

Without loss of generality, led > & > &”’. Considering the mechanism in any position,
from Theorem 4.54 applied to three similar triangles in F&y8.34 we have thai/b =
a/b=a’ /b’ =d(y,2)/d(z X).

Suppose that the original linkage is a double crank linkageerefored(y, 2) is less than
or equal to each od, &, anda”. Then we have that(x,2)/b = d(y,2)/a< 1,d(x,2)/b’ =
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Ficure 9.33. A design for cognate linkages

Ficure 9.34.  Lengths of cognate linkage components

d(y,2/a < 1, andd(x,2)/b” = d(y,2)/a” < 1. Consequentlg(x, 2) is less than or equal
to each ob, b’ andb”.

From Theorem 9.10 applied to the original linkage we alsehbatd(y,2) + a< a' +a”.
Therefored(x, 2) + b = d(y, 2(b/a) + b= (b/a)(d(y,2) + a) < (b/a)(& +a”) = b’ +b”. The
second linkage is therefore also a double crank linkage.

Similar, but long, arguments prove the other parts of theo(Tamy. O

ExampLE 9.44. In Figure 9.35 we have an example of the application of Thed®etl in
which a coupler curve is produced by each of three linkages.
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Ficure 9.35.  Three cognate linkages

8. Approximate and exact linear motion

In this section we give some 4-bar linkages that generatplepeurves with approxi-
mately linear sections and some mechanisms that geneateligear motion of a point.
As we mentioned above, mechanisms that produce linear mafithout accurately ma-
chined linear guides were in demand from the outset of thadtm@l Revolution. James
Watt was apparently prouder of the approximately lineariomotf his piston guide than
of the steam enginia toto. Sarrus’ non-planar but exact solution to the problem in3L85
is dealt with in Example 10.18. Unfortunately it was litkeown, and attention concen-
trated on planar mechanisms. Particular examples of pihar linkages giving coupler
curves with approximately linear sections were inventedmebyché& in 1850 and, a
better example still, by Roberts in 1860.

ExampLe 9.45. In Chebychf'’s linkage A and C have length, B length4, D length2
and the coupler point is the midpoint of D. In Roberts’ linkag\, C and the sides of the
coupler triangle have the same length, and the coupler leisghalf the length of the base.
We may trace the coupler curves of these mechanisms usimgetied of Construction
9.17.
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Ficure 9.36.  Chebych&'s and Roberts’ mechanisms

It is known[43] that no planar bar-and-joint mechanism containing fewantsix bars has
a point that traces out a linear path. On the other hand th@nfimlg result, or a simple
variant, is the key to designing mechanisms that do genkmnatr motion.

Lemma 9.46. Let p be a point on a circle and k be a number. Then there is allingith
the following property. Corresponding to each point gfatent from p, on the circle, there
is a point r on both the line Land the line pv g that satisfies b, q)d(p, r) = k.

diameter

Ficure 9.37.  Acircle and the lingy

Proor. Suppose that the diameter throughmeets the circle again in the poigt.
Suppose further that is the point of this line that satisfiekp, g )d(p,r’) = k. We choose
Lk to be the line, through’, that is perpendicular to the linev ¢'. The required result
follows from the similarity of the two trianglegrr’ and pq g. O

Exercise 9.47. The mechanism shown in Figure 9.38 was inventelB®dby the French
army gficer Peaucellier and used to control ventilation pumps fae British Houses
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of Parliament. The mechanism contains two kite linkagegurfé 9.38 also shows an
application to a hand rivetting tool.

Use Pythagoras’ Theorem and Lemma 9.46 to prove that the pofrPeaucellier's mech-
anism traces out a line as the mechanism moves.

Ficure 9.38.  Peaucellier's mechanism

Exercise 9.48. Hart's mechanism, shown in Figure 9.39, uses only six bats@mtains
a kite. It was invented in874 Using two similar right-angled triangles, prove that the
point r of Hart’'s mechanism traces out a line as the mechammwes.

Ficure 9.39. Hart's mechanism
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9. Summary of Chapter 9

We chose the 4-bar linkage as a typical and useful mechanigméstigate in detail. We
found examples in manyfiierent contexts and learned how to predict their behavioun fr
a simple condition on bar lengths.

Experimentation with models led us directly to some prattitifficulties of engineering
design. We overcame some of these by combining plagiogtagige convenient linkages
that generate required motion of a point.
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CHAPTER 10

NON-PLANAR HINGED-PANEL MECHANISMS

We continue the investigation of models that we began in @& The practical require-
ments of model-making and the importance of folding objeath as knock-down cartons,
folding doors, and stage scenery lead us to define a classadimthat complements the
bar-and-joint models of Chapter 9. Those are constructiowhich a “skeleton” plays the

dominant structural role. In this chapter we examine caiesitons [L6] in which the “skin”

is the main structural element. We first define the panels fatrich they are assembled
and then specify rules governing the way in which panels nealyibged together to form

a hinged-panel model.

We analyze their behavior in some detail. In doing so we aagnagntering the realms of
the practical engineer and industrial designer. Modelsaterigid play a role in structural
engineering, while those that are free to change their saepmechanisms. We concen-
trate first on hinged-panel cycles, as they are easy to vasuahd occur widely in man’s
activities, often in disguised form. Finally we examineyd@dral models, and see that not
all are rigid.

1. Hinged-panel models

In this section we define hinged-panel models and examine sommon examples.

In Definition 1.15 we introduced combinatoriagons. If we restrict our discussiof]] to

any planan-gona;a, . . . a, with each vertex a Euclidean point, then the uridpasa, . . . a,] =
[a1a2] U [azag] U ... U [an-180] U [anas] of the segments determined by each pair of adja-
cent vertices is a closed path in the Euclidean plane thahoathen-gon. If this path has
no self-intersections then we have, either from intuitiom gimple version of the Jordan
Curve Theorem24], that the path divides the Euclidean plane contairBigya, . . . an]

into an interior and an exterior part.

Dermniion 10.1. Let &, . . ay be a planar combinatorial n-gon so that each verteisa
Euclideanand By a, . . . a,] has no self intersections. Then the polygonal redi@a, . . . a,]
is the union of the set[B;a, . . . ay] and its interior. We call the set[B;a;. .. a,] the bound-
ary of the region, each segmdiat, a;], .. .,[an-1, an], [@n, @1] an edge of the region, and
each point a, a, ..., a, a vertex of the region.

The first 4-gonin Figure 10.1is non-planar. The second hadeahvertex. The remaining
examples are planar, with only Euclidean vertices. Thalttives not have an interior.
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Only the last has an interior and the union of its boundarysdrattied interior constitute a
polygonal region.

T W A

Fieure 10.1.  Four 4-gons, only one of which defines a polygonal regio

We call any reasonably flat plat8d that models a polygonal regionganel We meet
panels whenever we cut out cardboard shapes, when we cuttavallfpaneling, when
we refloor a room with hardboard underlay, and in many otltaatons. Panels may be
combined, the reality of practical construction allowingptpanels to be freely hinged
along a shared edge. Thus two partfelandG, both containing the eddgg, may form a
mechanicahinge written Hinge(F, E, G) or Hinge(G, E, F). We say that the panels and edge
are the three components of the hinge. We also sayRlatdG arehingedat E and the
line containingk is thehinge-lineof the hinge.

The way in which several panels are combined into one engitjnéans of hinges is en-
capsulated in the following definition:

Derintrion 10.2. A hinged-panel modé¥l consists of a list of panels, some of which are
hinged and satisfy the following two conditions:

Condition H1: For each two panels F, G &fl there is a sequence, £ F1, Hinge(F1, E1, F2),
F2, Hinge(F2, E2, F3), .. ., Hinge(Fm-1, Em-1, Fm), Fm = G, of panels and hinges.

Condition H2: Any two hinges share at most one common component.

Avertex oM is a vertex of any of its panels, an edgeMfis an edge of any of its panels,
the shell ofSis the union of its panels, and the skeletonMofs the union of the edges of
its panels.

ConditionH1 is a convenient way of ensuring that the hinges are the @sk&rdnnec-
tions” between panels of a hinged-panel maoilel ConditionH2 reflects the reality of
hinge construction. It guarantees thdiige(F, E, G1) and Hinge(F, E, G2) cannot both be
hinges. It also ensures thidinge(F, E1, G) andHinge(F, E2, G) are not both hinges, so that
two panels are hinged together by at most one edge. When neticause confusion, we
speak of théninge Erather than th&iinge Hnge(F, E, G).

Around us we see many hinged-panel models. The simplestlisulntedly the common

carpenter’s hinge that consists of two panels that hingbeit shared edge. Most road
maps are hinged-panel models, cardboard boxes (both kaeidrafter gluing), concertina
doors, and old-fashioned fans are all hinged-panel modelsook is not a hinged-panel
model. An uncreased envelope is not! A folded letter is!
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When it is convenient and unambiguous, we use thicker linedagrams to distinguish
edges that are hinges from those that are not, continuingsbeof notation introduced
in Figure 2.13 in Chapter 2. We often make hinged-panel nsoflein cardboard panels,
taping panels of a hinge together at their shared edge, axdéonple, in the combinatorial
cube models of Examples 2.55 and 2.56. Each of these two, afesmed out, is a hinged-
panel model in which all four panels are coplanar, adjacanéfs hinging at their common
edges. When partially folded each still is a hinged-panede@hof four panels and three
hinges, but now no two of the four panels are coplanar. Fuiyped into the assembled

position each is a model of four panels and four hinges. Theswechanism may be used
to model diferent figures.

71 ) QA

Ficure 10.2.  Three 4-panel models

We are able to make one of the tetrahedron models requirgddostruction 2.68, using
the method illustrated in Figure 2.12, and taping the véditégs as shown in Figure 10.3.
When opened out it is a hinged-panel model, all of whose gaarelcoplanar and in which
each of the three shared edges is a hinge. When partiallgctlog it is a hinged-panel
model having no two panels coplanar. When fully bent up tenfdihe tetrahedron the
model has three edges that are not hinges and three thatngreshilf we then tape the
remaining edges we have another hinged-panel model — the pamels and shell as
before but with each pair of panels forming a hinge with tiseimmon edge.

s <]
v <V

Ficure 10.3.  Steps in folding a model of a tetrahedron
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ExampLe 10.3. Folding a piece of paper into quarters we label the cornersiraghe
first illustration in Figure 10.4. The paper is then a hingpdnel model with panels
F1 = [0165], F, = [1276], F3 = [2387]and F; = [3498], and hinges kge(F1., [16], F2),
Hinge(F27 [27]’ F3) and Hnge(FB’ [38]7 F4)-

Ficure 10.4.  Folding a sheet of paper to form hinged-panel models

When completely folded the piece of paper contains panbidlead F, = [0165], F> =
[0165}, F5 = [0165]and F; = [0165] and hinges hge(Fs, [16], F2), Hinge(F2, [05], F3)
and Hnge(F?,, [16]7 F4)'

In the first case each panel models a separate polygonahrémibin the second example
all four panels model the same polygonal region [0165]. Wil coplanar panels, and
even repetition in the list of panels, in a hinged-panel nhatlews us to include collapsed
models such as the second example above. One of the virtheweid-panel mechanisms
is the possibility of their folding flat for ease of storagem@nsport.

Dermnirion 10.4. A hinged-panel model is collapsed if each panel is in the splaee.
A collapsed hinged-panel model, all of whose panels sharenanmon internal point is
folded. A collapsed hinged-panel model, no two of whoselpahare a common internal
point, is unfolded.

The creased paper model of Example 10.3 has two collapsétbpssone folded and one
unfolded.

As in Chapter 9 we may think of models as falling naturallpitwo types; namely those
in which parts may move relative to other parts, and thosehithvthe distance between
any two parts remains unchanged.

Derntrion 10.5. A hinged-panel mechanism is a model in which the panels de=tab
move relative to one another. A model in which no panel caremehative to another is
rigid.

Derintrion 10.6. The first hinged-panel model in Figure 10.5, with &d F, hinged, and
F, and F; hinged, is known as a Hooke universal joint or a Cardan j¢84].
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A Hooke universal joint may be thought of as derived from thgael model of Figure
10.5 by removing one panel, thus allowing the angte vary.

Ficure 10.5. A Hooke universal joint

A Hooke universal joint enables a turning shafto turn a shafB at varying inclination
to A as in the third figure in Figure 10.5. Taping a straw aléngnd a straw alon in
a cardboard model enables us to experiment by rotating stestiaw and lightly holding
the second free to rotate, but inclined at an amgte the first. Even as the anglevaries,
a rotation of the shaff causes a rotation of the sh&t

This is the case in, for example, the connection of the engireefront wheel in a front-
wheel driven automobile as the suspension flexes. Straigtdfd trigonometry gives
tangtany = —seca. This enables us to quantify a disadvantage of the Hookeetniv
sal joint, namely tha%j is not constant. A\ rotates with constant speeB,does not,
speeding up and slowing down as it rotates. In practice, tonsbile engine is designed
to turn its axle at constant speed, and the road wheel wostdlikle to turn at constant
speed! The resulting shudders would rapidly wear out thehaugism.

Ficure 10.6. A constant-velocity joint

One way to overcome this problem is to join two joints that enieror images of one
another together, as in Figure 10.6. The intermediate stw@fbeing very massive, it
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contributes an acceptably small shudder. This combinasi@am example of @onstant-
velocity joint[38] — a term only too familiar to those who pay the repair bills font-
wheel driven vehicles. The double-Cardan joint is not thetmadely used universal joint
but has some theoretical advantages over currently monelqaypes

The familiar folded letter of Example 10.3 is a simple exaengl a hinged-panel model
obtained by folding (and creasing) a sheet of paper. Thertisg history of paper folding,
much of it full of mathematical significancel [37, 34, 28 Perhaps the oldest and most
carefully recorded examples are the folds of the Japanesé@rigami [49, 59.

226



Construction 10.7. (Some Origami Constructions)The art of Origami49, 53, or pa-
per folding, provides some delightful examples of hingadeb models. Let us use two
examples of Origami folds to make a bird’s foot, an animal@tf and a human foot. The
first fold illustrated in Figure 10.7 gives an animal’'s foothe second fold gives a bird’s
foot, and the first fold carried out twice gives a human foot.

%f& i\
£ % N

Ficure 10.7. A bird’s foot, an animal’s foot, and a human’s foot
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We now turn our attention to panel cycles. They are perhapsithplest, most common,
and most useful hinged-panel models:

DermviTion 10.8. An n-panel cycle is a hinged-panel model with a list F, .. .,F, of at
least three panels and willinge(Fi, Eigir1), Fi+1) : 1 =1, 2,...,n=1}U{Hinge(Fn, Ent, F1)}

as its complete set of hinges. A panel cycle is any n-pantd.cwe write H;.1) to mean
the hinge-line of Kge(Fi, Eig+1), Fis1).

Each of the two models of cubes in Constructions 2.55 and, 2/6&n assembled, is a
4-panel cycle. Itis interesting to note that one is rigi@, tther not.

ExampLe 10.9. Folding a piece of paper into quarters we label the cornersrathe first
model in Figure 10.8. The paper is &panel cycle with panels = [0145] F, =
[1234], F3 = [1287], and K = [0176], and hinges ige(F1, [14], F2), Hinge(F2, [12], F3),
Hinge(F37 [17]’ F4), and Hnge(F47 [01]’ Fl)-

When closed up further as in the second model in Figure 1@.pdper is thel-panel cycle
with panels i = [0143] = F», and Rz = [0176] = F4, and hinges Kge(F1, [14], F2),
Hinge(F27 [Ol], F3)1 Hinge(F37 [17], F4), and Hnge(Féb [Ol], Fl)-

Ficure 10.8.  Folding a sheet of paper to form 4-panel cycles

It is appropriate to note some looseness in everyday tetoggoWe previously noted in
Chapters 1, 5, and 7 that we speak, for example, of a“4ajml’, accompanied by an
illustration labeled by, b, ¢ andd, rather than a “4-goabcdpictured here ag’b’c’d’”.
We use the same label for a point and for its image. We are sibidamvith perspective
drawings (in fact with diagrams of all kinds) and find them sipiful, that in conversa-
tion we almost always identify objects with their imagesd @his convention is so well
understood that we are rarely even aware that we are using it.

In Figure 1.7, Figure 9.32, and elsewhere, we frequentlgydhis convenient identifica-
tion a step further. We are representing models, not figufé® labels are intended to
pinpoint points of the actual model, not of the structure eied and not of the image of
this structure. Again, we are so used to this conventionvileatre hardly aware of it. As
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our concept of a mechanism is applicable only to models, mdigtires, the convention
should not confuse us.

Exercise 10.10. List the panels and hinges of the bird’s foot of ConstrucfiOt in order
to prove thatitis a panel cycle. Are the animal’s foot andhinenan foot also panel cycles?

Different hinged-panel models may share the same hinge-lirmsexample, in Figure
10.9, a 5-panel cycle in which each panel is a 4-gon has the samge-lines as another
5-panel cycle that has two triangular panels.

Ficure 10.9.  Two 5-panel cycles with the same hinge-lines

Provided that panels do not meet or intersect at points dhzar hinges, it is only the
hinge-lines of each panel, not the actual panel, that déterthe motion of panels of a
model relative to other panels. Subject to this restricti@have the following theorem:

Tueorem 10.11. Let two hinged-panel models have the same hinge-lines atiieldist of
panels of each model be paired so that corresponding pahelethe same hinge-lines.
Then the first model is a mechanism if and only if the seconeéhidlso a mechanism.

Proor. Suppose that one model is a mechanism. Then in each pogfitibe model
the relative positions of the hinge-lines of one panel aredfilty the rigid panel joining
them. So, without restricting the motion of the model, we a#tach the corresponding
panel of the second model. If we do this for each correspgnpair of panels then both
models perform the same motion without hindrance. Thus ¢eered model is also a
mechanism. O

Exercise 10.12. Draw a 4-panel cycle, that contains exactly two triangular paneis,

the hinge-lines of the cycle in Figure 10.10. Drawtganel cycle, that has each panel
triangular, on the hinge-lines of the cycle. Label pointsldist the panels in each case.
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Ficure 10.10.  The hinge-lines of a 4-panel cycle

2. Four-panel cycles

Other than a 3-panel cycle and the 2-panel carpenter’s hardygpanel cycle is the simplest
and most useful hinged-panel model. In this section we deter which 4-panel cycles
are mechanisms.

The behavior of 3-panel cycles is central to our argumerdsmnfirst establish that each
is rigid.
Tueorem 10.13. Each3-panel cycle is rigid.

Proor. Each two panels are hinged. There is a point of one panelagmuint of
a second, both on the remaining panel. These two points aoastant distance apart.
Therefore the two hinged panels are fixed relative to oneh@noRepeating this argument
proves each hinge to be rigid, and the model to be rigid. O

We made two 4-panel cycles in Constructions 2.55 and 2.56,vandered about the
possibility of making a model of a Vamos cube before proum@heorem 4.27 that it is

not a figure. With the aid of the following theorem we can baitederstand the mechanical
behavior of the models that we were able to make.

Tueorem 10.14. Let a4-panel cycle have no two of its panels coplanar. Then thesagcl
a mechanism if and only if its four hinge-lines are concutren

Proor. If necessary we replace the cycle by a cycle, in which eadelga a 4-gon,
that has the same hinge-lines.
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Suppose that the cycle has all four hinge-lines concurk&atmay break it into two hinges.
Following our discussion of a model cube after Theorem 4n2Chapter 4 we know that
one hinge may be opened to any degree and, provided the @th@pen wide enough it
may be taped to the first completing the cycle, and proving lté a mechanism. From
Theorem 10.11 we have that the original 4-panel cycle isals@chanism.

Suppose that two non-consecutive hinge-lirgs andHs,4 of a 4-panel cycle are concur-
rent. Then they are coplanar. From Proposition 4.13 appdiede model of the cube, the
hinge-lineH,s is concurrent wittH;, andHs4. Similarly Hy4 is concurrent wittH;, and
Hss. Thus all four hinge-lines are concurrent.

If no two non-consecutive hinge-lines are concurrent, themeplace the cycle by a cycle
containing two triangular opposite panels, but with ungehhinge-lines, as shown in
Figure 10.11.

Ficure 10.11.  An extra hinge

In this model the other pair of opposite panElsandF4 may be hinged without limiting
the model’s motion, as the edgay] is common to both in all positions of the model. From
Theorem 10.13 we have that tHat, F», andF, form a rigid 3-panel cycle. Similarl,

F3 andF,4 form a rigid 3-panel cycle. Thus no panel may move relativartp other panel
and the whole model is rigid. From Theorem 10.11 we have tteabtiginal cycle is also
rigid. O

Construction 10.15. Make a4-panel model of each of the two roofs shown in Figure
10.12. The method suggested in Construction 2.69 enabteg@dise panels from earlier
constructions for the models. The above theorem predicihwvi the two cycles is rigid
and which is a mechanism. The second example, a hipped saifuicturally preferable
to a peaked roof which relies on extra framing and support &ntain its shape.

Emptied supermarket cartons are usually flattened andedaak collapsed cycles to be
transported for re-cycling or destruction. This is easydose each is basically a 4-panel
cycle having all hinge-lines concurrent at an ideal point B consequently a mechanism.
The origami bird and animal feet of Construction 10.7 ardne@apanel cycle mechanisms.
This is quite a relief! It means that we are unlikely to tear plaper as we make the creases
and fix the final shape. The piece of paper creased in Conistnubd.9 is a mechanism,
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SANPEN

Ficure 10.12.  Two 4-panel cycle roof models

as the four creases are concurrent. This is one reason whpdissible to easily unfold a
letter in order to read it.

As we saw in the template that we devised in Figure 4.9, the cobdel of Construction
2.56 has concurrent hinge-lines and so is a mechanism. Butthe of Construction 2.55
has only four 4-point circuits and so opposite hinge-linfeexy model of it are not coplanar
and therefore do not meet. Thus the hinge-lines cannot beucamt, forcing the model
to be rigid. At last we are able to understand the reason fodiffierence in mechanical
behavior of these two cube models.

ExampLE 10.16. Part of the central Norman tower of Cambridgeshire’s Elyteatral col-
lapsed in thel 4th century and was replaced by an octagonal plane base ortwias built

a timber beam structure to carry a magnificent lantern toytime tower. It is the world’s
only surviving true medieval dome. We can think of this beamsttuction replaced by an
equivalent hinged-panel model, in which each triangulaniework of beams is replaced
by a triangular panel. We then have a model containing a cgtlsixteen panels, each
panel being also hinged to a base panel.

Ficure 10.13.  The lantern at Ely cathedral

The model has a vertical plane of symmetry and thinking ogihalved by this vertical
plane, we see in Figure 10.14 that the bdsg,F,, andF3 are the panels of a 4-panel
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cycle mechanism. Thus, relative to the base, the positidr; aletermines the position

of F3. Again the position ofF3 determines the position d¥s, and so on. We have a
mechanism with the motion &f; determining that oFg. Any such motion can be mirrored
in the vertical plane of symmetry, giving a symmetric motiothe whole seventeen-panel
model.

Ficure 10.14. A hinged-panel model of the Ely lantern

The 14th century builders made a mechanism, not a framewbile lantern is beauti-
ful, but perhaps an engineering error! It was strengthenetié 18th century, damaged
by storm in 1990, and subsequently repairg€él.[ An interesting model in the cathedral
explains how the 400 ton structure was put in place.

3. Panel cycles of at least five panels

In this section we prove that the likelihood of a cycle beiingdrdecreases as the number
of its panels increases. We begin with a result similar tooféen 10.14.

Tueorem 10.17. Let a5-panel cycle have no two of its panels coplanar. Then theedgcl
a mechanism if and only if its five hinge-lines are concurrent

Proor. Suppose that a cycM has all its hinge-lines concurrent. We repldteand
F, by a panel in the plane dfls; andHj,, and from Theorem 10.14 we have that this
4-panel cycle, and consequently the original 5-panel ¢ysl@ mechanism.

Suppose that four, without loss of generality, necessaafhsecutive hinge-lindd;,, Hos,
Hs4 and Hys of the cycleM are concurrent. Then in each position Mf this point of
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concurrence is in the plane of the pafegland in the plane of the panE}. But any point
in the planes of adjacent panels belongs to their hinge-litisH;5 is concurrent with
the other four hinge-lines ard is a mechanism.

Next we suppose that exactly three consecutive hinge-khesH,s, andHss of M are
concurrent. If necessary we replddeby another cycle containing two triangular adjacent
panels, but with unchanged hinge-lines, as shown in thedmesting of Figure 10.15.
Then the edgedb] is common to both-; andF, in each position of the cycle. The hinge
Hinge(F1, [ab], F4) can be added to give a model that is a mechanism if and onheif t
original cycleM is a mechanism. With this addition the model now containspai3el
cycle with panel setF1, F4, F5}. Theorem 10.13 guarantees tiatandF, remain fixed
relative to one another in any motion of the model. So the rhode be replaced by
another, in which a panel hinged kg with hinge-lineH1, and hinged td-4 with hinge-
line H34 as shown in the second drawing in Figure 10.15 is added. Twenmadel is

a mechanism if and only if the original is a mechanism. Butrikes model contains a
4-panel cycle with non-concurrent hinge-lines, and so bgorbm 10.14, is rigid. We
therefore know thai is rigid.

F>

Fs

Ficure 10.15. A model with three concurrent hinge-lines

If no two non-consecutive hinge-lines of the original 5-pkeycleM are concurrent, then
we are able to obtain, if necessary, a second model showngird=i10.16. This has
the same hinge-lines @4 and has two triangular panels. The freedom of this model
is unchanged by adding a triangular parebd that hinges to each df;, F3 andFs.
Theorem 10.13 guarantees the rigidity of the 3-panel cyahtaining the panelg1, [abd,
andFs}. So the linesH;, anda v b are fixed relative to one another, aRg andFs are
each fixed relative to these two lines.

We may include a panél hinged toF, andF3 with hinge-linesH;, anda v b respectively,
provided that we first remowve; and fabd.

In this new model the panels, andF3 are allowed all motion permitted in the second
model and thus also all motion allowedlih. But the 3-panel cycle containirfg, F» and
F3 ensures thaE, andF3 are fixed relative to one another and to the linesb andHy».
From a similar argument we have thag andF, are also each fixed relative to the lines
aV b andHi,. Thus all five panels o1 are fixed relative to the lindd,, anda v b, and
M is rigid. O

We may investigate the rigidity of some 6-panel cycles usirgghods similar to those in
the proofs of Theorems 10.14 and 10.17.
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Ficure 10.16. A model having no two non-consecutive hinge-linegcorent

Ficure 10.17. A model obtained after removing and adding panels

In this way we are able to deduce that a 6-panel cycle moddlyoof whose panels are
coplanar, is a mechanism if all six hinge-lines are concurmeif at least four consecutive
hinge-lines are concurrent. It is also a mechanism if thiesecutive hinge-lines are
concurrent and the remaining three are also concurrent.

ExampLe 10.18. A 6-panel cycle mechanism that has two groups of three conigsecut
hinges concurrent, each at an ideal concurrence point, wescdbed by P.F. Sarrudl9)]

in 1853as a solution to the problem of providing reliable straidime motion. This was a
difficult problem at the time as no milling machines were avadablmake long-wearing
and accurate sliding guides — so pistons and slides fredp@mhmed and bent. Sarrus’s
mechanism was the first realistic solution, using functlanachanical hinges that were
available at the time.

Four of the panels of Sarrus’ mechanism are rectangulaurieggthat the motion of a point
of one triangular panel is along a line perpendicular to tlaae of the second triangular
panel. The American 20th century geometer Michael Goldpagy devised a similar
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Ficure 10.18.  Sarrus’ hinge and Goldberg’s hinge

mechanism, also illustrated in Figure 10.18, that flattegetly into an unfolded planar
model. It has Euclidean concurrence points.

Exercise 10.19. Design a version of Sarrus’ mechanism that flattens into afolded
model.

The method of Theorem 10.17 enables us to prove that any &-pgcie, in which only
three consecutive hinge-lines are concurrent, is rigid.

We now make some models that have no three hinge-lines cemtim order to understand
the variety of mechanical behavior possible in 6-panelesy.cl

Construction 10.20. Make a6-panel cycle in which all panefafh], [ fbd], [bdd, [dcd,
[ced, and[eaf] are equilateral triangles. A good way to make it is by the teghe of
Construction 2.69. We can even re-use the panels of thatrcmtisn. We need, in toto,
six panels and six rubber bands.

Construction 10.21. We make anothdg-panel cycle as follows. Cut out the panfdgb],
[fbd], [bdqd, [dcq, [ced, and[eaf], using the drawing in Figure 10.19 as a template. It
may be easiest to hinge the faces as shown, then bend the aipgpriately until the two
panels of the remaining hinge are touching, and tape therattag. If you wish to make
a larger and more accurate model, a template may be made hyidgatwo concentric
circles and choosing points a and d outside both. The tarsgenn a and d to the larger
circle meet at c and f. The tangents to the smaller circle raéétand e, as in Figure
10.19.

Details of this 6-panel cycle were published by the Frenctheraatician Rauol Bricard]

in 1897. Our model seems to be far fromrigid. Do you see a 4itlaage contained within
it? Perhaps the fact that the four edges of this “crossedlelgram” linkage remain
coplanar, and its four joints belong to a circle, during raotof the model provides a clue
to the mobility of the model.
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Ficure 10.19. A Bricard 6-panel cycle model, and template

In the proof of Theorem 10.17 we used the fact that three pedggds joined in the form
of a triangular bar-and-joint model form a rigid framewomnkarder to insert an extra trian-
gular panel. A triangular panel may be interchanged witlskideton in a model without
affecting the behavior of the model. We made use of this obgervat Example 10.16.
Thus a bar-and-joint model of the skeleton of a hinged-paralel, that contains only
triangular panels, is rigid if and only if the hinged-paneddel itself is rigid. These bar-
and-joint models often are easier to make and examine tieeth@panel models. We start
with a model of the skeleton of Construction 10.20.

Construction 10.22. Thread twelves centimeter lengths of drinking straw in a necklace
and tie the string without slack. Tying together joints watitommon label gives the re-
quired model. To avoid confusion during construction it @pful to label each end of
each straw indelibly by the appropriate letter as shown igure 10.20. If you have gér-
ent colored straws available, then it might be helpful to asecond color for the hinges.
These are the secondth, 5th, 6th, 9th, and12th on the list.

This technique is useful even when edgegediin length. Even though the appearance and
mechanical behavior of the models of Constructions 10.2D01dnh21 are quite dlierent

we observe that the labeling of their skeletons is identi€arresponding edges seem to
differ only in length, so we vary the lengths of straws approglyadnd join them as in
Construction 10.22 to give a skeleton of the Bricard cycle.

Construction 10.23. Thread lengths (measured in centimetet®)7, 9, 9, 7, 12, 12, 10,
9,9, 10, and12, in this order, of drinking straw in a necklace and tie theirggrwithout
slack. To avoid confusion during construction, label eaot ef each straw indelibly by
the appropriate letter. Tying together joints with a comntetel gives the required model.
Again, if you have dgferent colored straws available it might be helpful to use eose
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Ficure 10.20.  Making a model skeleton

color for the hinges. Again these are the secatil, 5th, 6th, 9th and12th straws on the
list.

It is no accident that the last two models have triangulaefsanlf no three consecutive
hinge-lines of a 6-panel cycl®l are concurrent and no two successive hinge-lines are
parallel, then from Theorem 10.11 we may replace each pdnll,df necessary, by a
triangular panel as shown in Figure 10.21 to give a modelithatmechanism iM is a
mechanism. We can consequently also add a paibe) hinged to each oF;, F3 andFs

as shown in Figure 10.21, again without hindering any mogitthe model.

Ficure 10.21. A six-panel cycle and an additional panel

We can think of the 4-panel cycl€&, F2, F3, [abd} in which the angley between §bd
andF; determines the angle betweeabf] and F3, the 4-panel cyclé¢Fs, F4, Fs, [abd},
then determining the angle betweeaf] andFs, and the 4-panel cyclg-s, Fg, F1, [abd}
determining the anglg between dbd andF;. If ¢ = ¢ for a range of values af then
the model, and consequently alsh would be a mechanism. Bricard showed in a long
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analysis that this occurs in exactly three ways. In the fiossbility, made in Construction
10.23, the model has two collapsed positions. The secorsgiippesnechanism has an axis
of symmetry. All three mechanisms are shown in Figure 10.22.

Ficure 10.22.  Bricard’s three 6-panel cycles

We will understand Bricard’s cycles much better if we makaraples of each type. We

use the technique of Construction 10.23 to make two moretket, in each case thread-
ing twelve lengths of drinking straw in a necklace, then gyingether those ends with a
common label.

Construction 10.24. We again use the technigue of Construction 10.22. To makaidi$
second model we thread on the following lengths (measuredritimetersi 1, 6, 10, 12,

6, 8,10, 112, 8,11, 11.2 and 12 in the given order. To make Bricard's third model, the
lengths, in correct order, aré2, 13, 11.2, 6, 10.2, 2.4, 10, 9.3, 3.8, 10.6, 6.5 and4.7. If
you have dferent colored straws available, the hinges of each modetlaesecondth,
5th, 6th, 9th and12th on the respective list of straws.

Bricard’s results complete the proof of the following thexr.
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Tueorem 10.25. Let a 6-panel cycleM have no two of its panels coplanar. Thehis

a mechanism if and only if one of the following is trukt has at least four consecu-
tive concurrent hinge-lined/ has three consecutive hinge-lines concurrent and the other
three consecutive hinge-lines also concurrentybhas the hinge-lines of one of the three
Bricard cycles.

Panel cycles containing many panels are not of great irittasesmechanisms. We might
suspect this if we have had many dealings with bicycle chairtank tracks. Experience
suggests that they tangle easily. Why is this? Cycles hawiaugy panels are very “floppy”

— which is why bicycle chains cannot easily be held rigid ir'srhands. This excessive
freedom of movement would be a handicap in, for example,ihing door. We outline a

proof for the following theorem:

Tueorem 10.26. Each panel cycle that has no two panels coplanar and contamre than
six panels is a mechanism.

Proor. Suppose tha¥l is ann-panel cyclen > 7. If no three consecutive hinge-lines
are concurrent, then we replabk by a model with the same hinge-lines and the panels
F1,Fo,...,Fn1, Fnhasin Figure 10.23.

Ficure 10.23. A choice of panels of arpanel cycle

Omitting F3 from the cycle model leaves a sequefgeF,, Fy. . ., Fn1, Fy of panels, and
n- 2 hinges. We keepg U ... U F, rigid, add a paneldbd, and fold the new model about
the linea v c as shown in Figure 10.24.

Ficure 10.24.  Before and after folding the model about a line
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As we fold, the Hooke universal joint of pandig, F,, andF; determines the position of
F1, and the Hooke universal joint of pandig, Fs, andF4 determines the position ¢f;.
Thus we change the angle betwdén andHsz4 by a small angle.

Ficure 10.25.  Replacind s after a second folding

Next we remove the panedpd, keepFgU...UF,UF; UF,rigid, and add a panebgd].

If M is a 7-panel cycle, then we ke&p U F; rigid. As we fold the Hooke universal joint
of panelsFg, F7, andFg determines the position dfs and the Hooke universal joint of
panelsFg, F5, andF,4 determines the position éf,. By folding the new model about the
line b v d in one of the two possible directions, we change the angledsiH,3; andH3z4
by an angle-6.

We now re-attaclirs to Ho3 andHsg in their new positions and remove the par&d] to
give a new arrangement of the original cyble as required. O

We have seen that the likelihood of afpanel cycle being flexible increases withA 3-
panel cycle is always rigid, 4-panel and 5-panel cyclesigié except when all hinge-lines
are concurrent, 6-panel cycles are rigid except for a fewiapeases, and non-collapsed
cycles that contain more than six panels are never rigid.

4. Polyhedral models

Panel cycles contain few hinges. Polyhedral models, on therdvand, are commonly
occurring hinged-panel models that have as many hingesssibp@ In this section we
examine some examples, paying particular attention to shkeietons.

Dernirion 10.27. A polyhedral model is a hinged-panel model in which each parad
edge EC F, together belong to some hinge.

Definition 10.27 tells us that in a polyhedral model each exfgepanel binds it to another
panel. Atetrahedral modeis the simplest example of a polyhedral model. Its vertices a
those of a combinatorial tetrahedron, its panels are thedtilar panels defined by any
three of the four vertices of the combinatorial tetrahedem each pair of panels together
with their common edge make up its six hinges. The ubiquitiqusd container made by
Sweden’s big export earner, TetraPak, is a commonly seeheztral model.
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ExampLe 10.28. If [abd is a triangular region, then the rigid polyhedral model train-
tains four panels I, F», F3, and F, each equal tgabd, and that contains hinges
Hinge(Fl, [ac]’ Fz)a Hlnge(FB, [ac]’ F4)1 Hinge(FZ, [ab]5 F3)1 Hinge(Fl, [ab]5 F4)1

Hinge(F1, [bd], F3), and Hnge(F2. [bd], F4) is a folded polyhedral model.

Polyhedra are often classified according to the number af pla@els: a tetrahedral model
has four panels, pentahedral moddias five, ehexahedral modedix, aheptahedral model
seven, armctahedral modeg¢ight, and so on.

Construction 10.29. The octahedral model shown in Figure 10.26 is an example of a
polyhedral model. Each panelis an equilateral trianglemiy be modeled by adding two
triangular panels to thés-panel cycle model of Construction 10.20. As well we need six
more rubber bands to ensure that all shared edges model finge

Ficure 10.26.  An octahedral model

Construction 10.30. Following the instructions of R. Hughes Jor{&€], a heptahedral
model may be made from six copies of the tabbed right-angetular panel and eight
copies of the equilateral triangular panel in Figure 10.2i&ing four colorsl, 2, 3 and
4, by gluing the tabs, shown dotted, as indicated. Each ofhheettriangles colored
then have a second, same-colored triangle glued to theik daaving unglued pockets for
the three unglued tabs de, ef and fd. The model can then bedfalsl indicated by the
lettering, slipping the tabs into appropriate pockets. The triangles colore@® then form
a square panel intersected by each of the two square pankeedS and4 respectively.

This particular model, shown assembled in Figure 10.28alds edges hinged, so there
are no “gaps”, but does it have an “outside” and an “insidé'tak the vertices and edges,
and therefore the skeleton, of the octahedral model of @actgtn 10.29, but alternate

panels of the octahedral model are removed and three sghesagh the center introduced
in their place, and so it has four triangular panels and thgegre panels.

Exercise 10.31. List the panels and hinges of this heptahedral model and eoenis
skeleton with that of the octahedral model of Constructior2®.
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Ficure 10.27.  Plans for a heptahedral model

Ficure 10.28. A heptahedral model that has the skeleton of an octa-
hedral model

Exercise 10.32. We derive another hinged-panel model from this heptahauadel as
shown in Figure 10.29. It also has the vertices of the octadladodel modeled in Con-
struction 10.20. List its six panels and its hinges. Is it dypedral model? If you can
devise a satisfactory method of constructing this hexadedodel, do so.

In a similar fashion to the construction of an octahedral eifrdm a 6-panel cycle in Con-
struction 10.20, we may add two triangular panels to eactaldi 6-panel cycle pictured
in Figure 10.22 in order to obtain an octahedral model. Thesskeletons we made in
Constructions 10.23 and 10.24 are also skeletons of oatalraddels. The panels of each
Bricard octahedral model intersect and in practice we coulgt add part of each of the
seventh and eighth panels in order to allow the mechanisnot@nT his is no accident, as
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Ficure 10.29. A hexahedral model

each octahedral mechanism (which must be made in this way)ddhpanel intersections.
Just to hint at the beauty and intricacy of Bricard’s octabkbdhodels, we note that each
gives rise to a pair of combinatorial tetrahedra, each xart¢he first being coplanar with
a panel of the second, anite versa

Just as the boundary of a panel separates the Euclideangaataning it into an interior
and an exterior part, so a polyhedral model with no inteirsggqianels appears to separate
Euclidean space into a part interior to the shell and a paetriex to the shell. The French
mathematician A.L. Cauchy considereohvex modelsin a convex model no two panels
are coplanar, and for each pair of interior poiatandb, the segmentdb] is completely
contained in the interior of the model. In 1813 he proved tifing theorem:

Tueorem 10.33. (Cauchy’s Theorem)Each model of a convex polyhedron is rigid.

It was long thought that this result might also hold for anydmlowithout panel intersec-
tions. But in 1977 Robert Connelly/f] constructed a variation of a Bricard octahedral
model in which the panels do not intersect. In 1978 this lealuklSt&en to the simple
polyhedral mechanism whose development is viewed from thsiae of the panels in
Figure 10.30.

The development, shown with some side-length measurepisrggmmetrical about its
center line. After folding into a polyhedral model as indexaby the vertex labeling, the
mechanism has 9 vertices, 14 non-intersecting triangalaels, and 21 edges.

Construction 10.34. Construct Stgen’s mechanism.

5. Summary of Chapter 10

We defined hinged-panel models and observed the wide ocmérref these models in

everyday life, looking at examples, and some of their momarmmon applications. We

distinguished between models that are mechanisms and timatsere rigid, proving that

panel cycles and polyhedral models are of both types. Weactezized those panel cycles
that are mechanisms.
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Ficure 10.30. A development for a polyhedral mechanism
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CHAPTER 11

GRAPHS, MODELS AND GEOMETRIES

In Chapter 9 we became familiar with the practical uses opnbar-and-joint models.
But many engineering works are quite complicated bar-ant-nodels, containing many
hundreds of bars. In order to analyze the rigidity of such astoiction we define an
underlying mathematical structure, namely a graph, thatddeled by the bar-and-joint
model.

A graph is formally a listing of some pairs of objects thatdre] to a specified set. It is an
important mathematical structure with an associated lbogy of theory and we lay the
groundwork for this theory. In particular we introduce th&tions of a connected graph
and an acyclic graph.

These ideas enable us to determine the rigidity of a framidibg, and define the develop-
ments of hinged-panel models. A development of a hingealpandel is an intermediate
step of dficient construction for the model itself. Graph theory altyp a fundamental
role in our investigation of spherical polyhedra in Chagter

But perhaps of most interest in the overall context of geoets the last section of the
chapter. There we prove certain graphs to be geometriegiinadvn right.

1. The definition of a graph

A graph formalizes a selection of pairs of objects. Thusefcample, in a bar-and-joint
model a pair of joints could be singled out for mention if thmjs belong to a common bar
of the model. In this section we introduce some basic natatitd fundamental properties
of graphs.

Dernition 11.1. A graph G consists of a finite se{®), of vertices, and a finite list (&) of
edges. Each edge is an unordered pair of (not necessariiyndiysvertices. Two identical
edges are called multiple, or parallel, edges. An efige} is called a loop.

ExampLe 11.2. The set YG) = {1,2,...,5} and the list EG) = {{1,2},{2, 3}, {3,4},
{1,4},{1,4},{1,5},{2,5},{3,5},{4,5}, {3, 3}} define a graph G. It has two parallel edges
and one loop.
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In a more restrictive alternative definition of graph repetiis not allowed, neither i&(G)
nor within each edge. However we use the adjediugleto distinguish those graphs that
have neither parallel edges nor loops.

DerntTion 11.3. A simple graph is a graph that contains neither parallel eslger loops.

ExampLe 11.4. For each natural number n the se{k,) = {1, 2,.. ., n} of vertices, and the
set HKy) = {{i, j} : 1 <i < j < n} of edges, define a simple graph, denoted hyafd
called the complete graph on n vertices.

The bar-and-joint models of Chapter 9 provided the motivafor Definition 11.1, and
each can be thought of as a physical model of a graph in which gént represents a
vertex and each bar models an edge.

Derinition 11.5. LetM be a bar-and-joint model. Then the seiG) = {u: u is the end of
a bar} and the set E5) = {{u,Vv} : u and v are the ends of a common pdefine a simple
graph G. We say tha¥l models G and writé! = M(G) and G= G(M).

Exercise 11.6. Specify each graph that is modeled by a flail, a triangulanfeavork, or a
4-bar linkage. Are K and K, among these graphs?

Graphs may be presented visually in a way reminiscent otkkstof planar figures.

DerintTion 11.7. Let G be a graph. A drawing of G is a collection of points in a Elean
plane, each labeled by afkrent vertex of G, and a collection of arcs in the plane, ore ar
being drawn between u and v for each edge} of G.

A A =

Ficure 11.1. A drawing of eacli,,, forn=1,2,3,4,and 5

As each drawing of a graph contains all the information required for the graph’s defini
tion, we may blur the distinction betwe&hand any drawing of it without ill-ffect. There

is no requirement that an arc representing an edde bé straight but often we use the
segmentyiv] as the arc that represents an efige}. This is possible for each edge of any
simple graph. Figure 11.1 contains such a drawing of é&ggclfiorn=1,2,3,4, and 5.

Road maps, airline route diagrams, and electrical wirimgrthms are some, among many,
documents that have the characteristics of a drawing of phgrsuggesting that graph
theory should find wide application.

We now build on Definition 11.1, deriving various properta@dggraphs that we later use
for our investigation of bar-and-joint models and hingeohgl structures. We start by
examining structures induced on some subsets of verticke@ges of a graph. The result
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Ficure 11.2.  An airline route map and a wiring diagram

of erasing some parts of a drawing of a graph is a drawing obplgprovided that any
edge ending in an erased vertex is also erased. More formalkay:

Derinition 11.8. Let G be a graph. Then a graph H is a subgraph of G (HY and EH)
are subsets of, respectively(®) and HG).

In particular a subgraph is obtained from a gr&phy deleting any subsd’ from E(G).
This subgraphis called atdge deletioand is denoted b§\E’. We also obtain a subgraph
of G by deleting a subsat’ of vertices fromV(G) provided that each edge &(G) that
contains a member of’ is deleted fronE(G). This subgraph is &ertex deletiorand is
denoted byG\ V.

Ficure 11.3. A drawing of each df4, K4\{4}, andK,\{{2, 4}}

Thus we may obtain a drawing of a subgraphof G from any drawing of a grap@® by
erasing those vertices and edge&dhat are not elements éf. Any subgraptd may be
obtained by a succession of single-element deletions.

The common way in which we use route maps and wiring diagramggests strongly that
subgraphs of the following type will repay study.
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DerntTion 11.9. Let G be a graph. A path of G is any subgraph H of G wittHY =
{vi,Vo,...,Vn} and EH) = {{vq, o}, {V2, V3},. .., {Vh-1, Vn}}, the vertices vbeing pairwise
distinct. We say that the path joingand v, in G.

Exercise 11.10. Write down the vertices of a path, that joins Stockholm ang&pore, of
the airline route map in Figure 11.2.

2. Connected graphs and acyclic graphs

In this section we analyze a graph in terms of its paths.

DermviTion 11.11. A graph is connected if each pair of distinct vertices has tfi@ining
them. A graph that is not connected is disconnected.

It is useful to study subgraphs of a gra@ithat are connected, but minimally so. These
subgraphs give us insight into hinged-panel constructasthey have a more general
importance 44]. The existence of the following graph as a subgraph ensuregundancy
among the paths d@.

DermniTion 11.12. Let G be a graph. A cycle of G is any subgraph H of G wiHy =
{V1,Vo,...,Vn} and EH) = {{vi,Va},..., {Va-1, Vn}, {Vn, V1}}, the vertices vbeing pairwise
distinct. A graph is acyclic if it contains no cycles. A fdrssan acyclic graph, and a tree
is a connected acyclic graph.

The airline route map in Figure 11.2 is connected, the widiggram is disconnected.
Neither is acyclic. A flail models a tree, and a pair of flailsdaba forest. A 4-bar linkage
models a graph that is a cycle.

Exercise 11.13. List the vertices of each cycle ofKList the vertices of each cycle of K
that contains four or five vertices.

Lemma 11.14. Let G be a simple graph. If H is a cycle of G, th&tfH)| = |[E(H)| > 3.

Proor. The inequality is a consequence of the impossibility oktémn within E(H)
and of repetition within any edge &f. O

We call a subgraph of a grafgha maximal treeof G if it is a tree, and is not a subgraph
of any other tree iic. The graph modeled by a flail is the only example of a tree thleat w
have seen so far. But it is straightforward to find furtherregles. If we delete an edge
that belongs to a cycle of a graph, and repeat this processtueally we obtain an acyclic
subgraph of the original graph. This experiment suggestéalfowing property of trees:

Tueorem 11.15. Let G be a connected graph. Then G contains a maximal treetré@pf
G is a subgraph of a maximal tree of G and it is a maximal tree(if\= V(G).

Proor. If T is a tree ofG andu € V(G) — V(T), then we choose a path joiningand
a vertexv of T. There is an edggs, v’} of the path so that’ is in E(T) andV’ is not in
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E(T). Adding this edge td(T) and adding the vertex to V(T) gives a graph that is a
tree and ha¥ as a subgraph. We continue in this way, until we obtain a toe¢aining all
the vertices ofs. Starting this process from any single vertex proves thelht eannected
graph contains a subgraph that is a maximal tree.

Suppose that a subgraphof G is a tree, and further suppose th4T) = V(G). If T is a
subgraph of a treg’ in G, thenV(T) € V(T’) € V(G) = V(T). ThusV(T) = V(T’). Also
any edgeein E(T’) — E(T) is e = {u, v} for someu andvin V(T). There is a path joining
andvin T, andeis not an edge of this path. The path is also a paffYinrAdding e to the
edge set of this path gives a cycleTify contradicting the definition of a tree. 36 andT
have the same vertex sets and the same edge sets, and dfi@ ¢htheesame graph afd
is a maximal tree irGs. O

Exercise 11.16. By deleting edges of the complete graphdbtain a maximal tree of K
How many maximal trees doeg Kontain?

It is an important task to find all the maximal trees in a grafih The problem is of in-
terest in particular to chemist44]. For example, each of the many possible carbon-based
molecules with a particular formula can be identified witheset each carbon bond repre-
senting an edge of the tree. It is important for a chemist mnkwhether a molecule can
exist before trying to create it. The problem is also of imsiag interest in communica-
tion networks. The links betweennodes of a proposed network would model edges of
a graph, and a cheap means of connecting each pair of nodéseseg minimal sets of
links. These are the maximal trees of the complete gkaph

Lemma 11.17. Let T be a tree and P a path of T so thafTg is not equal to EP). Then
there is a vertex of {T') — V(P) that belongs to exactly one edge T — E(P).

Proor. Let Q be a maximal path of from a vertexu to a vertexv such that is the
only vertex ofQ that lies onP. Thenv belongs to an edge @ that is inE(T) — E(P).
Moreovery belongs to no other edge B{T) — E(P) asT is acyclic andQ is maximal. O

Lemma 11.18. If T is a tree, thenV(T)| = |E(T)| + 1.

Proor. We argue by induction ofv(T)|. The result is true fofV(T)| = 1. Suppose
that the result holds for any trek satisfying|V(T)| < n. LetT be a tree withn + 1
vertices. From Lemma 11.17 applied to the empty gattwe have the existence of a
vertexx of T that belongs to only one edge ®f ThenT\{x} is a treeT’ that satisfies
V(T")| = |[E(T")| + 1. Observe thalv(T)| = [V(T’)| + 1 and|E(T)| = |E(T’)| + 1. Thus
V()| = IV(T)+1=|E(T)|+1+1=|E(T)| + 1. Thus the result holds by the Principle
of Mathematical Induction. O

3. The rigidity of a one-story building

In Definition 11.5 we usefully think of any bar-and-joint meld as a modeG(M) of a
simple graphG in which each universal joint models a vertex, two jointsngetonnected
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by a rigid bar if the set of two vertices that they model is ageedThus two bars of the
model are joined together at an end whenever they model éblgesontain a common
vertex. We examined flails, triangular frameworks, and dlib&ages in Chapter 9. In this
section we apply the connectivity of the gra@fM) in order to determine the physical
behaviour of the bar-and-joint mode.

The dificulty and expense of constructing freely movable univgmats has meant that
non-planar models are primarily of interest as rigid stuoes. We are all familiar with
space frames, building sifalding, bridge trusses and geodesic domes. In these, aad oth
applications rigidity is the desired quality, not mobilitWe look at one applicatioB[],

the framing of a one-story building. An example is shown igufe 11.4.

Ficure 11.4.  Atypical warehouse frame

ProerLem 11.19. We are designing a post-and-beam framed warehouse so tlrhiimeay is
able to move through it as freely as possible. Consequetlgrace it only with diagonal
braces within roof squares and external wall squares. Wkbmild the braces be placed
in order to use fewest possible?

Solution. First we examine possible motion of the roof beams withinhtbezontal plane

of the roof. We try to rotate a beam through an arfglé we model the warehouse frame
as a bar-and-joint structure, each square being a pagitolinkage, then each cross-bar
in the same line of squares of the roof grid also turns thraudtthere is a braced square
in this line, then all bars of this square turn throwghtConsequently, all cross-bars of the
other line containing the square turn throughlso. Thus any braced square in a moved
line forces a second line to move. If each bar is forced to troughd, then no bar has
turned relative to any other and the roof is rigid. As eachibarcross-bar of some line,
this is equivalent to each line being forced to move.

Ficure 11.5.  Planar movement of a roof
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We may summarize this information concisely in terms ofihecing graphof the roof.
Each complete line of squares of the roof-grid is a vertexneftiracing graph. Each two
lines form an edge of the bracing graph if the two meet in adataguare. In the light of
Definition 11.11 and Lemma 11.15 we have the following result

Lemma 11.20. Let the roof be a k by rectangle. Then the roof is rigid within its horizontal
plane if and only if the bracing graph is connected. At leastk- 1 braces are required
to make the roof rigid. A set ofk¢ — 1 braces sfices if and only if the bracing graph is
atree.

Ficure 11.6. A roof that is not rigid and one that is rigid

Proor. First we suppose that the bracing graph is connected. Wademany two
bars of the roof grid, one is a cross-bar of the linand the other is a cross-bar of the line
j. If i = j, then any rotation through an anglef one bar forces a rotation througlof the
second bar as we outlined abovei. # |, then there is a path in the bracing graph frictm
j. For any edgéu, v} in this path the linesi andv of the roof grid meet in a braced square
and so each cross-bar of the lin¢urns through the same angle as does each cross-bar of
the linev. Applying this argument sequentially to the edges of thé pat deduce that any
two bars of the roof grid turn through the same angle. In otveds, the grid is rigid.

Conversely, we suppose that the roof grid is rigid. If therao path from the linéto the
line j of the roof grid, then a rotation of any cross-bar of the ligéses rise to a motion of
the roof grid that does not rotate the cross-bars of thejlia@d the grid deforms.

Therefore the roof is rigid if and only if the bracing grapltenected. We apply Lemmas
11.18 and 11.15 to complete the proof. O

253



The roof of the warehouse shown in Figure 11.4 is not rigid.Figure 11.6 we have
added a brace in two ways. In the first the resulting grid Ibrstt rigid, in the second the
resulting grid is rigid.

Next we suppose that each wall is only permitted to move witlsivertical plane. Then a
diagonal brace in a wall prevents movement of the wall wittsplane. Two such braces,
one in each of two intersecting walls as in Figure 11.7, kesth fvalls rigid.

Consequently, a brace in each of the four external wallskedip the four corners of the
roof in place, if the roof is rigid within its horizontal plan These four braces, together
with bracing in the roof sfiicient to keep it rigid within its plane, will gice to keep the
building frame rigid. So we know tha + ¢ + 3 braces, properly placed, will keep the
building in shape.

Ficure 11.7.  Bracing intersecting walls

The bracing shown in Figure 11.4 is not adequate to make émafiof the building rigid.
We can make it rigid by adding one more horizontal brace inek@ample, the lower right-
hand square of the roof grid.

4. Hinge graphs and developments

In this section we associate a graph with each hinged-paogehM. Consequently the
existence and properties of maximal trees enable us toauty expand our intuitive
notion of developments of a hinged-panel model.

Derntrion 11.21. LetM be a hinged-panel model. The vertices of the hinge grafi H
of M are the panels of1. A pair {F, G} of panels F and G is an edge of(M) if F and G
are hinged inM.

From ConditionH1 of Definition 10.2 we also have that each hinge graph is a atrde
graph. ConditiorH2 tells us that each hinge graph is simple. We further note dhat
hinged-panel model is a panel cycle if and only if its hingapdr is a cycle.

ExampLe 11.22. The hinge graph of the folded paper of Example 10.3 is dravat ifir
Figure 11.8. The hinge graph of the folded paper of Exampl® &Odrawn second. In
each case the graph does not depend on how tightly the pafmded, but on the number
and interrelation of the creases alone.
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Ficure 11.8.  The hinge graphs of two folded pieces of paper

Exampre 11.23. Figure 10.2 shows the three models obtained in the processsaimbling
a cube. Figure 10.3 gives four models obtained during caicsion of a tetrahedral model.
We show, in Figure 11.9, the hinge graph of each of these d@nged-panel models.

e e T A A

Ficure 11.9.  The hinge graphs of seven models
Exercise 11.24. Draw the hinge graph of each of the three polyhedral modeGaofstruc-
tions 10.29, 10.30, and 10.32.

Our proofs of the conditions that govern the mechanicaldoee of cycles use models
obtained by removing some panels. We now see exactly wheaini be done. Lédl be

a hinged-panel model. Then any hinged-panel mddfelwith its list of panels a sub-list
of the panels oM and with each hinge also a hingeMf, is contained inM.
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Tueorem 11.25. LetM be a hinged-panel model. Then any connected subgrapltiidf H
is the hinge graph of a model containedivh Conversely, the hinge graph of any model
contained inM is a connected subgraph of(M).

Proor. First we suppose th#t is a connected subgraphld{S). We letM’ consist of
those panels df/ that are vertices oK, hinged only if they are joined by an edge of the
subgraphK. Then, for each pair of verticasandv of K, the existence of a path joining
u andv in K guarantees that the vertices of this path and the hingegtimtise to the
edges of the path satisfy Conditiétll of Definition 10.2. As each edge &f is also an
edge ofH(M), and so represents a hingeMf{ ConditionH?2 is satisfied foM’ and it is a
hinged-panel model df, M’ = M(K).

Conversely, ifM’ is contained irM, thenH(M’) is a subgraph ofi(M), and, from Condi-
tion H1 applied toM’, we have thaH(M’) is connected. O

Derinirion 11.26. A hinged-panel modd) is a development if the hinge graph(B) is a
tree. A development of a hinged-panel mddeis any developmem so that HD) is a
maximal tree in HS).

We have already used the word “development” in the aboveesdng without formal
definition, in Exercise 2.57, Construction 10.23, Congtaic10.34, and elsewhere. The
most common example of a development is the usual carpstii@ge consisting of two
panels hinged together. Some graph theory gives us usefpépies of the developments
of a hinged-panel model.

Tueorem 11.27. Each hinged-panel mod#® has a development. M contains exactly n
panels, then each developmentwfcontains all n panels o and exactly n- 1 of the
hinges oM.

Proor. The result is an immediate consequence of Theorem 11.1kedppthe trees
of H(M). m]

Exercise 11.28. A set of unfolded developments of the sealed box of Exer&8gaghd the
hinge graph of the box, are shown in Figure 11.10. Commenhes& developments and
their hinge graphs in the light of Theorems 11.15 and 11.27.
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Ficure 11.10.  Some unfolded developments of a box

The Hooke universal joint and associated constant-vgigmint of Chapter 10 are devel-
opments, and the mobility they display is characteristiewry development.

Dermvition 11.29. A flap of a hinged-panel mod#l is a panel oM that belongs to exactly
one hinge.

Practical experience with the lids of cardboard boxes sstggbat a flap is free to move
about its one hinge. The freedom of a flap is basic to the exrewibility of develop-
ments, as we now prove.

Tueorem 11.30. Each hinge of a development is free to move. Consequentigeugfop-
ment of a hinged-panel modl is a mechanism that has a collapsed position as well as
each position oM itself.

Proor. We see directly that any developmentMf can take a position o1 itself
by removing those hinges &fl that are not hinges of the development. This gives the
developmentin the required position.

We complete the proof by arguing inductively on the numbdrinfies of the development.
The result is true for the carpenters hinge. Suppose it &stimat both each hinge of a
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development containing at mashinges moves freely and the development has a collapsed
position. LetD be any development containimg+ 1 hinges. From Lemma 11.17 applied
to the empty path i (D), we have that the hinge graphDBfcontains a vertex belonging

to one edge of the graph. This vertex is a flafpoRemoving it and its hinge from gives

a development in which each hinge moves freely. Clearly adfagp model may hinge
freely relative to the remainder of the model. Thereforehelasionge of D moves freely

as required. Attaching the flap to the remainder in a colldgs®sition gives a collapsed
position forD. This completes the proof that each hinge of a developmédrgésto move

and the development has a collapsed position. O

In fact the way that a development moves through its rangesifipns mimics the way in
which we usually assemble a modé| starting with a collapsed development, that is often
unfolded, and adding hinges as the panels are folded intofthal positions. Theorem
11.27 guarantees that each hinged-panel model can be maklis iway. An unfolded
development is a convenient starting point, as it may be rcuh fone sheet of paper or
cardboard that is then creased to form the hinges.

Construction 11.31. A convenient model dodecahedron can be made by combining two
copies of the development in Figure 11.11. Twisting a rulifzerd about both as shown
causes the model to pop up to an assembled position. But ibedtattened easily by
gentle pressure for storage.

Ficure 11.11. A model dodecahedron

5. Graphs that are also geometries

In this section we highlight a common structure that undsiioth geometries and graphs.
The key to this structure is the following observation altbet union of the edge-sets of
two cycles of a graph.
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Lemma 11.32. Let G be a graph. Suppose further that 8nd E, are the edge sets of
distinct cycles g@and G, respectively, of G, and that e is an edge in botleBd E,. Then
there is a subset dE; U E,) — {€} that is the edge set of a cycle of G.

Proor. Write e = {u, v}. There is a unique path; of C; whose edge set i§; — e for
i =1,2. Traversd®; fromuto v until the first vertexxis reached for which the next edge of
P; is not inP,. Such a vertex exists because the cycles are distinct. Continue to travers
P, from x towardsv until the next vertey is met that is irP,. Such a vertex exists because
vis in bothP; andP,. Then the union of the section & from x to y and the section of
P, fromyto x is the required subset oE{ U E,) — {e}. (see Figure 11.12). O

Ficure 11.12. A cycle avoiding

We recall that when testing a collecti@nof subsets of a sdf as the collection of circuits
of a geometryE, C), the requirement that is often the most troublesome is lineifation
Condition, C3, of Definition 2.1. The form of Lemma 11.32 suggests the edgeta
graph as a possible example of the set of points of a geon®td/we see that this is
sometimes the case:

Tueorem 11.33. Let G be a simple graph in which each five-element subse{®}f €on-
tains the edge-set of a cycle. Define=EE(G) andC = {C : C is the edge set of a cycle of
G}. Then(E, C) is a geometry.

Proor. Removing any edge from a cydeleaves the edge set of an acyclic graph. So
no proper subset of a cycle is a cycle. Thus CondiG@rs valid. From Lemma 11.14 and
the assumption that each five-element subsé& ofntains the edge set of a cycle we have
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that ConditionC1 holds. By assumption, Conditid®4 is valid. From Lemma 11.32 we
have exactly Conditio3 of Definition 2.1. O

CororrLary 11.34. Let G be a simple graph containing at most five vertices. Défire
E(G) andC = {C : C is the edge set of a cycle of G hen(E, C) is a geometry. O

ExamrLe 11.35. Let G be the graph given by(@) = {1, 2, 3,4}and HG) = {{1, 2},{2, 3},{3, 4},
{1, 4}}. This is the graph modeled by adybar linkage of Chapter 9. Applying Corollary
11.34, we obtain that E={{1, 2}, {2, 3}, {3,4}, {1,4} } and C contains just one member,
namely the sef{1, 2},{2, 3},{3, 4},{1, 4}}. For convenience we relabel each member of E by
a single symbol, E {a,b,c,d} andC = {{a, b, c,d}}. Now we recognize this geometry. It
is the figure of four coplanar points in general position sindw Figure 11.13.

Ficure 11.13. A graph and four points in a plane
ExamrLE 11.36.Let G be the graph given by(@) = {1, 2, 3, 4}and HG) ={{1, 2},{2, 3},{1, 3},
{1,4}}. Applying Corollary 11.34, we obtain the set E {{1,2},{2,3},{1, 3},{1,4}} of
points, the se€ of circuits containing just one member, namely thg &g}, {2, 3}, {1, 3}}.
Again relabeling, we have E {a, b, c,d} andC = {{a, b, c}}. This is the4-point figure con-
taining one3-point line drawn in Figure 11.14.

Ficure 11.14.  Another graph and its associated figure

ExamrLe 11.37. We have already met a geometry isomorphic to that obtaired K. It is
the three-point line. We have also met a geometry obtairoed #, it is drawn in Figure
11.15.

We need to be a little careful when drawing graphs and thew@ated geometries. For
example, the first illustration in Figure 11.16 is a drawifig graph. The graph defines the
figure in the second illustration. Our usual notation foriangle, in the third illustration
in Figure 11.16, distinguishes it from a drawing of the graph

Exercise 11.38. Is a four-point line isomorphic to some geometB; C), where G is a
graph, E= E(G) andC = {C : C is the edge set of a cycle o§{ %G

ProerLem 11.39. Here is a beautiful question! Have we previously met the ggionte, C)
obtained from the complete graph on five vertices, wherel{Ks) andC = {C : C is the
edge set of a cycle ofgk? If so what is it?
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Fieure 11.15. A figure that is isomorphic to the geometryaf

(a) A drawing of a graph (b) The geometry of the graph in (a) (c) A different geometry

Ficure 11.16.  Conventions of graph and figure drawing

Ficure 11.17. A complete graph with labeled edges

Solution. An answer springs to mind if we compare the three-point disdisted in Defi-
nition 2.37 with the list of members & above, labeled according to the labeling of edges
of Ks shown in Figure 11.17. But caution! We should verify thatlibes of all circuits are
identical, not just the lists of three-point members. Wedatode that we have a non-planar
Desargues figure. O

We will not pursue these questions further now, but in Chapfeve see that geometries,
figures, graphs and even matrices, are particular exampiesa@ammon geometric struc-

ture. Consequently, any theorem concerning this strustilfautomatically be a theorem

of geometry, of graph theory and of linear algebra.
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6. Summary of Chapter 11

We derived some of the basic properties of graphs. We add#tetanderstanding of-
fered by bar-and-joint modeling, with which we were alredaiyiliar, by an application
to decide the rigidity of one-story building frames.

We drew graphs in a Euclidean plane, and used a graph ngtassbciated with each
hinged-panel model, namely its hinge graph, to define devetmts of the model.

Finally, we found an intriguing glimpse of an underlying amon structure of graphs and
combinatorial geometries.
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CHAPTER 12

SPHERICAL POLYHEDRA

We begin by examining figures that have polyhedral hingatepmodels. We introduce
the notion of a drawing of a polyhedron by using selected drgswof an associated graph.
We examine spherical polyhedra in detail, obtaining infation about them by subjecting
some of their drawings, rather than the polyhedra themsgloescrutiny.

These drawings are planar embeddings of three-conne@edmpjraphs, and enable us to
count the vertices, edges, and faces of any spherical pdighe

Finally we apply our results in some detective work on a staoek pictured in Albrecht
Durer’s “Melencolid.

1. The definition of a polyhedron

We introduced polygonal regions in Definition 10.1. We manlktof each hinged-panel
model of Chapter 10 as modeling a figure that consists of anunfigpolygonal regions.

In this section we single out for attention figures that haolylpedral models. Our main
weapon in this attack is our knowledge of the structure ofaplyrthat we associate with
each figure.

Derinition 12.1. A polyhedronF is a union of pairwise distinct polygonal regions, each
called a face of the polyhedron, satisfying the requirentieat each edge of a face is an
edge of exactly two faces.

We consider only polyhedra that are connected in the sense that for each two faces
G of F there is a sequencE, = F1,Ey, Fo, Ep, F3,. .., Fo1, Em1, Fm = G, of faces and
hinges so thak; is the edge common t6; andF;.,, foreachiin {1,2,...,m— 1}.

A vertex of a polyhedrorf- is a vertex of any of its faces, and adge of F is an edge of
any of its faces. Thekeletonof F is the union of the edges &t

Clearly polyhedra are figures that are modeled by the polghedlodels of Chapter 10,
and we writeM (F) to mean any model df. Paneld= andG of M (F) stand for the faces
that are the polygonal regions modeledandG respectively, and a hindginge(F, E, G)

corresponds to the edge contained in both these faces. Tdruexample, the results
of Constructions 10.29, 10.30, and Exercise 10.32 modgihealra. Every polyhedron
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has a model but a polyhedral mechanism in a position, pertafzpsed, such that two
hinges coincide, or two panels coincide, is not modeling lsghgdron at that moment of
coincidence. Moreover, there are other examples of polghedodels that do not model
polyhedra as we see in Example 12.2.

ExampLE 12.2. The polyhedral model defined in Example 10.28 does not maaelyhe-
dron.

Let two tetrahedral models touch along a common edge E. Segpat Hhge(F1, E, F2) is

a hinge of the first and jye(F;, E, F5) a hinge of the second model. Then the collection of
the panels of both, together with the hinges of both — witkextteption that the two above
are replaced by kge(F1, E, F}) and Hnge(F5, E, F2) — is a polyhedral model as shown in
Figure 12.1. This polyhedral mechanism does not model ehealyn.

Ficure 12.1. A model of the union of two tetrahedra

Our discussion of perspective drawings and scene analgsistown us both the advan-
tages and diiculties of using planar information to analyze non-plarguifes. We use the

previously defined notion of a drawing of a graph in order taquially represent polyhedra

by associating the following simple connected graph witlolgtpedronr.

Dernition 12.3. Let F be a polyhedron. The vertices of the graphofienoted by @),
are the vertices df. A pair{u, v} of vertices is an edge of(€) if [uV] is an edge oF.

The skeleton of any hinged-panel moté{F) may be thought of as a bar-and-joint model
of the graphG(F). The result of applying Constructions 10.22, 10.23, an®40s in
each case a skeleton of an octahedral model of an octahe@hencommon labeling of
the vertices in Figures 10.20 and Figure 10.22 demonstth#&tsn each case the graph
modeled is the same.

We already conveniently represent any graph by a drawingexsfged in Definition 11.7.
We could use a drawing @&(F) in order to represent the polyhedrBnbearing in mind
that ideally we would like the representation to be a pemsgedrawing of the skeleton
of F. We explore the possibilities of this in Chapter 13. Howegwerspective rendition is
neither quick nor easy in practice. Lptbe a general viewpoint of the set of vertices of
a polyhedror-. Then, in any perspective drawing Bfthat is drawn fromp, the image
of each face is a polygonal region. This suggests that weatdw drawings ofG(F) in
which the boundary of a face appears as the boundary of a udygegion.

Derinition 12.4. Let F be a polyhedron. Then any drawing ofF3, in which each arc
is a segment and in which the boundary of each facé of drawn as a boundary of a
polygonal region, is a drawing of the polyhedron. We say thatface has the polygonal
region as its image.
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Ficure 12.2.  Three attempts, one successful, at drawing a polghedr

Even a drawing that fails to be a perspective drawing of tredesin of a polyhedrof
may dficiently convey information about to the viewer. However we must be cautious.
As we discovered in examining the Penrose “triangle” in Rrob7.9, a convincing planar
figure may not be the scene it purports to be. To be sure of dapdhpn we need to verify
its existence, perhaps by identifying it as the subject oé@pective drawing, perhaps in
some other way.

Unfortunately a drawing may be of two ‘fiiérent” polyhedra. For example, we saw in Ex-
ercise 10.31 that the octahedron and the heptahedron ndddeBmnstructions 10.29 and
10.30, respectively, have the same graph. Therefore adgavfione may be a drawing
of the other. But no matter how the vertices of the octahediruh heptahedron are la-
beled the two cannot have identical lists of faces, as on@otneight faces and the other
contains only seven. This raises the question of the meanditdj fferent” in the context
of polyhedra and we examine it further during our later itigrgion of the existence of
polyhedra.

2. Planar graphs and three-connected graphs

In this section we characterize those graphs that have dgavéppropriate to an elegant
class of polyhedra that has long engaged the attention ahgews. The drawings are
traditionally called planar embeddings, their arcs megtinly at ends, thereby giving a
convenient partition of the Euclidean plane into regioreat ttorrespond to faces of poly-
hedra.

DermviTion 12.5. A planar embedding of a graph G is a drawing of G so that, fotheaair
{{u, v}, {U, v'}} of edges, the intersection of the arc representing the ¢dgg and the arc
representindu’, v'} is the set of points labeled by the $etv} n {u’,Vv'}. A graph is said to
be planar if it has a planar embedding

By an inductive method I. Fary2B] proved the following theorem, showing that when
drawing simple planar graphs we lose nothing by limitingsalves to drawings in which
each arc is a segment.
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Tueorem 12.6. Let G be a simple planar graph. Then G has a planar embeddimdninh
each arc is straight.

Lemma 12.7. In a planar embedding of a simple graph G each cycle is dranth@abound-
ary of a polygonal region.

Proor. Suppose thaty, v, ..., v, are the vertices, in cyclic order, of a cycle Gf
From the definition of planar embedding we have that no twonsss touch or cross,
and so Y1vo] U [Vavg] U ... U [Vh_1Vn] U [Vav4] is the boundary of one polygonal region
[Viva...vq]. |

Consequently any planar embedding of the gi&f) of a polyhedrortF is also a drawing
of the polyhedron, as each cycle has a polygonal region karyras its image.

We see from Figure 11.1 that each graghis planar fom = 1, 2, 3, and 4. Each subgraph
of a planar graph is planar, and it is straightforward to primductively that each tree is
planar. Each planar embedding of the graph of a polyheBrgrautomatically a drawing

of the polyhedron. But not every graph is planar, as we nowgiro

Lemma 12.8. The graph K is not planar.

Proor. Suppose thats had a planar embedding. Then, in this embedding, one of the
triangular regions [123], [124], and [125] would have a egrin the interior and a vertex
in the exterior. The arc joining these two vertices wouldtcadict the requirements of a
planar embedding. So no such planar embeddir{sadxists. O

Exercise 12.9. Make two drawings of the graph of a tetrahedron, one a plamabedding
and the other not. Make three drawings of the graph of a cube,rwt a drawing of the
cube, one a drawing of the cube but not a planar embeddingeofitaph, and the last a
planar embedding of the graph. Verify, by experimenting the graph of the nonahedron
of Figure 12.3 has a planar embedding.

Any planar embedding of a gra@h partitions the points, not belonging to any arc, of the
Euclidean plane of the embedding as follows. We call two {oirfi the plane that are not
on an arc equivalentif they are the same point or if there Erajoining one to the other, in
the Euclidean plane, that does not intersect any arc of theedding. It is straightforward

to prove that this is an equivalence relation, and thergpartitions the points that are
not on any arc into disjoint subsets of equivalent pointsadily one of these subsets is
unbounded. By a slight misuse of terminology we call the nrobany bounded subset
and its boundary &aceof G. We also call the set of all those Euclidean points not in the
unbounded subsetfaceof G.

DermviTion 12.10. Let a simple graph G have at leas# vertices. Then G is n-connected
if each deletion of at most-a 1 vertices from G leaves a connected subgraph.

A graphis 1-connected if and only if it is connected. Aonnected graph is alsa € 1)-
connected. Each tree is connected but not 2-connect€dsla cycle andV(G)| > 3, then
G is 2-connected. Each complete grafih with n > 1, is (0 — 1)-connected.
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Ficure 12.3. A nine-faced polyhedron

ExampLe 12.11. The graph G of a polyhedron is drawn twice in Figure 12.4. Tha fi
drawing is not a planar embedding of G, but the second is. \Wefsem either drawing,
that deleting a single vertex leaves a connected graph. tDela pair of vertices leaves
one of the four graphs shown, and as these are also conne@ateduce that G i8-

connected.

Ficure 12.4. A graph and some subgraphs
Exercise 12.12. Use a common vertex labeling for each of the four drawingsiguie
12.5 and so verify that each is a drawing of the same graph Gvéthat this graph is
both planar and-connected.
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Ficure 12.5. Drawings of a graph

3. The definition of a spherical polyhedron

In this section we specify spherical polyhedra by means eif thraphs. The definition
uses only graphs that are three-connected in order to etizatréhe class contains only
polyhedra, exactly those that have traditionally been thgest of study by geometers.

DerintTion 12.13. Let the graph of a polyhedrdr be 3-connected. Suppose thaff has
a planar embedding in which the faces ofFp are exactly the images of the facesFof
Then we calF a spherical polyhedron.

From Definition 11.7, the vertices of the image of any cycl&¥) in an embedding of the
graph have the same labels as the vertices of the cycle. fohethe boundary of any face
[Viva...Vy] is drawn as the boundary of a face of the embedding if and ibhixg v, . . . vq]

is a face of the embedding. In testing that a polyhedfas a spherical polyhedron we
therefore check a suitable planar embeddin@(¥) in order to verify that a list of the
faces ofG(F) is also a list of the faces ¢f.

We examined four octahedral models in Chapter 10, a convedehand three Bricard
models. From their skeletons, given by Constructions 1A.@23, and 10.24, and labeled
in Figures 10.20 and 10.22, we saw that each of the four odtahmodeled has the same
graphG. A planar embedding d& is drawn in Figure 12.6. An exhaustive test by deleting
pairs of vertices reveals only connected subgraphs, pgahiatG is 3-connected. A list
of faces of the embedding ia¢d, [abd, [ed f], [aef], [abf], [bdf], [bcd and [cdd. As
this is also a list of faces of each of the four octahedra welcale that each is a spherical
polyhedron.
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Ficure 12.6.  The graph of four octahedra

In Exercise 10.31 we proved that the heptahedron modelexdrcise 10.30, and pictured

in Figure 10.28, has the same graph as the octahedra abayefdite it has a 3-connected
planar graph. But the faces of the heptahedron ded][ [bcd], [abf], [acd, [abdq,
[acdf], and [bcef]. Not all the faces in this list are in the list of eight facéat arise
from the embedding o6 in Figure 12.6. Therefore we are unable to deduce from this
embedding that the heptahedron is a spherical polyhedron.

Figure 12.7 contains a planar embedding of the gi@plof the hexahedron modeled in
Exercise 10.32. The list of faces of the embeddingsofs exactly the list of faces of
the hexahedron, not forgetting the faedfl§. But deleting verticesa andd produces a
disconnected subgraph G, proving thatG; is not 3-connected. We conclude that this
hexahedron is not a spherical polyhedron.

Ficure 12.7. A hexahedron and its graph

4. \ertices, edges, and faces of a spherical polyhedron

In this section we obtain relations between the numbers dfces, edges and faces of
each spherical polyhedron by counting the vertices, arddages of a planar embedding
of its graph. The 18th Century Prussian mathematician, haahEuler, first proved the
following result:
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Tueorem 12.14. (Euler's Formula) LetF be a spherical polyhedron that contains exactly
v vertices, e edges, and f faces. Thenfv=e+ 2.

Proor. Consider any planar embedding of the graph of the sphex@tghedron. This
drawing of a planar 3-connected graph kasertices,e arcs and divides its plane intb
regions. If any bounded face is non-triangular we add an@rénjg two non-adjacent
vertices as shown in Figure 12.8.

Ficure 12.8.  Changes to the embedding of the graph of a sphericgh@dion

This increases the number of regions by one, increases thieenof arcs by one, and does
not change the number of vertices. Repeating this procass#ssary we obtain a drawing
in which each bounded region is bounded by three arcs. Thewl + f —e+ 2 is the
same for the new drawing as it was for the original.

If the drawing contains more than one triangle, then we dedet arc bounding the un-
bounded region, decreasirfgby one and decreasirgby one. If the drawing contains
a vertex that belongs to exactly one arc, then we delete itthadarc, reducing each
of v ande by one. We continue with a sequence of these two processesg girece-
dence to the second, until we are left with a triangular dnawi Each deletion leaves
v+ f —e—- 2 unchanged. Thus for the original drawing, and also for geegcal polyhe-
dronv+f-e-2=3+2-3-2=0. O

ExampLE 12.15. There is no spherical polyhedron wifii vertices,16 edges, an® faces
asll- 16+ 8 # 2. However there may be one havihgvertices,17 edges, an® faces,
but we cannot yet be sure.

The numbers of vertices, edges, and faces of the octahedodeled by Construction
10.29 satisfy Euler's Formula, but those of the heptahedrodeled in Construction 10.30
do not. Consequently it is not a spherical polyhedron — rasgla question that we were
unable to answer with certainty above. Interestingly, teeamedron modeled in Exercise
10.32, although not a spherical polyhedron, does satisfgriEl-ormula.

Derinition 12.16. The number of edges containing a vertex of a graph is the degfrthe
vertex in the graph and in any polyhedron having that graph.

Clearly each vertex of a 3-connected graph has degree atheas. We call a vertex of
degree thregrivalent
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ProrosiTion 12.17. Let F be a spherical polyhedron. Suppose tlkahas v vertices, e
edges, and f faces. Th@a > 3v, and2e > 3f.

Suppose also tha&t has f i-gonal faces and;wertices of degree i. They; (6 —i)fi > 12,
Yi6—i)vi =12, andy;(4-i)(vi + f) = 8.

Proor. We mark each edge twice, once at each end. We will countehma2ks in
another way. Each vertex has degree at least 3, giving dt3easarks. Next we again
mark each edge twice, but in afidirent way, near its center and once in each bordering
face. Again there areeZ2marks. As each face is bordered by at least 3 edges, ther¢ are a
least ¥ marks.

As each edge borders two faces,ifi = 2e. Also >, fi = f. Hence),;(6 - i)fi =
6% fi) — > ifi = 6f —2e = 12— 6v + 4e > 12. A similar argument gives the second
inequality. Now (4 —i)fi = 4f — 2eand};;(4 - i)vi = 4v — 2e, and adding we obtain
>i(d =) (fi +vi) =4v—4e+ 4f = 8. O

CororrLary 12.18. Each spherical polyhedron contains at least one face thatdtanost
five sides. If it contains neither a triangular nor a four-sitiface, then it contains at least
twelve pentagonal faces. Each spherical polyhedron casteither a triangular face or a
trivalent vertex.

Proor. The first two claims follow immediately from the observaisothat}’;(6 —
i)fi contains at least one positive term and totals 12. The lastnclollows from the
requirement tha};(4 — i)(fi + vi) has a positive term. O

ExampLe 12.19. Any spherical polyhedron that contains exactly seven edgesld satisfy
the conditions3f < 14and3v < 14, giving f < 4andv< 4, andv-e+ f < 1. This
contradicts Euler's Formula, forcing the conclusion thaéte is no spherical polyhedron
containing exactly seven edges.

Exercise 12.20. Let m and n be positive integers. We call a spherical polytwedr which
each face has an m-gonal boundary and each vertex has degmalvinatorially regular.
Prove that there are at most five possible pairs of m and n factmdombinatorially regular
spherical polyhedra exist.

The five Platonic polyhedrélp], namely theregular tetrahedroncube regular octahe-
dron, regular dodecahedrgrandregular icosahedrorare shown in fiine projection, to-
gether with planar embeddings of their respective graphSigure 12.9. With some fifi-
culty, and the possibility of experimental error, we couddify their existence by applying
the techniques of Chapter 7 to thesgiree projections.

5. The existence of spherical polyhedra

The question of the existence of the Platonic polyhedraesigghat the question of the
existence of certain polyhedra, in general, may be complex.
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Ficure 12.9.  The platonic polyhedra

It is easy to see thatyramidalpolyhedra exist. Letd;a;...a,] be any polygonal region
andp be a Euclidean point not in the plane of the region. Then theruaf the regions

[a@z. .. an)], [a1pag], [@2pag], .. ., [an-1pan], and [ampa] is a polyhedron.

However it is not so easy to be sure that more complicatedgsadp do exist. We meet
again the problem of the existence of a proposed non-plagnanefi Fortunately in 1922
Ernst Steinitz proved the following remarkable theoreme Phnoof is long and diicult
[68] and we do not give it here.

Tueorem 12.21. (Steinitz’ Theorem) Let G be a simple three-connected planar graph.
Then a spherical polyhedror exists such that G G(F), and the faces in each planar
embedding of G are exactly the images of the facés of

For each integer exceeding two, the gragh whose drawing is given in Figure 12.10 is
called then-spoked wheel. Thus the existence of pyramids can be proveetifying
that eacin-spoked whedb(] W, is both three-connected and planar.

Exercise 12.22. Prove, by examining the drawings of Exercise 12.9, that thieecand
tetrahedron exist and are spherical polyhedra.

From Euler's Formula we have that any two of the numbers dfces, edges, and faces of
a polyhdedron determine the third. If a spherical polyhadmntaining exactly vertices
andf faces exists then we call the ordered p&jrf} a polyhedral pair A polyhedral pair
satisfies the following inequality.
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Ficure 12.10.  Then-spoked wheel graph

Lemma 12.23.If (v, f) is a polyhedral pair, thedv+ 2 < f <2v-4.

Proor. The lemma follows from Euler’s Formula and the inequaditié Proposition
12.17. O

Consequently, points of a Euclidean plane representinghgdral pairs must lie in the
shaded portion shown in Figure 12.11.

Ficure 12.11.  Possible polyhedral pairs

But which points in the shaded area that have integral coatds do represent polyhe-
dral pairs? The existence of pyramids with three-sided-§ided, and five-sided bases

guarantee that (4), (5,5), and (66) are polyhedral pairs.

There are two simple ways of obtaining new spherical polyadéam old. The first is
by capping a triangular face, that is, adding a vertex angetiedges to give a spherical
polyhedron with the original triangular face replaced bsethnew triangular faces. The
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new vertex is trivalent, and is increased by 1e by 3, andf by 2. A second way of
obtaining a new spherical polyhedron from an old is by trdimggat a trivalent vertex,
that is, replacing a trivalent vertex by a triangular faceirng a spherical polyhedron in
which the original trivalent vertex is replaced by three rigvalent vertices. The number
vis increased by 2e by 3, andf by 1. The following proposition in combination with
Steinitz’ Theorem proves that these two processes do ghergal polyhedra.

ProrosiTion 12.24. Let G be a three-connected graph. Suppose that u, v, and whare t
vertices of a cycl€ of G, and further that G has a planar embedding in which thegena
of the cycle bounds a triangular region. Then the graph oigdiby adding a vertex x to
V(G) and edgesu, x}, {v, X}, and{w, x} to E(G) is three-connected and planar.

Suppose that’Xs a vertex of G. Then the graph obtained by replacing eacle ¢xgu;}
of G by an edgéx;, uj}, removing X from V(G), and adding uto V(G) is three-connected
and planar.

Proor. Consider the embedding &. Choosing any point in the region bounded
by the image ofC to be labeled by, we draw the required three arcs, giving a planar
embedding of the new graph. In order to verify that the nevplaiia three-connected we
need only note that the deletion of two vertices cannot diseotx from G.

Next we consider the image of the vert#in any planar embedding dé. We may
choose a small enough circle, centered at this image, thateach arc representing an
edge containing once, and no other edge. These three points of intersectibsuffice

as images of the pointg, u,, anduz. We erase that part of the drawing inside the circle
and draw three segments to complete the required embedélgain the question of the
three-connectedness of this newly drawn graph is answgradting that deletion of any
subset of the added vertices leaves a path between twoeseitithere is a path between
the two inG/{x’}. O

Capping a triangular face gives a polyhedral pair {, f +2) from a pair ¢, f). Truncating
at a trivalent vertex gives the paw ¢ 2, f + 1) from the pair ¢, f). By combinations of
truncating and capping, as in Figure 12.12, starting witthed the three pyramids above
we see that each paiu,(v) of integers represented in the shaded area of Figure 1241 i
polyhedral pair. We have proved the following theorem:

Tueorem 12.25. Let v and f be positive integers, each at least four and sémigf%v+ 2<
f < 2v- 4. Then there is a spherical polyhedron containing exactleriees, f faces,
and v+ f — 2 edges. These are the only spherical polyhedra.

Exercise 12.26. Obtain the first spherical hexahedron drawn in Figure 12108 a tetra-
hedron by some combination of capping triangular faces anddating at trivalent ver-
tices.

Prove that the cube cannot be obtained from a pyramid by tting at trivalent vertices
and capping triangular faces.
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Ficure 12.12.  Sequences of spherical polyhedra

Ficure 12.13.  Two spherical hexahedra

We described two polyhedra above asffelient” because one contained only seven faces
and the other contained eight faces. Even though the twdpdha in Figure 12.13 each
contain the same number of vertices, of edges, and of facgsabably feel that they are
not “the same”. We clarify this question, by first asking wha&t mean by saying that two
graphs are isomorphic.

DermniTion 12.27. Two graphs are isomorphic if the vertices of the first can biesglawith
the vertices of the second, and paired vertices given the $albel, so that a list of edges
of the first graph is identical to a list of edges of the secorapb.

Lemma 12.28. Two graphs are isomorphic if and only if the two share a comdramwing.

Proor. If the two are isomorphic, then each vertex set can use the sat of labels
so that a drawing of one is automatically a drawing of the otBenversely, any common
drawing induces a pairing between vertex sets that is thanedtjisomorphism. O

Derintrion 12.29. Two spherical polyhedra that have isomorphic graphs arelmoatori-
ally isomorphic.

We note, in passing, that the name “spherical polyhedroonsel because each spherical
polyhedronis isomorphic to a spherical polyhedron thabimbomorphic to a sphere. Thus
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the four octahedra modeled in Chapter 10 are pairwise ispihigrbut the two hexahedra

of Figure 12.13 are not. The notion encompasses a quaditsitiilarity, as for example,
models of the octahedraftér markedly in appearance and mechanical behavior but the
same order of connecting edges gave skeletons of all four

Exercise 12.30. Prove that the two spherical octahedra drawn in Figure 12atd not
isomorphic.

Ficure 12.14.  Two non-isomorphic spherical octahedra

Figure 12.15 contains a list of planar embeddings of pagwisn-isomorphic spherical
polyhedra, each having at most seven faces.
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20
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<40
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19
24
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28
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Four, five and six faces.
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/Y
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31
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39

EX:]

\ .
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36

44

43

Seven faces.
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All spherical polyhedra that each contain at mostiséaces
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Exercise 12.31. Locate the spherical polyhedra of Figure 12.13 and thoseeteatiby a
polyhedral model of each of the roofs of Figure 10.12 in thevadist.

Exercise 12.32. In Exercise 12.26 we proved that not every spherical polgdgredan be
obtained from a pyramid by truncating at trivalent vertiesd capping triangular faces.
You might like to see how many of the ten spherical polyhduaadach have at most
six faces are obtainable from pyramids by truncating atai@nt vertices and capping
triangular faces.

Euler's Formula expresses the number of edges of a sphpdbdiedron as a function of
the numberw of its vertices and the numbérof its faces. Below is a list of the numbers of
pairwise non-isomorphic spherical polyhedra with smalliga ofv andf. The symmetry
of the numbers on diagonals of this list cannot be accidefitaére must surely be some
interesting reason for it.

Number Number of vertices
offaces| 4 5 6 7 8 9 10 11 12 13 14 Total
14 50
13 219
12 14 558 >> 108
11 38 768 6134 > 425000
10 5 76 633 2635 6134 > 31,000
9 8 74 296 633 768 558 219 50 2606
8 2 11 42 74 76 38 14 257
7 2 8 11 8 5 34
6 12 2 2 7
5 1 1 2
4|1 1

The right hand column contains information about the nurobaon-isomorphic spherical
polyhedra having the same number of faces. Hermes caldutaéenumber of spherical
heptahedra and octahedra in 1899, and Frederico obtairetlithber of spherical nona-
hedra p5, 2§ in 1969.

6. Direr's melancholy octahedron

In this section we examine the large stone block pictured bisebin his etching Melen-
colia”, and reproduced below in Figure 12.16. Let us assume tleadtiHe of the part that
we see is representative of the whole block and investigatsitplest possibilities for the
remainder.

ProerLem 12.33. Is the surface of the stone block that Direr drew in “Melelieoa spher-
ical polyhedral model?
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Ficure 12.16.  Part of a stone block iMelencolid

Solution. We can see ten vertices, thirteen edges, and four faces.sletppose that the
surface of the block is a model of a spherical polyhedrondbatainsf facesgeedges, and

v vertices. We label the visible vertices of Figure 12.16, fiath Lemma 12.23 it follows

thatf > Jv+2>7.

Thus the simplest possibility would be for the block to be athbedral model. Then
the unique possible value feoris ten, and from Euler's Formula the polyhedron contains
exactly fifteen edges. As the vertices 4, 6, 7, and 9 are dttidadent the only possibility
for the two hidden edges would be the first in Figure 12.17. @wetical grounds we reject
this possibility as, resting on an edge, the block would =talie!

1Q 3

Ficure 12.17.  An unstable heptahedral, and a stable octahedrag btock

The next simplest possibility would be for the block to beabedral. Then, from Lemma
12.23, we have that 8 %v+ 2. It follows from this inequality that = 10, 11, or 12. But if
the polyhedron had only ten vertices, as in the heptahedsal, ¢here would be no hidden
vertices and the block, resting on an edge, would again bialbies

If the model has eleven vertices, then, from Euler's Formwia deduce that it contains
seventeen edges. One vertex is hidden, and four edges denhfdom our view. As each
vertex of a spherical polyhedron is at least trivalent, theiheast three of these hidden
edges meet at the hidden vertex. The same reasoning leadsthes ¢onclusion that a
hidden edge meets each of 4, 6, 7, and 9 ensuring that thenthevertex has degree at
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most four. If it has degree four, then the only possibilitthe second shown in Figure
12.17. If the eleventh vertex is trivalent then there areesdgom the hidden vertex to
three of the vertices 4, 6, 7, and 9. In the interests of stabihe base on which the
octahedral block rests must be triangular containing 6,nd, the hidden vertex. There
are six possibilities, but each is, to within combinatoigmorphism, one of the three

possibilities shown in Figure 12.18.
10 3 10 3
< 4 4 9, 4
8 8 8
5 5
7 z 7 6

Ficure 12.18.  Three possible octahedral blocks

If the model has twelve vertices, then it contains eightelges, giving two hidden vertices
and five hidden edges. The necessary inequality in Proppsi2.17 is satisfied only if
each vertex is trivalent. If the base is triangular we haug tire first possibility shown in

Figure 12.19. If the base is 4-gonal, then Proposition 12ules out all other possibilities
than the second in Figure 12.19, .

|° 3 ‘o 3
4 4
9 9
B
5 8 5
Ficure 12.19.  Two more possibilities

The second possibility in Figure 12.17 and the two in Figu2el@ can be thought of as
being cut from a cube, as shown in Figure 12.20.

The second of these has some nice features, having two utenand six pentagonal
panels symmetrically arranged. It can be obtained simpynfa cube, by truncating at
two of the vertices. In fact the preliminary sketch by DiireFigure 12.21 suggests that
this is exactly what he had in mind for the stone.

The lines in this preliminary study, within experimentatar satisfy the requirements
of Construction 7.13. Thus from Theorem 7.16 we have thaeBEdipreliminary sketch
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Ficure 12.20.  Truncations of three cubes

Ficure 12.21. A preliminary sketch forMelencolid

contains a perspective drawing of a box. From Theorem 7.&ae easily from Theo-
rem 13.1, we may verify that the sketch is a correct perspediiawing of an octahedral
spherical polyhedron.

The evidence is overwhelmingly in favor of the truncatedeciuthe shape is simple, itis in
keeping with the appearance of the front, it is based on afitasolid, and finally Direr’s
correct sketch. O

7. Summary of Chapter 12

We have defined spherical polyhedra, shown how to obtairrrimdition about them by
studying drawings and perspective drawings of them, ankEldan particular at cubes.

This description of the derivation of the heptahedral mateloctahedral model shows
clearly that it would not have been enough to ask that condiizd isomorphism pairs
edges, it must pair panels of structures.
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CHAPTER 13

SCENE ANALYSIS AND SPHERICAL POLYHEDRA

Spherical polyhedra, apart from being traditional objeétstudy, repay attention as their
models are among the most common “shapes” built in man’swuaivilizations. Here we

apply the scene analysis methods of Chapter 7 to any draviiagpherical polyhedron,

and characterize those drawin@g][that are perspective drawings of the polyhedron.

1. Perspective drawings of a spherical polyhedron

Two major dfficulties in applying the scene analysis techniques of Chdptegeneral are
that, first, the appropriate labeling of the lines of the sagmwl scene is not always apparent,
and, second, an application of Theorem 7.2 requires manfjcations. The application
to spherical polyhedra both makes the labeling automaiic sagnificantly reduces the
number of checks that need to be performed.

We consider the following problem: Is a given drawing of a giengraph a perspective
drawing of a spherical polyhedron?

We can think of the problem in four parts. In the first part af groblem we decide if the
graphG is planar, most easily by constructing a planar embeddii@ df the second part
of the problem we verify that deleting each set of at most tedives leaves a connected
subgraph ofa. If both these tests are successful, then, from Steinitéorém, we have
that there is a spherical polyhedrBrso thatG = G(F) and a planar embedding &f in
which the faces oF have faces o6 as images. In the third part of the problem we check
that each face ofF also has a polygonal region as image in the original drawlfithis

is so, then we are certain that the drawing is the drawing ph&cal polyhedron. With
this information in hand we use Theorem 13.1 in order to cetepthe investigation and
determine whether the drawing is a perspective drawing.

Tueorem 13.1. Let F’ be a drawing of a spherical polyhedron. Then the following tw
conditions are equivalent:

1. The drawing’ is a perspective drawing, drawn from any given point p as p@mnt, of
the skeleton of a spherical polyhedrbn The point p is a general viewpoint of the set of
vertices ofF.

2. Let a listing of the face images F be given. Then, for eadh, j} € {1,2,..., f} with
i # 1, if the ith and jth images share an edge, then the line coimgithe edge is labeled
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by both ij and ji. If the first and ith images do not share an edben a line labeled byi
may be drawn in the plane of the drawing so that, for eficiy € {2,3,..., f}, the three
lines labeledli, ij, and 1j are concurrent.

Proor. First suppose that Condition 1 is true. We write the facethefspherical
polyhedrorF asFy, F», ..., F+. For each andj we label the image of the intersection of
the plane that contairfs and the plane that contaiftg by ij and byji. Lemma 5.21 then
gives the required concurrences in the drawing.

Conversely, suppose that labeled lines as required by Gond exist. We associate a
graphH(F’) with the drawingF’. The definition is analogous to that of the hinge graphs
of Chapter 11. The vertices ¢f(F’) are the face images in the drawing. A pgir, G’}

of face imaged~’ andG’ is an edge oH(F’) if F* and G’ share a common edge. It
follows from the comment immediately after Definition 12hht this simple graphl (F’)

is connected.

The remainder of the proof depends on the following two lemma

Lemma 13.2. Let T be atree. Suppose that v, .. .,  are the vertices, in order along the
path, of a path P of T. Then all the vertices of T can be listethaby is the ith element

of the list, foreachiinl, 2,...,r}, and so that each vertex of the list, after the first, shares
an edge with exactly one earlier vertex in the list.

Proor. We prove the lemma by induction on the number of verticeB.of he result
is true for the tree consisting of an isolated vertex. Letuppsse that it is true for all trees
containing at mosh vertices. Suppose thdtis a tree withn + 1 vertices. From Lemma
11.17 we have that there is a verterf V(T) — V(P) that belongs to exactly one edge of
E(T). ThenT\{x} is a tree that containsvertices. We list the vertices of this tree so that
each vertex, after the first, shares an edge with exactly anieevertex of the list, and
with the vertices oP heading the list. Then we add the verteto the end of the list. O

Lemma 13.3. Let G be a connected graph and suppose that T is a maximahti®e Then
each edgéu, v} of E(G) is in exactly one cycle C of G such thaf® < E(T) U {{u, v}}.

Proor. Suppose thdu, v} € E(G). As T is maximal,u andv are both invV(T) andT
contains a patl® joining them. The addition of the edde, v} to E(P) gives a cycle ofs.
If C" were a second cycle @& containing{u, v} and such thaE(C’) C {u, v}, then, from
Lemma 11.32, we would have thatcontains a cycle, and this not so. O

From Theorem 11.15 and Lemma 13.2 we have the existence okianaldreeT of the
graphH(F’) that satisfies the requirement that each face infégenther than the first,
shares a common edgeld{F’) with exactly one earlier face imag\‘g‘j in the list.

We choose an arbitrary viewpoiptnot in the plane of the drawingand we chod%eto
be the plane of the drawing. AR, we choose a plane that contains the line labeled 12
but not the pointp. We then proceed inductively, supposing that, for the rétoumber
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m — 1, distinct planed,, ..., Pmn1 have been defined so that, for eack m the plane
Pj contains the line |, and so that the lin®;; N P; is in the planep v ij. Lemma 7.1,
with the planeP;_ in place of the plan®,, the line labeled by replacingM and the line
labeled byimmreplacingN, enables us to define a plaRg that contains both the linesrl
and @V imm) N P; . Asin Theorem 7.2 it may be helpful to think of each plahebeing
“hinged” at the line labeled byrfhand swung about this hinge out of the pldheuntil its

intersection withP;  has an image, viewed from, of the line labeled by,m. Thus we
define a setPy, Py, ..., P¢} of planes.

For eachj we select a polygonal region that is the image of the face drﬁ:i‘lg'n a perspec-
tive drawing drawn from the general viewpomin the planeP;. These are thé polygonal
regions that we hope will be the faces of a polyhedron thaFhas a perspective drawing.

For this to be the case, each pair of face cycle imdgeand F; that share an edgge’
must give rise to a paif; andPs, of planes so that the image Bf N P; in a perspective
drawing, drawn fronmp, is the liners. We can be certain that this is true whenelkgand
FZ form an edge in the maximal tr@eof H(F’).

We call an edgéF/, F;} of H(F’) flawedif the liners is not the image oP; N Ps in a
perspective drawing frorm. Each cycle oH(F’) that contains exactly one flawed edge is
aflawed cycleLet us suppose that a flawed ed§é, F;} exists. Then, from Lemma 13.3,
we have thatF/, F.} is an edge in at least one flawed cycle(F’).

Let F” be a planar embedding of the graph of any polyhedron thathesdrawingF’.
Then we may pair each face image in the drawingvith the corresponding face &f’.
The union of the faces d¥’ that correspond to the faces of any cy€lgof H(F’) has a
well-defined interior. With each cyclgé; we associate the number of faces in this interior
in F”. One of the vertices of; may to correspond to the face that has the perimeter of
the embedding~" as its boundary. In this case we consider the number of thearsesf
that are on the right side during one traverse of the paBithat is obtained by deleting
this vertex fromC;. The number of these faces is then associated @ithin this way
we associate a number with each flawed cyclél(fF’), and we choose a flawed cycle in
H(F’) that is associated with a minimum number. There are twoipiitiss: either the
number is zero or it is positive. We first prove that it cannetro.

Suppose that the flawed edge of the flawed c@glés {F/, F;} and the vertices of the cycle
in cyclic order areF; = FoFi....F =Fg Then each three adjacent plarigs , P;,,
Pi., in the cycle share one pomt that is on the line contairprand the intersection of
the linesiwi; anditi.1. Therefore every plane of the li&, P, ..., Pi_,, Ps contains
the same point, say, and in particular is in bothP, andPs. Also from their definition
we have that the plandy andPs intersectP; in the point of concurrence of the lines,1
1s, andrs. Therefore the image of the intersectiBnn Ps in a perspective drawing from
viewpointp in Py is the liners, contradicting the choice ¢F/, F} as a flawed edge.

Now suppose thdfF,, F} is the flawed edge, arfg, F,. ... F  Fsare the vertices in
cyclic order, of a flawed cycl€; associated with a smallest, necessarily non-zero, number.

Suppose further that is the vertex ofF] N F; that belongs to a region in the interior of
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the flawed cycleC;. Then the cycle oH(F’) whose vertices are those regions that contain
the vertexv is associated with the number zero. Therefore it is not flaavetiso contains

a second flawed edge that is interior@p. From Lemma 13.3, again applied it&(D’),

we have that this flawed edde’ Fi } belongs to a flawed cycl@z of H(F’). We may
write the vertices o€, in cyclic order asi  Fi.,...F] ., . Consider the lisE[, F/ ,

W Fe LR Fe R R L F of vertlces ofH(F) Suppose thaF’ is the flrst
repeated member of the Iisit,;a = F’ say Suppose th&t’a+ is the last repeated member
of the list, F]M = F/ say. Then, without loss of generality assuming that &, the cycle
C of H(F’) with vertices, in cyclic orderF}l, F]Z, F] Fr - F} e
Fooo F]n is a flawed cycle contradicting the initial choice@f.

Jark+1

Therefore there is no flawed edge and, for each pair of facgésty and Fi that share an
edge, the image d?; N P; in a perspective drawing, drawn fropy is the lineij. We note
that for any pointx’ € F/ N F] we have thatig v xX') N P; = (p v X') N P}, ensuring that
the intersectiorr; N F; is a common edge that has imagen F] in a perspective drawing
from the viewpointp. Therefore the union of the polygonal regidhsg F», ..., Fy is the
required spherical polyhedrdén O

2. Some applications of the theorem

In this section we begin with simple applications of TheotEsrl, eventually applying it
to the question of the viability of an architectural propgosa

ExampLE 13.4. Let us test our newly acquired technique on the drawing ofithgh K, in
Figure 13.1 and determine if it is a perspective drawing ophesical polyhedron.

Ficure 13.1. A drawing of the grapK,

We proceed by first deciding if the graph is planar and secauddhg if it is three-
connected. From any planar embedding that proves the gilaparmpwe are able to list
the faces, third we check whether each of these faces haygopell region as image in
the original drawing. If the answer istamative in all three tests, then we apply Theorem
13.1.

From the common labeling of the vertices of the two drawimgBigure 13.2 we deduce
easily that each is a drawing of the same griiphprovingK, to be planar. Simple testing
verifies thatK, is three-connected. Therefore, from Steinitz’ Theorenrs ithie graph of

a spherical polyhedron. The faces of the polyhedron areabesfof the second drawing.
The corresponding face images in the original drawing aaagular and therefore auto-
matically polygonal regions, ensuring that the drawingdsawing of the polyhedron. We
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Ficure 13.2.  Drawings with vertices labeled

now turn to Theorem 13.1, labeling the faces and edges oftihedding as in Figure 13.3.
This gives the labeling of edges of the original drawing than Figure 13.3.

Ficure 13.3.  Labeled edges of a planar embedding and of a drawing

There are no new lines to be drawn and labeled, as each lir81and 14 is determined
by an edge. The labeling satisfies the requirements of onditof Theorem 13.1. As
no special property of this drawing was needed in the abaysaent we have established
the following lemma.

Lemma 13.5. Any drawing of kg is a perspective drawing of a tetrahedron.

Consequently, for example, the illustrations of figuresiguFes 1.19 and 8.6 are perspec-
tive drawings.

ExampLE 13.6. We test the two drawings of a graph G in Figure 13.4 and deteeminether
either is a perspective drawing of a spherical polyhedron.

Ficure 13.4.  Two drawings of a simple grah

The graphG may be embedded as in Figure 13.5, the vertex labeling pgaviat the
three drawings are of the same graphwhereV(G) = {a,b,c,d,e f,g} andE(G) =

{{a, b}, {b,c},{c,a},{d, e}, {e f},{f,d}, {a d},{b,€},{c, f}}. Verifying thatG is three-connected
is again a straightforward matter. Then from Steinitz’ Tieao we have thag is the graph

of a spherical polyhedron.
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Ficure 13.5. An embedding of the same graph

Labeling the faces of the embedding as shown in Figure 13bles us to conclude that
the first fails the test for a drawing of a polyhedron, as faaraple the face cycle image
with vertex sef{a, b, e, d} is not a polygonal boundary. The second drawing satisfies the
definition of a drawing of a polyhedron.

Ficure 13.6.  Two drawings with edges labeled

The labeling of edges of the embedding induces a correspgtaleling of edges of the
original drawing of a spherical polyhedron to which we appheorem 13.1. All required
lines are already determined by edges. We need only checkl®23, 13}*, {12, 25, 15},
{13,34, 14y%, {13, 35,15}, and{14, 45, 15}*, are concurrent triples. We notice the reduced
number of checks required compared to those required fopplication of Theorem 7.2
directly to planes. Those triples marked with an asterigkcégarly concurrent. Therefore
the second drawing is a perspective drawing of a triangulmen, but unsurprisingly the
first drawing is not. From our argument we obtain the follogi@amma:

Lemma 13.7. A drawing of a triangular column is a perspective drawing &kawhen the
lines containing the side edges of the column are concurrent

Exercise 13.8. Find necessary and gficient conditions for a drawing of an n-spoked wheel
W, to be a perspective drawing of an n-sided pyramid.

ExampLe 13.9. The common labeling of vertices shown below in Figure 13litates that
each drawing in Figure 12.5 is of the same graph G. In Exert42 we proved G to be
both planar and three-connected. We test the four drawiogketermine whether any are
perspective drawings of a spherical hexahedron.

We label the six faces of the third of the drawings, a plandveniding. The proposed face
images, for example the cycle with vertex ¢&tb, c, d}, in the fourth drawing are not all

polygonal boundaries. Consequently, this is not a drawfrayspherical polyhedron. The
common vertex labeling of the remaining three drawings ksalss to label corresponding
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Ficure 13.7.  Four drawings of a planar three-connected graph

edges of each. To see if any is a perspective drawing of a isphpolyhedron we need

only define a line 16 that is concurrent with 12 and 26, with &d 46; and with 15 and

56. The other concurrences occur at the vertices. In othetswwe need only check that
12N 26, 14n 46 and 15156 are collinear in each case. This is so in the first and tie, thi
but not in the second.

We may choose the order in the listing of embedded region®dike: It is a good general
rule to select a region with a large number of edges to be disghis is likely to reduce the
number of lines to be constructed in applying Theorem 13ltllishings will give the same
final answer, the equivalence offidiring sets of conditions following from applications of
Desargues’ Theorem.

Figure 13.8 contains the line constructed in each of thredicgtions of Theorem 13.1
to the first drawing in Figure 13.7, each with afdrent selection of a face as the first
listed. Each dotted line represents the collinearity nenent of Theorem 13.1 following
a choice of the region to be labeled by 1. Some applicatioeshrgues’ theorem would
verify the equivalence of all three conditions.

Exercise 13.10. Decide which, if any, of the drawings of a graph in Figure 186 per-
spective drawings of a spherical polyhedron.

ProLem 13.11. An architect has given me two sets of house-plans. | am haliffig
culty visualizing each proposal, particularly the plansadternative roofs shown in Figure
13.10. Is this just my lack of skill, or is there somethingmgavith either of the two?
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Ficure 13.8.  Three conditions for the existence of a scene

Ficure 13.9.  Four drawings of a graph

Solution. Consider the spherical polyhedron modeled by the roof amdtitlerlying plane
ceiling in each case. The first drawing has a vertex that lgslom only two edges, pre-
venting it from being a drawing of a three-connected gragter is clearly an error in the
plans.
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Ficure 13.10.  Possiblefiine projections of roofs

The second drawing is a planar embedding. Labeling it asgnrgil3.11 we see that the
only concurrences, other than those automatically valikdices, arg{1i,ij, 1j} : ij €
{24,2(10) 2(13),49,4(10),59,69,79,9(12), (10)(13}). Each of the lines seems to have,
to within experimental error, one of only four directiongldry inspection the ten concur-
rences seem to occur. We conclude that the second drawingfialgy an &ine projection
of a roof, suitable for use in an architectural plan. | shqaédsevere with my attempts to
visualze the roof. O

Ficure 13.11. A labeled drawing of a roof

Exercise 13.12. Do you think that each drawing of a spherical polyhedron ia tist of
Figure 12.15is a perspective drawing? We could test eacit uduld be tedious. Choose
one of the heptahedra drawn in the list and prove that it is Epective drawing.
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Exercise 13.13. Each of the six drawings in Figure 13.12 purports to be gina projec-
tion of a Platonic cube with a part sliced away by a plane cuhidh of the drawings are
in fact gfine projections?

a

Ficure 13.12.  Six figures that may béime projections

3. Perspective drawings of a wider class of unions of polygahregions

In some cases we may more easily know that an attempt is aqotisspdrawing. For
example, it is straightforward to extend our definition ofyedron to all figures modeled
by hinged-panel models. The definition of the graph of suchwédiis the natural general-
ization of the graph of a polyhedron. Then it is true that edwewing of a development is
a perspective drawing of a development; that a drawing ofeetipanel cycle is a perspec-
tive drawing if and only if the hinge-line images are coneuitr and that each drawing of
a panel cycle that has at least four panels is a perspectivarty of a panel cycle.

As an example of the range of results possible we give thevitlg theorem. Itillustrates
the special role that triangular faces play and, althoughownlg state and prove it for
polyhedra, it easily extends to a wider class of figures.

Tueorem 13.14. Let ' be a drawing of a polyhedroR;that contains at most two non-
triangular faces. TheR’ is a perspective drawing of a polyhedrbgp that is combinatori-
ally isomorphic toF;, drawn from a general viewpoint of the set of verticeEgafNo two
panels of~, are coplanar.

Proor. Letthe se{F], F{}include all the face images &f that are not triangular. We
recall the graptd(F’) introduced during the proof of Theorem 13.1. Choose anly paif
least possible lengthjoining F; andF{ in the graptH(F’).
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From Theorem 11.15 we have that the pRtls contained in a maximal trée of the graph
H(F’). Lemma 13.2 guarantees that we are able to complete a bditthie face images of
Fin which F/ is the first member an is therth member. Each membé, after the
first, of the list shares a common edgeTiwith exactly one earlier membéri‘j of the list.
We label the line that contains this common edge;jipyand byji;.

We now attach labels of the formj 1o lines, by induction orj. The face imagé-; may
share as well at most one additional vertexith an earlier member of the list. If it does
so, then we define, without ambiguity, the line labeled pyolbe (I;Nijj) v v. Otherwise
we define the line labeled byj 1o be any line that contains the poirit b i j.

We choose an arbitrary viewpoiptnot in the plane of the drawing and chod3gto be

the plane of the drawing. AB, we select a plane that contains the line labeled 12 but not
the pointp. We define further planes inductively, supposing that fer tlatural number
m— 1 distinct plane$,, P, ..., Pm_1 have been defined so that, for egch m, the plane

Pj contains the line Lland so that the lin®;, N P; is in the planep Vv i .

As the lines In, li,, andipm are concurrent we are able to apply Lemma 7.1, with the
planeP;_ in place of the plan®;, the line labeled byrhreplacingM, and the line labeled
by imm replacingN, in order to define a planBy, that contains both the linesriand
(pVimm) N P . Asin Theorem 7.2 it may be helpful to think of each pla?g being
“hinged” at the line labeled byrhand swung about this hinge out of the pldheuntil its
intersection withP;  has an image, viewed from, of the line labeled by,m. Thus we
define a setPy, Po, ..., Pt} of planes.

For eachj in {1,2,..., f} the faceF; is chosen to be the image 51} in the planeP;, in
the perspective drawing that is drawn from viewpagntit follows that each paiF;, and
F; share an edge that has the required image when drawngdramd that all edges d¥;
andF, are included in this set; and further that if triangular faoagesF; and F} share
an edgeE’, thenF; andF; share an edge that h&S as image when drawn from O

Consequently we can be sure, without further ado, that Eig0r14, Figure 10.22, and
Figure 10.30 each contain scenes.

4. Summary of Chapter 13

We applied the scene analysis methods of Chapter 7 to drawifhgpherical polyhedra,
giving necessary and ficient conditions for a drawing to be a perspective drawing. F
nally, we gave an example showing how these methods gererali
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CHAPTER 14

MATROIDS

Combinatorial geometries and graphs have been centraktdehcription of our world.
By weakening the requirements of Definition 2.1, and retitrgcits application to finite
sets, we define a structure that appears in every finite gepraed in every graph. It

is also present in other, seemingl\ffdrent, mathematical systems. Thus everything we
learn about this structure contributes to our knowledgéés¢ disparate areas. Hassler
Whitney, in his seminal papeb{] published in 1935, called this structure a “matroid”.
His approach remains unsurpassed for clarity and insiglatyvee follow his treatment of
independent sets, circuits, and the rank function. We thenduce minors, the natural
sub-structures of matroids, and use them in a range of exefmam graph theory, linear
algebra, and geometry.

1. The definition of a matroid

We asked four requirements of a combinatorial geometry ifinden 2.1 of Chapter 2.
The first requirement of Definition 2.1 is concerned merelthwhe size of circuits. If we
relax this condition in order to allow any non-empty set toabarcuit, and if we remove
the fourth condition entirely, then we are left with the @lling three requirements of a
finite setE and a collectiorC of its subsets:

MC1: The empty set is not a member©f
MC2: If C; andC; are members of andC; € Cy, thenC; = C,.

MC3: If C; andC, are distinct members @ ande € C; N C,, then there is a membéx
of Csuchthae¢ C3 c C,UCo.

Clearly each finite geometry satisfies these requirementsed¥er, from Definition 11.12

and Lemma 11.32, we have that, for each gr@atontaining only finitely many edges, the
pair E = E(G) andC = {C : C is the edge set of a cycle &} also satisfies Conditions
MC1, MC2, andMC3.

It has been customary to initially focus attention on subséE that contain no member
of C rather than on the members®@fdirectly. The following lemma gives three properties
of this collection of subsets d&.
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Lemma 14.1. Let C be a collection of subsets of a finite set E that satisfies Giondi
MC1, MC2, andMC3. Suppose thdt = {I C E : no subset of | is ifC}. Thenl satisfies
the following three conditions:

MI1: The empty set is a memberlof
MI2: If | is a member of and JC I, then J is a member of

MI3: If | and J are members dfand|l| > |J|, then there is an element e of1J so that
J U {e} is a member of.

Proor. FromMC1, the empty set is not i€ and so is inl. Hencel satisfiesMI1. If
| € I andJ C I, then | contains no member @, ensuring thatl contains no member of
C, givingMI2.

We now prove that ConditioMI3 holds for any two members,andJ, of | that satisfy
|J| < |I]. Letl” be a subset df U J that belongs td, that satisfied’| > |J|, and of all such
sets hagl — I’| minimal.

First we suppose thal — I’ contains an element For eachy € I’ — J, we have both
(ruxp))—{yt cJuland|ld—-((I'u{x})—{yDl < |I=1"|. Thus (" U{x}) —{y}is hotinl and
contains a subsé€l, € C. Butl’ € I, ensuring thak € Cy. Hencex e C, C (I" U {x}) — {y}.

As J e |, thenCy is not contained i’ N J, and we have that there is somi@ CyN (1" —J).

Repeating this argument, within place ofy, proves the existence @, € C such that
xe C; C (I’U{x}) —{z. Fromz e Cy — C, andy not inCy we have thaCy # C,. Applying

ConditionMC1 we have the existence & € C so thatC ¢ (C,UC,) —{x} € I’, a

contradiction to our choice df. ThusJ — I’ = ¢ andJ is a proper subset df.

For any elemeng of I’ — J we have thatl U {e} € | as required foMI3 to hold. O

The requirementsli1, MI2 , andMI3 are properties of linearly independent sets of columns
of any matrix, and Whitneyd4] took these properties as essential features of geometric
structure. But as he pointed out, many equivalent defirstgive the same structure. From
the motivating example of matrix columns he coined the namatfoid” for such a struc-
ture.

Derinition 14.2. A matroid M is an ordered pai(E, 1) consisting of a finite set E and a
collectionl of subsets of E that satisfy the following three conditions.

MI1: The empty set is a memberlof
MI2: If | is a member of and JC I, then J is a member of

MI3: (Augmentation Condition) If | and J are memberd aind|l| > |J|, then there is an
element e of + J so that JU {e} is a member of.
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From this characterization it is immediate that the lindgelra of the columns of a matrix
has an underlying matroid structure.

Tueorem 14.3. Let A be any matrix with entries from a field F. Then the ordgrad
(E, 1), where E is the set of columns of A and each membkioé linearly independent
set of columns of A, is a matroid M.

Proor. A set of columns oA is linearly independent exactly when none of its mem-
bers is a linear combination of the others. Thus the lindadgpendent sets satisfy Con-
ditionsMI1 andMI2. They will also satisfy ConditioMI3 unless there are two linearly
independent setsand J, such thatl| > |J| andJ U {g} is linearly dependent for every
elementg; € | = J = {ag,a,...,an}. If this were the case, thehand{a;} would each
be linearly independent, antlu {a;} would not. Thusa; would be a linear combination
of some columns of, with not all the coéicients zero. Thus for someg € J, x; would
be a linear combination of columns aof € {X1}) U {a1}. Hence any linear combination of
columns ofJ would also be a linear combination aof £ {x;}) U {a1}. Thus, in particular,
a, would be a linear combination o8 (- {x;}) U {a1}. Also {a, ap} would be linearly in-
dependent and so there would be a memberf J — {x;} that was a linear combination of
columns of § — {xq, X2}) U {a1, az}.

Proceeding in this way, we see that eachvould be a linear combination of columns of
(J = {Xg, X2, ... %-1}) Ulag, @z, ..., a1}, but for somer < m, J — {Xg, %o,..., % -1} = 0,
anda, would be a linear combination of other members of |, which ldaontradict the
choice ofl as a linearly independent set. O

Let M be the matroid obtained from a matéxwith entries in a field= as in the statement
of Theorem 14.3. We say thit is a vector matroid ovelf and writeM = M[A].

ExamrLE 14.4. Label the columns of the matrix A by the integéthrough7 from left to
right. Each single column and each pair of columns of the reatrix

1 001011
A=11 01 1 1 00
0101110

is linearly independent. Each set of three columns eXdept 7}, {1, 2, 4},{2, 3,5}, {3, 4, 6},

{4,5,7}, and{2, 6, 7} is linearly independent. As A has only three rows, no set oéthan
three columns is linearly independent. Therefore the set{E, 2, 3,4, 5, 6, 7} and the col-
lectionl = {X c{1,2,3,4,5,6,7}: |X| < 3and X is not one ofl, 3, 7}, {1, 2,4}, {2, 3, 5},

{3.4,6},{4,5,7}, {2, 6, 7}} of subsets of E is the vector matroid M.

DerintTion 14.5. Let M = (E, ) be a matroid. Each member bfis an independent set
of M. Each subset of E that is not independent is called dep@ndA circuit of M is a
dependent set all of whose proper subsets are independent.

If M is the matroid E, I), then we say thatl is amatroid on Eand we often writee(M)
for E, (M) for I, andC(M) or C for the collection of circuits oM.
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2. Geometries, graphs, and matroids

In this section we characterize each matroid by its set ofids. It follows that each finite
geometry is a matroid, and that each graph that has onlylfimtany edges defines a
matroid.

The next theorem proves the equivalence of Definition 14®amnalternative definition
given in terms of circuits.

Tueorem 14.6. Let C be a collection of subsets of a finite set E that satisfies thafimg
three conditions:

MCL1: The empty set is not a member@f
MC2: If C1 and G, are members of and G € Cp, then G = C,.

MC3: (Elimination Condition) If G and G are distinct members & and e C; N Cy,
then there is a members®f C such that ez C3 € C; U C,.

Then the ordered pair E anld= {I € E : | contains no member @@} is a matroid M. The
members o€ are the circuits of M.

Conversely, the collectio@ of circuits of a matroid M on E satisfies ConditioNkC1,
MC2, andMC3.

Proor. Suppose that is defined as above. It follows from Lemma 14.1 that Condi-
tionsMI1, MI2, andMI3 hold. Thereforelt, I) is a matroidM.

From Definition 14.5 we have that the $&{M) of circuits of M is {C € E : Cis notinl
but every proper subset @fis in | }. Suppose thaL € C(M). ThenC is not a member
of I and so contains a subget € C. It follows from C’ not being inl thatC = C’ € C
andC(M) ¢ C. Suppose next th&l” € C. ThenC” is not a subset of any member lof
In particularC” is not inl and consequently contains a mem@esf C(M). ThenC = C”
andC = C(M).

Conversely, the set of circuits of a matroidM on E does not contain the empty set, and
so satisfieMC1. If C; andC, are circuits andC; € C,, then the fact that, is a minimal
dependent set implies th@f = C, andC satisfieaMC2.

Suppose that; andC; are distinct circuits, both containing the elementWe need only
eliminate the possibility that}; UC,) —{e} is in | to prove the validity oMC3. Supposing
thatf is any element of, — C;, we know thalC, — {f} € |. Let J be any subset &€, UC,
that is maximal with respect to both containi@g— {f} and belonging td. Clearly f ¢ J
and there is an elemegdf C; thatis notinJ. Thus|J| < |(CLUC)—{f,g}| = |C1UC,|-2 <
[(CLUCy) —{e}]. If (C1 U Cy) — {e} were inl, then applying the Augmentation Condition
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MI3 to J andl = (C, U C,) — {e} would give a contradiction to the maximality df Thus
(CLUCy) —{e} ¢ | and ConditiorMC3 holds for the collection of circuits dfl. O

Consequently, a matrold on a seE may be thought of as a collection of independent sets
that satisfiesvl1l, MI2, andMI3, or equivalently as a collection of circuits that satisfies
MC1, MC2, andMC3. The matroid is completely specified eitherl§iv) or by C(M).

CoroLLARY 14.7. Let M be a matroid. Then
I(M) = {I € E : | contains no member &(M)}, and
C(M) = {C c E: Cis notinl(M) but every proper subset of C isli{iv)}.

There are four other common characterizations of a matiia. of these other common
characterizations are given in this chapter. These arehfwacterizations of a matroid by
its bases and by its rank function. The remaining two othemroon characterizations of
a matroid are by its hyperplanes and by its closure functither useful equivalent char-
acterizations of matroids are given i9,[[10], [17], and B0, Chapter 1]. Thus a matroid
consists of an underlying set with several associatedtstres— any one of which $iices
to determine the others. We take advantage of this freedmpdoify matroids in ways
appropriate to the occasion. Until now we have leaned tosvairduits as our descriptive
medium. In Chapters 1 and 2 we showed that the simplest peistthat non-trivially
exhibit properties of collinearity and coplanarity areccits of matroids. These were the
building blocks of our treatment of geometry. For obvioussans, those who approach
matroids from a graph-theory background also find circupaicularly appropriate way
to describe a matroid. For example, the edge set of a thrge@atle of a graph is called a
“triangle” of the graph. Likewise, a three-element cirafit matroid is called a “triangle”
of the matroid. This use of the word “triangle” for matroidses$n’t agree with its use for
combinatorial geometries where it represents a figure efthon-collinear points. So the
concept of a circuit is quite natural when considering meg o the context of graphs and
combinatorial geometries even though we have to be cardfahviborrowing our termi-
nology from these areas. If we think of a matroid in the conhtéXinear algebra, then
independent sets may be more natural to consider thantsircui

The many faces, and underlying simplicity, of matroid thyeane an attractive and unusual
combination. We now verify that Definition 2.3 and Definitib#.5 agree in the context of
finite geometries.

Tueorem 14.8. If (E, C) is a finite geometry, the@ is the set of circuits of a matroid on
the set E.

Proor. From Definition 2.1 we have thak satisfies Condition$1C1, MC2, and
MC3. From Theorem 14.6 we have th@tis therefore the set of circuits of a matroid
onE. O

ExampLe 14.9. Let M[A] be the real vector matroid of Example 14.4. This matroid is
called the non-Fano matroid (see Definition 2.36). TREM[A]) consists of the members
of{{1,3,7},{1,2,4},{2,3,5},{3,4,6},{4,5, 7}, {2, 6, 7}} as well as each four-element subset
of E that does not contain one of the above three-elemenetibs
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Since the non-Fano matroid is a combinatorial geometrgrntlme sketched (use arcs that
are straight or curved) similar to the sketches given in ®rap. Such a sketch for a
matroid is called a geometric representation (<& ¢r [50, Section 1.5]). A geometric
representation for the non-Fano matroid is given in Figyrd 1

)

T

Ficure 14.1. Non-Fano Matroid

Exercise 14.10. Label the points of Figure 14.1 so that each set of three rogdii points
of the figure is one of the six three-element subsets medtioriexample 14.9.

Lemma 14.11. The independent sets of a finite planar geometry are: theyesgtf each
singleton, each two-point set, and each non-collineargkpeint set. The independent sets
of a finite non-planar geometry include also the non-coptdoar-point sets.

Proor. The sets listed in the statement are exactly those setsithabt contain a
circuit. O

ExampLe 14.12. The independent sets of the Vamos cube of Definition 2.44lbtke
subsets 0f0, 1, 2, 3,4, 5, 6, 7} that contain at most four points, except the 46td, 3, 5},
{0,2,3,6},{1,4,5,7},{2,4,6,7},and{0, 3,4, 7} . (see Figure 2.15 for an attempted drawing
of the Vamos geometry - in Chapter 4 we showed that the Vaoissis not a figure and
so does not have a drawing)

Tueorem 14.13. Let G be a graph that has only finitely many edges. T@en {C : C is
the edge set of a cycle off@& the set of circuits of a matroid M on the set@&@. We call
M the cycle matroid of G and we denote it by(®).

Proor. From Lemma 11.32 and Theorem 14.6 we have that the collestiedge-sets
of cycles ofG satisfies ConditionMC1, MC2, andMC3. O

ExampLe 14.14. Let M(G) be the cycle matroid defined by the graph G of Figure 14.2.
Thenl (M(G)) = {0, each single edge other th&n each set of two edges not containihg
and not equal td3, 4}, each set of three edges that incluégsut not5 and is not equal to
{3,4,6}}, andC(M(G)) = {{5},{3,4},{1,2,3},{1, 2,4}}.

Lemma 14.15. The independent sets of the cycle matroid of the graph G aredige-sets
of forests of G.
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Ficure 14.2. A non-simple graph

Proor. The edge-set of a forest does not contain the edge-set ofyag and by
Corollary 14.7 is independent i(G). Conversely, an independent $etf M(G) is the
edge-set of the forest given byE(F) = | andV(F) = {u: {u,v} € |}. O

3. Bases of a matroid

As we mentioned in the previous section, there are seveeflluand equivalent character-
izations of a matroid. We have used two — one via independdst and one via circuits.
As each subset of an independent set of a matkbig also independent, the maximal
members ofl (M) suffice to uniquely determingM). In this section we examine these
maximal independent sets and characterize them.

Lemma 14.16. Let M be a matroid. Then any two maximal independent sub$etayo
A C E(M) are equicardinal. In particular any two maximal indepentlsabsets of E are
equicardinal.

Proor. Suppose thdtandJ are maximal independent subsetadnd|J| < |I]|. Then
ConditionMI3 guarantees the existence of an independent’set| U J € A, so that
|J| < |I’|, contradicting the choice af. ThereforelJ| > |l|, and repeating the argument
above with the roles df andJ interchanged givels| = |J| as the only possibility. O

Derinirion 14.17. We call each maximal independent subset of a matroid M a loddis

Lemma 14.16 gives enough information to nicely charactettie seB(M) of bases of a
matroid M.

Lemma 14.18. The collection of bases of any matroid M satisfies the two itiong:
MB1: B(M) % 0.

MB2: If B; and B are two bases of M and e B; — By, then there is an element f of
B, — By such that(B; — {e}) U {f} is a basis of M.

Proor. The first requirement follows fromll1 directly. In order to prove the second
condition we observe th&; — {€} andB; are independent, and from Lemma 14|B6—
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{e}| < |By|. Therefore, from ConditioMI3 there is an elemerft of B, — (B; — {€}) so that
(B1 — {e}) U {f} isindependent. FromiB; — {e}) U {f}| = |B1| we have thatB; — {e}) U {f}
is a maximal independent set, as required. O

Lemma 14.19. LetB be a collection of subsets of a finite set E that satisfies thecomdi-
tions:

MB1: Th matroid M has at least one basis.

MB2: If B; and B, are members d8 and ec B; — By, then there is an element f 0§ BB;
such that(B; — {e}) U {f}is in B.

Then the members 8fare equicardinal.

Proor. Suppose thaB; andB; are distinct members @& for which |B,| > |B,|, such
that, among all such pairdB; — By| is minimal. Clearly,B; — B is not empty. Choosing
e € B; — By, we can find an elemertt of B, — B; so that B, — {€}) U {f} € B. But
|(B1—{e}) U{f}| = |B1] > |Bo| and|((B1 — {€}) U {f}) — By| < |B1 — By|. This contradicts the
choice ofB; andBs. O

Tueorem 14.20. Let B be a collection of subsets of a finite set E that satisfies flafimg
two conditions:

MB1: B # 0.

MB2: If B; and B, are two members @ and ee B; — B,, then there is an element f of
B, — By such thatB; — {e}) U {f} is a member 0B.

Then the ordered pair E anld= {I C E : | is a subset of a member Bf is a matroid M.
The members @ are the bases of M.

Conversely, the collectioB of bases of a matroid M satisfies ConditidviB1 andMB2.

Proor. Clearly the set satisfies Conditions1l1 andMI2

Suppose thatandJ belong tol and thafJ| < |I|. If MI3 fails for these two sets, then, for
alleinl - J,JuU{e}is notinl. Thereford - B; =1 - J.

From the definition of, it follows that the seB has two memberB; and B, such that
J ¢ By andl ¢ B,. We suppose thd, is chosen such théB, — (I U B;)| is minimal. If

there is arx € B, — (I U By), then ConditiorMB2 implies that there is somge B; — By

such that B; — {x}) U{y} is in B. This contradicts the minimality 0B, — (I UB;)|. Therefore
B, - (1 UB;) =0andB; - B; =1 — B;. FurthermoreB, - B; =1 - J.

Next suppose thate B; — (I — By). FromMB2 there is an elementof B, — B; such that
(B1—{x}) U{y} € B. ThendJu {y}isinl, and asy € B, — B; = | — J, this contradicts our
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choice ofJ andl. ThusB; — (I = By) =@ and soB; — B, =1 — B, € | — J. From Lemma
14.19|B,| = |By|. Thus|B; — By| = |B, — By|

Thereforell — J| > |J — 1] and consequentlp| > |l|. This contradicts the possibility of
choosing a pait andJ for whichMI3 fails. Therefore the ordered pak(l) is a matroid
M.

Each member oB is independent and therefore a subset of a basis. Each basdet
pendent and therefore a subset of a memb&:. df follows from the members dB being
equicardinal and the bases being equicardinalBhatB(M).

The converse is Lemma 14.18. O

CoroLLaRY 14.21. Let M be a matroid. Then
[(M) ={l C E: Iisasubset of a member B{M)}, and
B(M) = {B C E: Bisinl(M) but no set containing B is i(M)}.

ExampLE 14.22. Let A be the matrix of Example 14.4. TH&M[A]) ={X c{1,2,3,4,5,6,7}:
|X| = 3and X is not one ofl, 3, 7}, {1, 2,4},{2,3,5},{3,4,6},{4,5, 7}, {2,6, 7}}.

Lemma 14.23. Let (E, C) be a finite geometry. If E is a point, then the point is a basis of
the geometry. If E is a line, then each two-point subset ofdbiasis. If E is a plane, then
each set of three non-collinear points is a basis(BfC) is non-planar, then each set of
four non-coplanar points is a basis.

Proor. In each case the set above consists of exactly the maxinabers of the
corresponding set given in Lemma 14.11. O

From Chapter 11 we have that each basis of the cycle ma¢@) of a graphG is the
edge set of a maximal forest & Therefore we have the following corollary of Lemma
14.16.

Exercise 14.24. Let G be a connected graph containing only finitely many edgesve
that the bases of KG) are the edge-sets of maximal forests of G, and each basis has
[V(G)| - 1 members. Draw each maximal forest of the graph drawn in Edut.2.

4. The rank function of a matroid

In this section we continue our discussion of equivalentitédins of matroids. Lemma
14.16 enables us to associate a well-defined number withsssaf points of a matroid.
In this way we introduce the notion of a dimension, or rankgchion of a matroid.

DermniTioN 14.25. Let M be a matroid on E. With each subset A of E we associate the
number of elements in any maximal independent subset of BaNhis number, rig(A),

the rank of A. The function, gk defined in this way for all subsets of E is the rank function
of M. The value the rank function takes on Ey(E), is called the rank of M.
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Lemma 14.26. Let M be a matroid and suppose that A and B are subsetgidf) End that
a is an element of @M). Then the rank function, gk of M satisfies the three conditions:

MR21: rku(0) = 0.
MR2: rkM(A) < rkM(AU a) < rkM(A) + 1.

MR3: rkm(A) + rkm(B) > rkm(A U B) + rkm (AN B).

Proor. The first condition follows from®| = 0. The second condition follows from
the observation that if is a maximal independent subsetAfthen eithed or | U {a} is
maximally independentiA U a.

For any subseté& and B of E, we choose a maximal independent subseif A N B,
and a maximal independent subseif A U B that contains). Then|l N Al + || N B| =
I1NA) NI NB)+|(INA)YU(INB)| = [IN(ANB)|+[1 N(AUB)| = |J|+]1|. Fromrky (A) > I NA|
andrky (B) > |I n B, we haverky (A) + rkm(B) > rky (AN B) + rky (AU B). O

Lemma 14.27. Let r be a function defined on the power set of a finite set Engakiteger
values, and satisfying the following three conditions:

MR1:r(0) = 0.
MR2: If A C E and ac E, then (A) <r(Aua) <r(A) + 1

MR3: (Submodularity Condition) If A and B are subsets of E, thg® & r(B) > r(AU
B) + r(An B).

IfACE,then(A) <|A.IfBC AcCEandrBuU {a}) = r(B) for each element a of A B,
then (A) = r(B).

Proor. A simple induction argument, starting witfp) = 0 and using (A’ U {a}) <
r(A’) + 1, proves the first result.

Now suppose thaB c A ¢ E andr(BuU {a}) = r(B). We writeA— B = {a1,ap,...,an}.

It follows fromr(B U {a;}) = r(B), for all i, that by applying the inequalitylR3, we have
r(Bu{as,ay,...,a-1) +r(Bu{a}) > r(Bu{ag,a,...,a}) + r(B). From this we have
thatr(BU {ag, ay,...,a-1) > r(BU{ay, a, ..., a}), and from the first result, we have that
r(Bufas,ap,...,a-1) = r(BuU{ag, ay,...,a}). Applying this resulim - 1 times we have
thatr(B) = r(A). O

Tueorem 14.28. Let r be a function defined on the power set of a finite set Entgkiteger
values, and satisfying the following three conditions:

MR1: r(0) = 0.
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MR2: If A C E andac E, then(A) <r(Aua) <r(A) + 1L

MR3: (Submodularity Condition) If A and B are subsets of E, thg® & r(B) > r(AU
B) + r(An B).

Then the ordered pair E and= {I c E : r(l) = ||} is a matroid M. The function r is the
rank function of M.

Conversely, the rank function r of a matroid M satisfies CbadsMR1, MR2, andMR3.

Proor. That the sel satisfies ConditioMI1 is a direct consequence BIR1 and the
definition ofl.

Suppose that € | andJ € I. FromMR3 we have that(J) + r(l — J) > r(I) + r(®). This
together with Lemma 14.27 give§J) + || — J| > |I|, and therefore(J) > |J|. But from
Lemma 14.27 we have the{J) = |J|, giving J in | and ConditiorMI2 holds forl.

Now suppose thdtandJ are inl with |J| < |I]. We writel — J = {ag,ap,...,amn}. If r(JU
{a;}) = r(J) + 1 for somea;, thenJ U {a;} € | andMI3 holds forl andJ. On the other hand
if r(Quia}) =r(J), foralli, then fromMR3 we would have (JU {ay, a,...,a-1) +r(JU
(&) > r(JUfay, a, ..., &) +r(J). From this we would have thafJ U {a;, &y, ..., ai_1) >
r(Jufag,ap,...,a}), and thug(JU{ag,ap,...,a-1) = r(J U {as,a,...,a}). Applying
this resultm — i times we would have tha(J) = r(l) = |I| > |J|, which is false. Therefore
MI3 holds forl.

Consequentlyi is the collection of independent sets of a matrbicbn E. Suppose that
A C E. Suppose further thatis a maximal independent subsetéf From the definition
of the rank function ofM, the definition ofl, and by applying Lemma 14.27 we have
rkm(A) = |1] = r(1) = r(A). Thusr = rky.

The converse is Lemma 14.26. O

CoroLLARY 14.29. Let M be a matroid. Then
[(M) = {I c E:rkm(l) = I}, and for each AC E(M),
rkm(A) =max|l] : 1 € A and | € I(M)}.

Lemma 14.30. Let A be a matrix. Then the rank of [¥] is equal to the row rank and
column rank of A.

Lemma 14.31. Let (E, C) be a finite geometry. The rank of a point of ELjghe rank of a
line is 2, and the rank of a plane i8. If the geometry is planar, then its rank is at m8st
If it is non-planar, then it has rank.

Proor. This a consequence of the characterization of bases giveamima 14.23. o

ExampLE 14.32. Let G be the graph drawn in Figure 14.2. Themg {5} = 0, rkm){3.4} =
1, and rK\/I(G){l, 2, 6} = I’kM(G){l, 2, 3, 4, 5, 6} =3.
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Exercise 14.33. Prove that, for each finite set E of n points and non-negatitegjier k< n,
r(A) = min{|Al,k}, YA C E, is the rank function of a matroid {J. CalculateC(Uyp),
I(Uk,n) andB(Uk,n)-

DermniTion 14.34. The matroid Y, is a uniform matroid. If k= n, thenC(Uy ) = 0 and
Unn is the free matroid on E.

5. Isomorphism and representable matroids

Just as we did in Definition 2.63 for geometries, we exploeeieaning of the phrase “the
same” in relation to matroids. This enables us to pursue atgaaiwe have previously

alluded to in Chapters 3 and 4, namely replacing geometastipns by routine arithmetic
questions.

Derinirion 14.35. Two matroids are isomorphic if the points of the first can bieguhwith
the points of the second, and paired points given the sanet Isdothat a list of independent
sets of the first matroid is identical to a list of independsets of the second.

As we would hope, each of the four ways that characterizeaitstin this chapter lead to
a characterization of isomorphic matroids (we used inddeetsets in the definition).

Lemma 14.36. Two matroids are isomorphic if the points of the first can biequhwith the
points of the second, and paired points given the same lab¢hat

(i) a list of circuits of the first matroid is identical to a tisf circuits of the second, or
(ii) a list of bases of the first matroid is identical to a lidtlzases of the second, or

(i) the two rank functions act identically on the set of ¢

Proor. Corollary 14.7 guarantees that identical lists of cirsldtad to identical lists
of independent sets. Therefore Condition (i) ensures tigesmce of the required isomor-
phism. Similarly Corollaries 14.21 and 14.29 enable us tamete the proof. O

Dermniion 14.37. A matroid is representable over the field F if it is isomorptti@ vector
matroid over F. A matroid is graphic if it is isomorphic to thgcle matroid of a graph G.

ExampLE 14.38. By relabelling the poin® of the non-Fano geometry Byand then verifying
that a list of its circuits is identical to the list of circgiin Example 14.9, we prove that the
non-Fano geometry is representable over the real numbet. fiel

The fieldF of Definition 14.37 plays a crucial role in the notion of a reggntable matroid.
We see this by allowing the entries of the mattixof Example 14.4 to come from a field
other than the field of real numbers.

Tueorem 14.39. The Fano geometry is representable over a field F if and orlly-ifL = 0
in F. The non-Fano geometry is representable over a field dfanly if1+ 1 # 0in F.
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1 001011

Proor. LetA=| 1 0 1 1 1 O O/ Labelthe columns of the matrix by 1
0101110

through 7 from left to right. If the entries & are from a field= in which 1+ 1 = 0, then

the set{1,5, 6} is a circuit and we obtain the Fano geometry sketched in EigutO. If

on the other hand £ 1 # 0, then{1,5, 6} is not a dependent set and the matrbifiA] is

isomorphic to the non-Fano geometry.

Conversely, let us suppose that the Fano geometry is isdriottgpa vector matroid[ Al.
We write 0 to stand for a zero column, aingd 0 to mean théth column. Any column irA
may be replaced by a non-zero scalar multiple of the columwjithout loss of generality
the following dependencies occur in the columngofl +5+7=0,1=3+7,6=3+4.
Therefore +5+6=(3+7)+5+(3+4)=(3+3)+ (4+ 5+ 7) = 3+ 3. Therefore the
first, fifth, and sixth columns are linearly dependentif antyaf 1 + 1 =0inF. O

We saw in Chapter 11 that a geometry and a graphic matroid m&olmorphic. The fol-
lowing Example proves that each may also be representadl#lastrates the desirability
of further investigation into the relations between geaiest representable matroids, and
graphic matroids.

ExampLE 14.40. By relabelling the edg® of the drawing of K in Figure 11.17 byl0 and
then verifying that a list of the circuits of the cycle mattdVi(Ks) is identical to a list
of the minimally linearly dependent sets of columns of th&ima below we prove that
M(Ks) is representable over the real number field. From the sofutioProblem 11.39 we
have that the the non-planar Desargues geometry is alsodgaimc to M A], for the real
matrix

oOr oo

N =)

N =l

OrR kRO

Or OR
1

1

1

1|
1

loNoNaN=
oor o
R OR R
]
COR R

We may go further:

Tueorem 14.41. Each graphic matroid is representable over every field.

Proor. LetG be a graph. We construct¥4(G)| x |E(G)| matrix A with entries from a
field F as follows. Each row oA is indexed by a vertex d& and each column ok by an
edge ofG.

We order the vertices within each edge@fcalling the first vertex the tail, and the second
the head. Then the entgy . in the vth row andeth column ofA is -1 if v is the tail ofe
andeis not a loop, itis 1 ifvis the head oé ande is not a loop, and it is O otherwise.

A single column ofA is a circuit of M[A] if and only if it is a zero column. This is so
if and only if the edge indexing the column is a loop@ Suppose thatn > 1 and
{{vi, o}, {V2, V3, . . ., {Vin-1, Vin}, {Vm, V1}} = C is a member oC(M(G)).

307



Foreach € {1,2,...,m—- 1} we multiply the column that has indgw, vi;1} by 1 if v; is
the tail of{v;, vi;1}, and by-1 if v; is the head ofv;, vi;1}. Adding the resulting columns
gives a zero column. Thi@is linearly dependent ard contains a member @(M[A]).

Conversely, we suppose th@tis a circuit of M[A]. Then there is a linear combination
of the members o€, in which each column has a non-zero fiméent, that sums to zero.
Consequently, each row @f contains non-zero entries in at least two column€ offwo
such entries represent a vertex belonging to two edg&s &froceeding from one vertex
to another in this way gives the vertices of a circuitfThereforeC contains a circuit of
M(G).

Therefore each matroid has an identical set of circuits hadwo are isomorphic. O

Exercise 14.42. Let G be the graph drawn in Figure 14.2. Find a real matrix A batt
M[A] is isomorphic to MG).

Exercise 14.43. Prove that a figure of four collinear points is not graphic.v@ian example
of a graphic matroid that is not a geometry.

Exercise 14.44. Specify the values of k and n for which the uniform matroig, i$ a
geometry.

Exercise 14.45. Prove that the geometry sketched in Figure 14.3 is represdabver the
complex number field but not over the real number field.

Ficure 14.3.  An eight-point planar geometry that is not a figure

6. Projective and dfine geometry

In this section we generalize our notion of a figure, in oradealtow figures that have a
rank greater than 4 and also to allow coordinates from fietdsrahan the real number
field. The notion of a figure containing only Euclidean poiistsarried over to this more
general setting forfine and projective geometry.

Let A be a 3x n matrix in which thei-th column is the transpose i, ay, ag). If no
column of A is a scalar multiple of another, then we may consider the&esebntaining
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each point of an extended Euclidean plane that has the tvaasg a column as a set of
homogeneous coordinates, distinct columns giving disppoits. Then, from Proposition
3.51and Theorem 14.3, we have that the figaiigisomorphic to the vector matroM[A].
This isomorphism motivates the following definition of a jetive geometry.

Derinition 14.46. Let F be a field and r a natural number. Suppose that A igranl) x n
matrix with entries from F. Suppose further that no colummad$ a scalar multiple of
another column. Then M is a projective geometry over the field F. The elements of the
projective geometry are commonly called points of projectispace over F.

1001011
Examrie 14.47. The matrix A= 0 1 0 1 1 1 O] defines a vector matroid
0010111
MI[A] that is a projective geometry. As we saw in Theorem 14.38gifntries in A are
from a field for whichl + 1 # 0, then MA] is the non-Fano geometry. If they are from a
field for whichl + 1 = 0, then M A] is the Fano geometry.

If we had not allowed ourselves the pleasure of removingpleeial nature of parallel lines
in Chapters 3 and 4, then figures that we discuss would cootdyrEuclidean points and
be the subjects of the Cartesian coordinate geometry tHatrigiar to us from college.
We recall from plane Cartesian coordinate geometry thatiat &, y1) belongs to the
Euclidean line containingxg, y») and s, y3) if @ andp exist such thak; = ax, + 8x3 and
Y1 = ay2 + Bys; equivalently if (1- a — B)(X1, Y1) + a(Xz, Y2) + B(Xs, ¥3) = (0, 0).

The triple (1x,y) is a set of homogeneous coordinates of each Euclidean (qiyit
whereas the first member of each triple that labels any idedit jis 0. Thus insisting
that a finite planar figur& contain only Euclidean points is equivalent to asking tiatt
figure is isomorphic to a vector matroM[A], for which A is a real matrix in which each
column has a transpose of the formXly). We make use of the fact that each entry of the
first row of this matrix is 1 in order to extend our notions éire and projective geometry.

DerintTion 14.48. Let F be a field and r a natural number. Suppose that A igras

1) x n matrix with entries from F and in which, for eactei{l,2,...,n}, the transpose

of (1, ayj, az, . . . , &) is the i-th column. Suppose further that no two columns ofe’tlae
same. Then the matroid [M] is an gfine geometry over the field F. The elements of the
affine geometry are commonly called points giree r-space over F.

A routine verification shows that the calculations in dfinre geometry generalize those
in the Cartesian coordinate calculations of the usual geligeometry course gives the
following lemma:

Lemma 14.49. It is usual to write(ay;, azi, . . ., &) rather than(l, ay;, agi, ..., a;)" as no-
tation for the i-th point of an gine geometry. Let M be anffane geometry over the
field F. Then a subset A {(ay,az,....a) : i € {j(1),j(2),...,j(m)} of E(M) is
dependent in the geometry if there exist m membexsf F, not all zero, so that both
iy ajp (@0, @i, - - &j@) = (0,0,...,0)and I, a;(i) = 0.
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Proor. We have thaEi";l a/j(i)(l, anj(i)s Rj(iys - - - » ar,-(i))T = (0, 0,0,..., O)T if and onIy
if both conditionszi”;l oy (@zja), &jgs - - - &j@y) = (0,0,...,0) and Zln;l aj(i) = 0 are
met. O

Lemma 14.50. Each gfine geometry over a field F is representable over F.

Proor. Each #fine geometry ovef is by definition a vector matroid. O

Lemma 14.51. No gfine matroid over the field G) contains a3-point circuit.

Proor. Suppose thaf(au(j), &), - - - ai¢j)) - ] = 1,2,3} was a circuit of an fiine
matroid overGF(2). Then there would exist three membets o, andas of F, not all
zero, so that botm?zlaj(gli(j),aZi(j),...,an(j)) = (_O, O? ...,0)anda; + a2 + @3 = 0. No
@] is zero, as that would imply a subset of the circuit was depehdrhereforer; = a, =
az3=1.Butl+1+1+#0inGF(2). O

We referred earlier, in Chapters 3 and 4, to the fact that dadle real representable
geometry is also anfiane figure. The above lemma shows that this is not true in ggnera
for example the three-point line is representable @&&(2), but it is not an fiine matroid
overGF(2).

7. Dual matroids

In this section we introduce a notion of duality for matroid&e could, with more dif-
ficulty, have developed a theory of matroids on not-necdgdarite sets. This is done
in [17]. Possibly the extra structures included in such a treatpienexampleE E? and
EES, justify the increased complexity of the proofs. But as miatduality provides such
a powerful tool, and is easily available only for matroids forite sets, we restrict our
investigations to matroids on finite sets.

Lemma 14.52. Let B be a basis of a matroid M. Suppose that e is an elemen(t\j E B.
Then e belongs to exactly one circuit that is contained in {B}.

Proor. As B is a maximal independent set it follows tH&t {€} contains a circuit that
is not contained iB. Suppose that; andC, are two such circuits. Then ConditiéAC3
would ensure the existence of a circ@isuch thatC ¢ (C, U Cy) — {€} C B, contradicting
the independence @&. O

Lemma 14.53. The seB(M) of bases of a matroid M satisfies the following condition:

MB*2: If B; and B, are two members d(M) and e is an element of,B- B;, then there
is an element f of B— B, such that(B; — {f}) U {e} is a member oB(M).

Proor. From Lemma 14.528; U {€} contains exactly one circu@. There is an ele-
mentf of C — B,. Ase € By, thenf # eandf is in B;. The set B; — {f}) U {e} does not
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containC and is therefore independent. SirBeand B; — {f}) U {e} each have the same
number of elements, the latter is a basis. O

We are now able to associate with each matidid matroid, called the dual dfl, on the
same set of elements bk

Tueorem 14.54. Let M be a matroid and leB* = {E(M) — B : B € B(M)}. ThenB* is the
set of bases of a matroid.

Proor. As B(M) is non-emptyB* is non-empty and satisfies ConditibiB1.

Suppose that botB; = E(M) - B; andB; = E(M) — B, are inB* and thate € B} -
B, = B2 — B1. Then bothB; andB; are inB(M) and byMB*2 there is an elemertt of
By — B2 such that By — {f}) U {e} is a member oB(M). Consequentlyf € B}, - B; and
E(M) - ((BL—{f})Ule}) € B*. ButE(M) - ((By—{f}) U{e}) = (E(M) - By) - {e}) U{f} =
(B} - {e}) U {f}. ThereforeB* satisfies ConditioMB2 and is the set of bases of a matroid
onE(M). O

Derinition 14.55. The matroid M defined byB(M*) = {E(M) — B : B € B(M)} is the dual
matroid of M.

Lemma 14.56. The dual matroid of the dual matroid of a matroid M is M, that(il*)* =
M.

Proor. We haveB(M*) = {E — B: B € B(M)}, and againB((M*)*) ={E-(E - B) =
B: E-BeB(M"). m|

Lemma 14.57. Let M be a matroid on E. Then for each subset A of k- (R) = |Al +
rkm(E — A) — rky (E).

Proor. Let A be a subset oE. Suppose thaB is a basis ofM that has a smallest
possible intersection with. ThenE — B is a cobasis oM that has a largest possible
intersection withA, andrky-(A) = |AN (E — B)|. Similarly rky(E - A) = |(E — A) N B.
Thinking of B as the union of two disjoint subsets we obtaij € rky-(A)) + rkm(E—A) =
|B. O

Exercise 14.58. Let M be a combinatorial cube. Prove that the matroid dual ofsMlso
a combinatorial cube.

It would be interesting to know exactly when the matroid dafe geometry (or figure) is
a geometry (or figure).

Exercise 14.59. Prove that the dual of any uniform matroid is also a uniformtioial.

The following exercise provides another example of therietationships between the
various aspects of the geometry that we have pursued.
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Exercise 14.60. Prove that the cycle matroid of the hinge-graph of the octishlemodels
of Chapter 10 is dual to the cycle matroid of the graph of thiabedra. Prove also that
the cycle matroid of the hinge-graph of the model of a sealdx d¢s dual to cycle matroid
of the graph of the cube.

8. Restrictions and contractions of a matroid

In Theorem 2.60 we were delighted to find that every subséteopbint-set of a geometry
has an induced geometric structure on it. This carries owerddiately to matroids. In this

section we use the results of the previous section to pratehiere are two structures on
each subset of elements of a matroid. One is the obvious g&aion of a sub-geometry

and the other has its origins in perspective drawings.

Derinition 14.61. Let M be a matroid and T be a subset dfMB. The ordered pair T and
the collectionl N 2 of subsets of T is called the restriction of M to T, or the detebf
E - T from M, and is written either as Nl or as M\(E - T).

The details of the proof that the restrictionMfto T is indeed a matroid are exactly as in
the proof of Theorem 2.60.

Lemma 14.62. Let M be a matroid on E and T be a subset of E. Then the restidfid
is a matroid.

Lemma 14.63. Let M|T be a restriction of the matroid M. Then;
HIMT)={1CT:1el(M)},
(i) C(M|T) ={C C T :CeC(M)},

(iii) for each AC T, rkur(A) = rku (A).

Proor. The first statement is the definition IdM|T). The specification o€(M|T) in
(ii) follows from Corollary 14.7C(M|T) = {C c T : Cis notinl(M|T) but every proper
subset ofC is in I(M|T)} = {C € T : Cis notinl(M) but every proper subset @fis in
(M)} ={C C T :C e C(M)}. The specification of the rank function M|T follows from
the observation that arlyc Ais in I (M|T) if and only if it is in 1 (M). O

In the case that a matrold is also a finite geometry it is clear that any restrictM{T is a
sub-geometry oM. It is also straightforward to see that any restrictd{T of a matroid
M that is representable over a fididis also representable over If M = M[A], then
M|T = M[A’], whereA'’ is obtained fromA by deleting the columns not if. In particular
if A’ is the matrix obtained by deleting tinth column ofA, then the vector matroif[ A’]
is M[A]\{i}.

Exercise 14.64. Prove that the deletion of a point from the Fano geometryga/eatroid
that is isomorphic to NKg).
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Exercise 14.65. Prove that matroid obtained by the deletion of a point fromréfarm
matroid is also a uniform matroid.

ExampLe 14.66. The fourteen-point planar geometry drawn in Figure 14.4raarbe rep-
resentable over any field as the sub-geometry108, 3,4, 5, 6, 7} is representable over a
field only if1+1 = 0, whereas the sub-geometry {9, 10, 11, 12, 13, 14}is representable
overafieldonlyifL+ 1 # 0.

14

13 10
Y11

Ficure 14.4. A fourteen-point planar geometry that is not represaa

We are now begin to see the relationships between some iamatasses of matroids. For
example; representable matroids encompass exactly thatseids whose structure can be
analyzed with the convenience of linear algebra, graphicoitgs have the advantage of
a clear pictorial representation, and geometries are byfamwliar to us. From Example
14.40 we have that all three classes have common members Hieorem 14.41 we
have that each graphic matroid is representable over evaddy fl he results of Exercise
14.43 ensure that neither the class of geometries nor the afgyraphic matroids is a sub-
class of the other. The fourteen-point planar geometrygiifé 14.4 demonstrates that not
every geometry is representable. A matrix consisting ofasiemn of zeros provides an
example of a representable matroid that is not a geometry.

DerintTion 14.67. Let M be a matroid and T be a subset diME). The matroid M*|T)* is
the contraction of M to T or the contraction of-ET from M, and is written either as NI
oras M/(E-T).

Lemma 14.68. Let M.T be a contraction of the matroid M. Then:
@ I(M.T) ={l T : M|T has a basis Bsuch that BU | € I(M)},
(i) C(M.T) consists of the minimal non-empty member&Caf T : C € C(M)},

(iii) for each AC T, rku1(A) = rku(AU (E = T)) = rky(E - T).

Proor. We suppose thdte I(M.T) andX C E-T isinI(M). Then ifl U X were not
in 1(M), for some circuiC of M, we would haveC C | U X. ButifCnl # 0,thenCnNT
would contain a circuit oM.T, contradicting the choice df SoC c X, contradicting the
choice ofX. Hencel U X € | (M).
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Conversely, we suppose thiaic T, X is a maximal subset d& — T that is inl(M) and
| U X e I(M). If there were a circuit oM that is contained i U (E — T), then we choose
such a circuiCy so thatiC, — X| is minimal.

Either each elemerte C; — X is in |, contradicting the independencelaf X, or there is
an element € (C1; — X) N (E — T). In this caseX U {a} is dependent, aX is maximally
independentire — T, and there is a memb€k of C(M) so thatae C, € X U {a}.

If Canl # 0, thenC; # C, and the Elimination Condition_Ki3 applied toC; andC,
would give the existence of a circuit of M so thata ¢ C € C; U C,. Then|C - X]| <
[(C1UCy) — X| = |Cy — X|, contradicting the choice @;.

ThereforeCy N1 = @ and sol € [(M|T). Thus condition (ii) is correct.

Suppose tha® € T andX is a maximal independent subsetf T, andl C A so that
| U X is a maximal independent subset’od (E —T). Thenrky1(A) = [I| = [l UX|-|X| =
rkm(AU (E-T)) —rkm(E -T). O

ExampLE 14.69. Let M be the Fano geometry sketched in Figure 2.10. T®@/{0}) =
{{1,3},{2,6},{4,5},{1,2,4},{2,3,5},{3,4,6}, {1,5, 6}, {1,2,5},{1,4,6},{2,3,4}, {3,5, 6}}.
Each of the first three circuits is the remainder o8goint Fano circuit containing),
the next four are3-point Fano circuits not containing, and each of the last four is the
remainder of a4-point Fano circuit that contain®. Each4-point Fano circuit, that does
not containO, properly contains one of the sets@{M/{0}).

This list of circuits proves that KO0} is isomorphic to MG), where G is the graph drawn
in Figure 14.5.

Ficure 14.5. A graphic minor of the planar Fano geometry

One of the motivations for matroid contraction came from phecess of contracting an
edge from a graph.

Derinirion 14.70. Let G be a graph and suppose thate{us, U} is an edge of G. The
graph G/{e} is defined by YG/{€}) = (V(G)—{u, uz})U{u} and the list EG/{€}) is obtained
from E(G) by deleting e and replacing each appearance0énd & in the remaining list
by u. We call G{e} the contraction of e from G.
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We easily visualize contraction effrom G in any drawing ofG by identifyingu; with u,
and erasing the arc representmtp give a drawing ofs/{e}. Each of matroid restriction
and matroid contraction is motivated by the correspondorgstruction for graphs, giving
the following lemma.

Lemma 14.71.Let G be a graph and e an edge of G. Then the cycle matrg@/ké}) of the
graph G/{e} is the restriction MG)/{e} of the cycle matroid NiG). Also, the cycle matroid
M(G\{e}) of the graph G{e} is the contraction MiG)\{e} of the cycle matroid NG).

Exercise 14.72. Prove that the matroid obtained by the contraction of an @enfirom a
uniform matroid is also a uniform matroid.

Our experience of the world relies not only on examining figybut also picturing them
via the perspective rendition discussed in Chapter 5. Twerginted at a role for “perspec-
tive drawings” in any geometry in Theorem 5.14 and we can rmwélize the situation.

Tueorem 14.73. Let M be a finite figure. Suppose that p is any point of the figua t
does not belong to &point circuit of M. Then the contraction, Nip} is isomorphic to the
perspective drawing of the restriction\Wp} drawn from the general viewpoint p.

Proor. From the condition om it follows that perspective rendition from the view-
point p pairs the points oM\{p} with their images in the perspective drawing. If we label
each point oE(M) — {p} by its image, then the result follows from a comparison ofliste
of circuits of M/{p} given by Lemma 14.68 and a list of circuits of the perspeatieaving
given by Proposition 5.7 and Lemma 5.9. O

We notice that unfortunately the concept of matroid duadityot the same as that specified
in Definition 3.11 for a matroid that is a projective planem@arly the concept diers from
that of Definition 4.9 for those matroids that are projectipaces.

9. Minors of a matroid

As any restriction or contraction of a matroid is itself a &t we may construct a restric-
tion or contraction of this matroid. In this section we prdkeat matroids resulting from
any sequence of restrictions and contractions are thealdtwb-objects” of a matroid.

ExampLe 14.74. Suppose that M is the figure drawn in Figure 14.6. Then firsttitey the
point 1 and then contractin@ leaves a three-point line. On the other hand contracging
and then deleting from the figure gives the same three-point line.

The following Proposition shows that Example 14.74 is notsatated case and enables
us to give well-defined meaning to the term “sub-object of &aid’.

ProposiTion 14.75. Let M be a matroid on E. Then, for any distinct elements e antlH, o
(M\{eh\(f}) = M\{e, f}), (M/{e})/{f}) = M/{e, f}, and
(M\{e})/{f}) = (M/{f})\fe}.
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after contraction of 2 and deletion of 1

Ficure 14.6. A figure and three minors

Proor. First, for anyA C E — {e, f} we haverkmeyf;(A) = rkmye(A) = rkm(A)
rkmy(1) (A) = rkme.r)(A). Second, K/{e})/{f} = (M/{e)"\{f})" = ((M"\{e})")"\{})" =
(M\{eh\{f})" = (M"\{e, T})* = M/{e, f}.

Third, ke, 1 (A) = rkmye (AU F}) = rkpm (AU{T}) - rkm({ 1) = rkmy1(A) = rkoy e (A).
o

Let M be a matroid orE. By Proposition 14.75 any matroid obtained fravhby a se-
guence of deletions and contractions may also be constrbgtefor example, a single
deletion followed by a single contraction — or equally wellby-a single contraction fol-
lowed by a single deletion. Or we could construct it by a segaef 1-point deletions and
1-point contractions made in any order. The resultant nthttepends only on the subset
of deleted elements and the subset of contracted elementgdlyFwe have arrived at our
“sub-objects”.

DerintTion 14.76. Let M be a matroid. Suppose that A and B are two disjoint sghsket
E(M). Then(M\A)/B is a minor of M.

Lemma 14.77. The minor(M\A)/B is the result of successively deleting points of A and
contracting points of B in any order.

Proor. By Proposition 14.75, the result of any two sequences @ftidbel and contrac-
tion is the same matroid. O

ExampLE 14.78. Figure 14.7 displays two sequences that result in the samemoif the
planar Fano geometry.

Minors have two important roles. Many calculations withimatroid can be carried out
recursively using its minordlfl]. As well we describe any class of matroids, that with each
membemM also contains each minor &4, in terms of minimal non-members of the class.

DerintTion 14.79. Any class of matroids, that with each member M also contaath e
matroid isomorphic to M and each minor of M, is hereditary.
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geometric representation geometric representation

delete 1

contract 4
contract 4

delete 1

graph graph

Ficure 14.7.  Minors of the planar Fano geometry

We have seen that graphic matroids have deletions and ctiotra which are graphic.
Consequently all their minors are graphic, and graphic onddrform an hereditary class.
It follows from Exercises 14.65, 14.72 and Proposition b4fvat uniform matroids form
an hereditary class.

Exercise 14.80. Prove that free matroids form an hereditary class.

DermviTion 14.81. LetH be an hereditary class of matroids. Suppose that a matroidé M i
not inH, but all of the minors of M are iil. Then M is a forbidden, or excluded, minor of
H.

Tueorem 14.82. The members of any hereditary clddsare characterized by having no
minor isomorphic to a member of a maximal set S of pairwiseisomorphic excluded
minors.

Proor. If M € H, then so are all its minors, and no excluded minor is a mindviof
Conversely, ifM is not inH, then one of its minors is minimally not in the class and so is
isomorphic to an excluded minor. O

It follows from the fact that each two-dimensional vectoasp ovelGF(2) contains only
three distinct non-zero elements that a four-point luhg, is not representable over the
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field GF(2). But the more diicult converse was proved in 1958 by the great graph- and
matroid-theorist W.T. Tutte.

Tueorem 14.83. (Tutte’s Theorem) The class of matroids representable over @)is
hereditary and has the single excluded minonU

Exercise 14.84. Inspection verifies that 4}, is not among the minors of the Fano geometry,
providing another proof of the representability of this gestry over GF(2).

Construct a Y4 minor of the non-Fano geometry, thus providing an altenagproof of
the non-representability of the non-Fano geometry ove(B.F

Let us investigate the hereditary class of free matroida. fatroidM is not free, then it

has a circuitC. The minorM|C also ha<C as a circuit. If|C| > 1, then, for any element
e of C, we have thatM|C).{e} has the sete} as a circuit. Conversely, 1 is free, then

C(M) = 0. Thus (to within isomorphism) the one-element matroig is the unique

minimal excluded minor of this class and we have proved theviing:

Tueorem 14.85. The class of free matroids has the single excluded mingar U

Exercise 14.86. Verify that a matroid M is not uniform exactly if(&1) has two equicardi-
nal subsets | and C, with4 1(M) and Ce C(M). Hence deduce that the class of uniform
matroids is ExM}, where EM) = {1, 2} andl(M) = {0, {1}}.

Ralph Reid (unpublished result), R.E. Bixb§],Jand P.D. Seymour5g] obtained the fol-
lowing result in the 1970s. We denote By andF, respectively, the matroid of the Fano
geometry and its dual.

Tueorem 14.87. The class of matroids that are representable ov€B)zthe field of three
elements, is hereditary and has k) Uss, F7 , and F, as a maximal set of pairwise non-
isomorphic excluded minors.

The characterization of the quaternary matroids (thoseaiastthat are representable over
GF(4)) is due to Geelen, Gerards, and Kapdd from 2000. Geometric representations
of the matroids listed in this theorem are given in Figure81Zhe matroicPy is obtained
from Pg by relaxing the two complementary circuit-hyperplanes.

Tueorem 14.88. The class of matroids that are representable ovéf)sthe field of four
elements, is hereditary and has§) Ugss, Ps, F7, (F7)*, Ps, and Py as a maximal set of
pairwise non-isomorphic excluded minors.

In general it is not known whether the hereditary class ofraoids$ representable over a
finite field is characterized by a finite maximal set of paievisn-isomorphic excluded
minors.

In 1959 W. Tutte also demonstrated exactly what stops a metam being graphic. Let
us writeKs 3 for the graph with vertex sé&t = {1,2, 3,4,5, 6} and edge sdt = {{i, j} : i €
{1,2,3}andj € {4,5, 6}}.

Tueorem 14.89. The class of graphic matroids is editary and hagsUF7, F;, M*(Ks),
and M'(K33) as a maximal set of pairwise non-isomorphic excluded minors
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Ficure 14.8. Some excluded minors f&i-(4)—-representability

10. Paving matroids

In this section we test our understanding of the aspects tfoidaheory that we have
canvassed by applying them to matroids that arise in theviihig way.

Derinition 14.90. Suppose that = {T1, T,,..., T} is a set of subsets of a finite set E so
that each member &f contains at least m members and each m-element subset ofiE is i
exactly one member a@f. We callT an m-partition of E and each memberDf block of

the partition.

Exercise 14.91. Let T be an m-partition of E. Writin@t = {BC E : |B| = m+ 1, Bis not
a subset of any block prove thatBy is the set of bases of a matroid M on E.

Derinition 14.92. Let T be an m-partition of E. We call the matroid M definedBi) =
Bt a paving matroid.

We have already met examples of paving matroids. The linesypfplanar geometry are
the blocks of a 2-partition on the set of points of the geometnd the geometry itself
is the paving matroid associated with this partition. Thenpk of a combinatorial cube
are the blocks of a 3-partition on the set of eight points efthbe, and the cube is the
associated paving matroid.

Exercise 14.93. Prove that each uniform matroid is a paving matroid.
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Exercise 14.94. Suppose that M is a paving matroid. Spetify), C(M), and the value
of rky on each subset of (1), in terms of the blocks of the m-partition that gives rise to
M.

We conclude by examining the minors of paving matroids.

Exercise 14.95. Let M be a paving matroid defined by the m-partitibron the set E.
Suppose that e is any element of E. By examining the coleiie- {e} : T € T} prove
that M\{e} is a paving matroid.

By examining the collectiofT € T : e is not in T} prove that M{e} is a paving matroid.

From Definition 14.79, Lemma 14.77 and the above Exercisgsl4e deduce that paving
matroids form an hereditary class.

Exercise 14.96. As a final test of our grasp of matroid techniques, find a maksatof
pairwise non-isomorphic excluded minors of the hereditdags of paving matroids.

The reader is referred to Oxley’s “Matroid Theory” bod&0[ Section 3.2 Exercise 8] for
a hint to the solution of this exercise. That book is also azek&nt source for the reader
whose interest in matroids was stimulated by this book.

11. Summary of Chapter 14

We proved several definitions of matroids equivalent, amdi tisese alternative definitions
to find many examples of matroids. In particular we invesddaraphic matroids and used
vector matroids to convert geometric problems to arithmptoblems via homogeneous
coordinates. Finally we defined minors, the natural sulectbjof matroids, and obtained
some of the properties that give them their important pladaé theory of matroids.

In this book we have taken a journey through the lands of coatbrial geometries, projec-
tive planes, projective spaces, extended Euclidean spacspective drawings, art, mech-
anisms, graphs, and polyhedra and managed to come out afhieside of the “looking
glass” in the land of matroids. We hope that the readers inaigin and geometric intu-
ition have been stimulated, and that their appreciatioh@bieautiful geometric world that
we live in has been enhanced.

1. Geometer’'s Sketchpad
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1-point perspective] 23 187
2-point perspectivel 23 178
3-panel cycle, 232
3-point perspectivel 23 176
4-bar linkage 196
4-panel cycle, 232
5-panel cycle, 235
6-panel cycle, 242
n-connected graplt268
n-gon
circumscribed36
combinatorial, 11, 223
inscribed,36
n-panel cycle230

acute angle, 95
acute-angled triangle, 95
affine geometry, 59
affine projection127
affine geometry311
altitude of a triangle, 97
Ames room, 181
anamorphic art] 73
angle, 95

acute, 9595

obtuse, 9595

right, 95,95
angle of a triangle, 95
apex of an angle, 95
arc, 28
art

anamorphic173
art book, 173, 185
art gallery, 173
asse’s bridge, 152

Augmentation Condition, 298

auto random-dot
stereogram, 142
auto-hood, 197

backing board, 201, 212

bar-and-joint model194, 250

base, 200
bases303

basis,303
bicycle, 201
binocular vision, 133, 137, 173
boundary
of a polygonal region, 223
box, 118, 156, 175
cubic,175
development of, 177, 181, 184
edge of, 156
existence of, 154
of sweets, 166
perspective drawing of, 157
rectangularl75
brace, 254
bracing graphtextbf, 255
Bricard cycle, 238
Bricard octahedral model, 245
builders’ practice, 42, 93

calisson, 166
camera obscura, 102, 126
capping, 275
Cartesian coordinates, 56, 63, 87
Cartesian plane, 56
Cauchy’s Theorem, 246
Chebyché&’s mechanism, 219
cinema, 127
circle, 96
circuit, 19, 299

of a figure,14, 19

relaxing, 26, 27
cliff, 159
closed figure, 6, 11
closed geometnh5
cognate linkage, 214
coloured stereogram, 136, 140
combinatorial 1, 18
combinatorial figure, 159, 82
combinatorially isomorphic polyhedray7
complete graph250
component of a hinge, 224
connected grapt252
connecting rod, 200
constant-velocity joint, 228



construction
pencil and rollerg1
construction of a modef
contraction of a matroid315
convex model, 246
coordinates
Cartesian, 56, 63, 87
real homogeneou$3, 88
coupler, 200
coupler curve205
crane, 197
crank,200
crankrocker mechanisn200
cube
combinatorial 28
regular, 273
Vamos,28, 75, 82
cubic box,175
curve
coupler,205
cycle
3-panel, 232
4-panel, 232
5-panel, 235
6-panel, 242
Bricard, 238
flawed, 287
of a graph252
panel,230
cycle matroid 302

degree, 95
deletion, 314
dependent se99
Desargues figure, 7, 110, 150
Desargues geometry, 26, 49, 86
Desargues’ Theorem, 89, 65, 76, 91
desarguesian, 85
design position, 212
development, 177, 181, 18258
of a box, 181
of abox, 177, 184
of a cube, 33
diameter of a circle, 96
direction,58, 79, 188
directions
orthogonal 92
distance, 94
distortion, 173
dodecahedron
regular, 273
double-crank mechanis2p0
double-rocker mechanisr@p1
drag-link mechanisn200
drawing, 1-5, 61, 101
artistic, 101
computer aided, 8-10, 14, 157, 158
freehand, 30
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of a graph 250
of a planar geometn29
perspective102
practical, 108
styles of, 121
drawing of a polyhedror266
drinking straw, 239
dual matroid 313
dual statemeny8
duality, 317

edge

flawed, 287

of a box, 156

of a graph249

of a polygonal region223
edge deletion, 251
edges

multiple, 249

parallel,249
Egyptian surveying, 13
elementary magb2, 74
elevation, 129
Elimination Condition, 17
Ely cathedral, 234
embedding

planar,267
engine

starter, 203

Watt's, 205
Euclidean geometry, 56
Euclidean plane, 56
Euclidean space, 78
Euler's Formula, 272
excluded minor319
extended Euclidean plang9

extended Euclidean space, 88,

exterior, 223, 246

face, 268
image of, 266
of a box, 156

face of a box, 156

Fano plane25

figure
closed, 6, 11
combinatorial, 159, 82
Desargues, 7

Pappus, 12
planar, 259
flail, 195
flap, 259

flawed cycle, 287
flawed edge, 287
fold, 32, 33

ridge, 32

valley, 32
folded, 226
folding object, 223



folly, 186
foot
animal’s, 229
bird’s, 229
human, 229
four dimensions, 145, 157
frame-link, 200
framework
warped, 163
free completion55
free matroid 307

general viewpoint104, 135
geometric representatior801
geometric structure, 298
geometries

isomorphic,36

number of, 39
geometry

affine, 59,311

closed,55

combinatorial, 17

Desargues, 86

finite, 19

linear, 24

non-Desargues, 26, 86

non-Pappus31

non-planar24

non-planar Desargues, 49, 86

Pappus31

planar,24

planar Desargueg6, 49, 86

planar Fano25

planar non-Desargue26, 86

planar non-Fand6

projective, 59311
Goldberg’'s mechanism, 238
golf swing, 195
graph,249

n-connected?268

acyclic, 252

bracing,255

complete 250

connected?52

hinge, 256

planar,267

simple,250
graph of a polyhedror266
graphic matroid308
Grashof Condition, 200
Grashof’s Theorem, 198

Hart’s mechanism, 221
heptahedral model, 244
hereditary class318
hexagon
combinatorial,11
hexahedral model, 244
hinge, 32, 82, 224
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component of, 224
Goldberg’s, 238
Sarrus’, 237
hinge graph256
hinge-line, 224
hinged-panel mechanism, 226
hinged-panel model, 22224
collapsed226
folded, 226
shell of,224
skeleton of224
vertex of,224
Hooke universal joint, 227, 259
horizon line, 117

icosahedron

regular, 273
ideal line,58, 79
ideal plane80
image of a face, 266
independent seR99
input, 200
interior, 223, 246
isomorphic

perspective drawings, 136
isomorphic geometrie86
isomorphic graph277
isomorphic matroids308

joint
constant-velocity, 228
Jordan Curve Theorem, 223

kite linkage,210

label, 5
length, 94
of a bar, 196
level-luffing crane, 206, 212
line, 19,19
extended Euclidears8
horizon, 117
ideal, 58, 79
non-trivial, 19
of a figure,19
straight, 1
line at infinity, 58
linear motion, 219
linear perspective, 108
lines
concurrent straight, 5
parallel,59, 83
perpendicular92
skew,24
linkage, 196
Chebyché’s, 219
cognate, 214
Grashof,200
Hart's, 221



kite, 210
parallelogram210
Peaucellier's, 220
Roberts’, 219
loop, 249
lunch club, 53

Maple, 45
Mathematica, 45, 122, 138
matroid, 297298
dual,313
free,307
graphic,308
minor of, 318
paving,321
representable308
uniform, 307
vector,299
matroids
isomorphic,308
measuring an angle, 95
mechanism, 193, 223
Chebyché’s, 219
crankrocker,200
double-crank200
double-rocker201
drag-link,200
Hart’s, 221
hinged-panel226
Peaucellier's, 220
Roberts’, 219
rockeycrank,201
Sarrus’, 219
Stefen’s, 246
melancholy polyhedron, 280
minor, 318
excluded 319
model, 1, 4
bar-and-joint, 194, 250
construction of5, 32-33, 38, 82
convex, 246
dodecahedron, 260
hinged-panel, 223, 224
rigid, 4, 193, 226
monocular
vision, 137
motion
linear, 219

naming points

plane, 21
non-Desargues geometry, 26, 49, 86
non-Fano plane26
non-planar Desargues geometry, 49, 86
numchuk, 195

obtuse angle, 95
octahedral model, 244
Bricard, 245
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octahedron

regular, 273
opposite sides

of ann-gon, 11
order

of a projective plane, 52
Origami, 229
orthocenter, 97
orthogonal directions92
orthographic projection, 129
output, 200

panel,224
panel cycle230
pantograph, 212
Pappus figure, 12
Pappus geometrgl
Pappus’ Theoreng0, 65
parallel lines, 5659, 83
parallelapiped, 156
parallelogram linkage210
partial scene, 158
partition, 268321
party, 54
path, 223252
paving matroid321
Peaucellier's mechanism, 220
pencil and roller constructior§l
Penrose trianglel 51
pentagon
combinatorial, 11
pentrahedral model, 244
perpendicular line and plan@2
perpendicular lines92
perspective
linear, 108
perspective drawingl,02
1-point,123 187
2-point,123 178
3-point,123 176
perspective drawing in a geometry, 107
perspective drawing of a box, 157
perspective renditior,02
pinhole camera, 102, 126, 178
plagiograph212
plan, 129
planar Desargues geometry, 49, 86
planar embedding267
planar figure, 259
planar graph267
planar non-Desargues geometry, 86
plane,21
Cartesian, 56
Euclidean, 56
extended Euclidears9
Fano,25
ideal, 80
non-Fano26



non-trivial, 21
projective,43
real homogeneou$4
plane at infinity,80
planes
parallel, 80
plateau, 159
Platonic polyhedron, 273, 294
Playfair's Axiom, 61
plow, 202
point, 1,17
points
collinear, 1,21
coplanar, 124
linear set of, 121
planar set of, 124
points in general position, 25, 27
polygon
combinatorial, 11
polygonal region223
boundary of223
edge of, 223
polyheda
combinatorially isomorphic277
polyhedral model243
Polyhedron
skeleton of265
polyhedron, 265
graph of,266
melancholy, 280
pyramidal, 274
spherical 270, 277
vertex of,265
Pons Asinorum, 152
Principle of Duality
for projective planes, 48
for projective spaces4
projection
affine, 127
orthographic, 129
projective geometry, 5811
projective plane43
protractor, 95
pyramidal polyhedron, 274
Pythagoras’ Theorem, 94

radian, 95
random dot stereogram, 1338 142, 174
rank,305
rank function,305
real homogeneous coordinaté8, 88
real homogeneous plarg}
real homogeneous spa@&f
reality
virtual, 136, 158
recipe, 5
rectangular box175
recursion, 318
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region

vertex of,223
relaxing a circuit, 26, 27
rendition

perspective102
representable matroi808
reproduction, 173, 185
restriction of a matroid314
right angle, 95
right-angled tetrahedron, 96
rigid, 223
rigid model, 4, 193, 226
Roberts’ mechanism, 219
Roberts-Chebyclie Theorem, 215
rocker,200
rockeycrank mechanisn201
roller, 61
roof, 293

hipped, 233

peaked, 233

rigid, 255
rotation, 197, 201
ruler, 94

Sarrus’ mecahnism, 237
Sarrus’ mechanism, 219
saw-horse, 111
scene 109 145

partial, 158
scene analysid 45
segment, 94
set-square, 93
shading, 2, 15, 158
shadow, 11
shell of a hinged-panel mode&l24
side

of a triangle, 11, 96

of ann-gon,11
similar triangles, 96
simple graph250
single-image stereograrh42
SIS package

Mathematica, 142
skeleton, 239

model, 239

skeleton of a hinged-panel modaR4

skeleton of a polyhedror265
sketch,28
of a planar geometry28
skew lines24
space
Euclidean, 78
extended Euclidean, 781
real homogeneous§9
spherical polyhedror70, 277
number of, 280
sprinkler, 196, 201
Stefen’s mechanism, 246



stereogram135
auto random-dot, 142
coloured, 136, 140

random dot, 137138 142, 174

single-image 142
stereopsis, 136
stereoscope, 13335

Wheatstone, 135
straight-edge, 59, 61

Strong Veblen-Young Condition, 69

sub-geometry35
sub-modularity Condition, 306
subgraph251

Sylvester's Theorem, 66

television, 127
template, 238
tetrahedral model, 243
tetrahedron
combinatorial 2
regular, 273
right-angled, 96
TetraPak, 243

The Geometer's Sketchpad, 8, 14, 157

three-legged stool, 13
thumb-tack, 201
tree,252

maximal, 252
triangle

acute-angled, 95

altitude of, 97

angle of, 95

combinatorial 2, 11

of a matroid,301

Penrosel51
Triangle Inequality, 94
triangles

similar, 96
triangular column, 290
triangular face, 294
truncating, 276
Tutte’s Theorem, 320

uniform matroid,307

universal joint,194, 195
Hooke, 227, 259

unmarked ruler, 59, 61

Vamos cube?8, 75, 82
vanishing point111
Veblen-Young Condition, 42
vector matroid299
vertex
of a hinged-panel mode224
of a polyhedron265
of a polyhedronltextbf, 265
of a graph249
of aregion,223
of a tetrahedron?
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of a triangle,2

of ann-gon,11
vertex deletion, 251
viewing advice, 175
viewing box, 134
viewpoint, 102, 173

general, 104, 135
virtual reality, 136, 158
vision, 133

binocular, 133, 137, 173

monocular, 137

warehouse, 254

warped framework, 163
Watt's engine, 205

web cutter, 210

Wheatstone stereoscope, 135
wheel,274, 290
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